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Introduction

Classical definition of a black hole
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event horizon: H := J~(#1)
(boundary of J~(£1))

‘H smooth = H null hypersurface
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[from Booth, gr-qc/0508107]

Eric Gourgoulhon (LUTH, Meudon) Damour-Navier-Stokes equation Meudon, 7 October 2005


http://fr.arxiv.org/abs/gr-qc/0508107

Introduction

This is a highly non-local definition !

The determination of the boundary of J~(.#) requires the knowledge of the
entire future null infinity. Moreover this is not locally linked with the notion of
strong gravitational field:

Example of event horizon in a flat region of
spacetime:

Vaidya metric, describing incoming radiation
from infinity:

2, P
ds? = — (1 - ’”(”)> dv? + 2dv dr + 12(d6? +
"

sin? Odp?)
with  m(v) =0 for v <0
dm/dv >0 for 0 <wv <y
m(v) = My for v > vy

[Ashtekar & Krishnan, LRR 7, 10 (2004)]
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Local approaches to black holes
Trapped surfaces

Local concepts characterizing very strong gravitational fields:
@ trapped surfaces: introduced in 1965 by Penrose

@ outer trapped surfaces and related notion of apparent horizon introduced in
1973 by Hawking and Ellis.
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Local approaches to black holes
Closed spacelike surfaces

S @ closed (i.e. compact without boundary) spacelike 2-dimensional surface
embedded in spacetime (., g)
S spacelike <= metric q induced by g is positive definite
q not degenerate = orthogonal decomposition of the tangent space at any
peE.MA:

T( M) = T,(S) © T,(S)*

TlSp)

q: induced metric on S, components: gng
g: orthogonal projector onto S, components: g%
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Local approaches to black holes

Projection operator ¢*

A : tensor of covariance type (m,n)

—nk

q* A : tensor of same covariance type, defined by

— Q1...Qm e 0 Qo 141 Vn 1. fhm
(q A) Bi...Bn " q p1 q ,u,mq B q B,,LA Vi...Up

%

Remark: for a vector: ¢*v = q(v)
for a 1-form, Ffw =wo q

Definition: a tensor A is tangent to S iff " A = A.
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Local approaches to black holes
Expansion and shear along normal vectors

Let v be a vector field on .#, defined at least at S and everywhere normal to S.
NB: v is not assumed to be null

Deformation tensor of S along v: | @) := §"Vu | or @f;’,) =V, ¢",q"

v normal to a 2-surface (§) = O is a symmetric bilinear form

1
Prop: @) = 3 g Lyq

Decomposition into traceless part (shear o(*)) and trace part (expansion 6(*) ):

1 H v v v
el =g 4 5 o) q | with () .= ¢# @EW) =L, Iny/q, ¢ :=detqu

Prop: | L, % = 0() % | with ¢ surface element of (S, q) : %€ = Vqdz? Ada?

= hence the name expansion
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Local approaches to black holes
Null frames normal to S and trapping of light rays

3 two future-directed null directions
orthogonal to S, generated by a pair
linearly independent future-directed null
vectors (£, k):

- =0, k-k=0, £-k=:—¢

TS

o Sis trapped < 0*) <0 and ¥ <0
S is marginally trapped <= 6% <0 a
o S is outer trapped <= £ is outgoing* and 6*) < 0
S is marginally outer trapped (MOTS) <= £ is outgoing and %) = 0

nd ) = 0 (or vice-versa)

Lrequires assumption of asymptotic flatness
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Local approaches to black holes
Apparent horizon

2

Y: spacelike hypersurface extending to spatial infinity (Cauchy surface)

outer trapped region of ¥ : Q) = set of points p € ¥ through which there is a
outer trapped surface S lying in ¥

apparent horizon in X: A = connected component of the boundary of

Prop. [Hawking & Eliis (1973)]: A smooth =—> A is a MOTS

NB [Eardley, PRD 57, 2299 (1998)] : A is not necessarily smooth
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Local approaches to black holes

Connection with singularities and black holes

Prