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Spectral methods developed in Meudon



Basic features

Multidomain three-dimensional spectral method
Spherical-type coordinates (7,6, ©)

Expansion functions: r : Chebyshev; 6 : cosine/sine or associated Legendre functions;
@ : Fourier

Domains = spherical shells + 1 nucleus (contains r = 0)
Entire space (R?) covered: compactification of the outermost shell
Adaptative coordinates : domain decomposition with spherical topology

Multidomain PDEs: patching method (strong formulation)



Domain decomposition
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Starlike domain decomposition

N

e Dy : nucleus

e D, (1<q<N —2): shell

e Dy_q1 : external domain

DoUDiU---UDp_1 =R?




Mapping computational space — physical space

[—1 + 6oq, 1] x [0, 7] x [0,27] — D,

Mapping for domain D,: (£,6,0) — (1,6,0)

:0=0" and o=

. In the nucleus: r = ag [5 + (354 . 256) F()(e, QO) 4+ % (553 . 3&-5) Go((g, S0)]

. in the shells: — [€ n i (53 _ 3¢+ 2) F,(0,0) + i (_53 + 3¢ + 2) G, (0, 90)] +
By

. in the external domain: % — Ol [g 4 i (53 — 36+ 2) Fext(0, @) — 1]

[Bonazzola, Gourgoulhon & Marck, Phys. Rev. D 58, 104020 (1998) |


http://publish.aps.org/abstract/PRD/v58/e104020

Example: binary star with surface fitted coordinates

[Taniguchi, Gourgoulhon & Bonazzola, Phys. Rev. D 64, 064012 (2001) ]

Double domain decomposition

Surface fitted coordinates:

Fu(0,¢) and Go(0, ¢) chosen so that
¢ = 1 & surface of the star


http://publish.aps.org/abstract/PRD/v64/e064012

Basis functions

Polynomial interpolant of a field » in a given domain D, :

NSO/Q NO 1 Ny—1

Inug(€,0,¢) = y: y y: Ugmji Xi(§) ©;(0) elme with N := (N,, Ng, N,,)

m=0 35=0 =0

Regularity at the origin and on the axis § = 0 + equatorial symmetry:
® (» expansion:

e () expansion: or

* for m even: ©;(0) = cos(2j0) or ©;(0) = Py;(cos0)

* for m odd: ©;(0) =sin((2j +1)0) or ©;(0) = Py}, 1(cos0)
e & expansion:

* in the kernel: X;(&) = T5;(&) for m even, X;(&) = To;11(&) for m odd
* in the shells and the external compactified domain: X;(&) = T;(&)



Corresponding collocation points: an example
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[from Bonazzola, Gourgoulhon & Marck, Phys. Rev. D 58, 104020 (1998) |


http://publish.aps.org/abstract/PRD/v58/e104020

10
Resolution of Poisson equation with noncompact source

Consider the three-dimensional Poisson equation on R3:
Au(r,0,p) = s(r,0, ) (1)
with the boundary condition
u(r,6,9) — 0 when r — +00 (2)

The source s has a non-compact support and obeys to the fall-off conditions

P)
(r,0,p) ~ Z Z agm 7“”4 when r — 400 (3)

q=0m=—4¢



Spherical harmonics expansions

Interpolant of the source in a domain D, (notation:s, := s|p,) :

Ng—1
INSq f Q,QO Y y: Sqﬁm 790)
=0 m=—/

Search for a numerical solution under the form

Ny—1
(5 6’7 90 Y S‘ uqﬁm 97 90)
=0 m=—4

Shorthand notation: ue(&) := Ugem(§).

11



12

Eq. (1) becomes an ODE system:

e In the nucleus (r = af) :

2, 2 (due  dus L +1) N  due e

e In the shells (r = a& + (3):

B\ d2ue 3\ dus )
(6+2) T v 26+ 5) T~ 0+ Do = (@€ + 8)%500m (6

e In the external domain (r~ ' = a(£ — 1)) :

d*ue L0+ 1) B dle ~ Sgem(§)
& (E-1p (“’_“'(1) — e U (1)) i1y




Resolution by means of a Chebyshev tau method

Ny —1
e In the nucleus :  wuq4(§) = Z Ugemi T2i(€) for £ even
i=0

N, —2
ue(§) = Y digemi Tri1(€) for £ odd
1=0

e In the shells and external domain : ue(§) = Uqemili(€)

Linear combinations — (5 bands)
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Patching method

e In the nucleus : 1 (rf)
e In the shells : 2 (r and r—(+1)

e In the external domain : 1 (r_(”l))

Total : 14+2(N —2)+1=2N —2

continuity of u and its first radial derivative accross the N’ — 1
boundaries between the domains D, = 2N — 2 conditions
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Behavior of the numerical error

Source with a . decaying as r*:

e evanescent error (error < exp(—1N,.)) if the source does not contain any spherical
harmonics of index ¢ > k — 3

2(k—2)

e error decreasing as N~ otherwise

[Grandclément, Bonazzola, Gourgoulhon & Marck, J. Comp. Phys. 170, 231 (2001)]
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http://www.idealibrary.com/links/doi/10.1006/jcph.2001.6734

Extension to vector Poisson-type equations

—

I .
Minimal distortion equation for the shift vector: A3 + §V(V -B)==S

Error
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Number of Chebyshev coefficients

Error on the z component of the solution of the minimal distortion equation with a non-compact source
[Grandclément, Bonazzola, Gourgoulhon & Marck, J. Comp. Phys. 170, 231 (2001)]
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http://www.idealibrary.com/links/doi/10.1006/jcph.2001.6734

Wave equation with nonreflecting boundary conditions

Consider the wave equation
Ou(t,r,0,0) = s(t,7,0,0) (4)

with the radiating boundary condition

lim (% + %) (ru) = 0. (5)

r—00

Solve (4) in a finite ball D of radius R with some boundary conditions which
approximate (5) when R — o0.

Decompose D in N spherical subdomains D, with Dy = nucleus and the other domains
= shells

Finite-differencing in time: second-order implicit Crank-Nicolson scheme.
Space part: patching with Chebyshev tau
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Method of Bayliss & Turkel [Comm

Boundary condition

Non reflecting BC up to / = 2

Blu

BQ’LL

Bg’u

. Pure Appl. Math. 33, 707 (1980)]:

Ou  Ou u
ot or r

%, %, 3

= (a ar )Bl’“
0 ) 5

= (({%—FE—'— )Bgu

. Bsu|,—gr = 0.
= ensures that spherical harmonics with £ =0, £ =1 and ¢ = 2 are perfectly outgoing.
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Comparison with Sommerfeld boundary condition

Test on a3D case
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Time step
[Novak & Bonazzola, gr-qc/0203102]
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http://arXiv.org/abs/gr-qc/0203102

Numerical implementation: LORENE

A library of C+-+ classes devoted to multi-domain spectral methods, with adaptive
spherical coordinates.

e 1997 : start of Lorene

e 1999 : Accurate models of rapidly rotating strange quark stars

e 1999 : Neutron star binaries on closed circular orbits

e 2001 : Public domain (GPL), Web page: http://www.lorene.obspm.fr
e 2001 : Black hole binaries on closed circular orbits

e 2002 : 3-D wave equation with non-reflecting boundary conditions

e 2002 : Maclaurin-Jacobi bifurcation point in general relativity


http://www.lorene.obspm.fr
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Applications to general relativity
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Rotating relativistic stars

Spacetime metric :

guv dztdz” = —N*dt* + B*r?sin® 0(dy — N¥dt)? + A%(dr? + r2d6?)

Einstein equations:

B2 2 in2
Asv = ArAX(E + 3p + (E + p)U?) + 7“2]312“ Y ON9Y2 — av o + )
X . N A? .
Az (N?rsinf) = —167 5 (E+p)U —rsinfON¥ O(35 — v)

Ay [(NB —1)rsinf] = 16w NA*Bprsinf
3B%r?sin” 0

2 2

(ON?)? = (0v)* ,

withv:=InN , (:=m(AN), [:=InB.



Strange quark stars
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EOS: B = 56 MeV fm ™, ay = 0.2, ms = 200 MeV ¢ =2
star: Mp = 1.63 My, f = 1210 Hz.
[from Zdunik, Haensel, Gourgoulhon, A&A 372, 535 (2001)]



http://www.edpsciences.com/articles/aa/abs/2001/23/aa1026/aa1026.html

Maximally rotating strange quark stars

Enthalpy

z [km]

X [km]

[from Gourgoulhon et al., A&A 349, 851 (1999)]

Minimal rotation period (for mgs =0 and ag = 0): Pupin = 0.634 360_1/2 ms
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http://link.springer.de/link/service/journals/00230/bibs/9349003/2300851/small.htm
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Binary neutron stars

Velocity field w.r.t. co-orbiting frame for irrotational binaries
[from Gourgoulhon, Grandclément, Taniguchi, Marck & Bonazzola, Phys. Rev. D 63, 064029 (2001) ]


http://publish.aps.org/abstract/PRD/v63/e064029

Comparison with analytical solutions

Roche ellipsoid
a,/a, =0.75 aj/a, = 0.68
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Relative difference

Relative difference from analytic solution

r e—e Difference in E (1.625)))
[ =-—mDifference in J (1.625)))
| & — -+ Difference inQ (1.625M)

f o6—oDifference in E (0.001l})
[ =8 Difference in J (0.001))
| & — < Difference inQ (0.001M,)

£ —— Line parallel to (d/R)°
F - —- Line parallel to (d/R)"°

4— —a Difference indp, (1.625M,)

&— — Difference indp, (0.001M,,)

Coordinate separation / Radius of a spherical star
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Binary black holes in circular orbits

341 formalism with maximal slicing and helical symmetry

conformally flat spatial metric: v = U*f

= spacetime metric : ds® = —N2dt* + U f,:(dx" + F'dt)(dz? + B dt)

Amounts to solve 5 of the 10 Einstein equations ( ) :
U .
AT = —gAz'jA” (Lichnerowicz equation)  (Hamiltonian constraint)
1> L _
AB + gDZDjﬁj = 2AY (D;N —6ND;In¥) (momentum constraint)
AN = NU*A; ;A — 2D In W DIN (trace of 25 — ...)

W|th AZ] ppe— \I,_4Kij and AZJ = \IJ4KZJ
Kinematical relation between v and K:

Ny 1 . y . _ . .2 .
AY = Z—N(Lﬁ)” with (LB)Y := D'3’ + D’ 3" — ngﬁk f*  (traceless part)
D;3" = —64'D;In ¥ (trace part)
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Spacetime manifold

(t1,0,.9)

P, —

[from Gourgoulhon, Grandclément & Bonazzola, Phys. Rev. D 65, 044020 (2002)]
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http://publish.aps.org/abstract/PRD/v65/e044020

Numerical results

ISCO configuration

Lapse function

[from Grandclément, Gourgoulhon & Bonazzola, Phys. Rev. D 65, 044021 (2002)]

29


http://publish.aps.org/abstract/PRD/v65/e044021

ISCO configuration

[from Grandclément, Gourgoulhon,

Bonazzola, PRD 65, 044021 (2002)]
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http://publish.aps.org/abstract/PRD/v65/e044021

Spectral methods developed in other relativity groups

Cornell group: Black holes

Sartnik: quasi-spherical slicing

Carsten Gundlach: apparent horizon finder
Jorg Fravendiener: conformal field equations

Jena group: extremely precise models of rotating stars
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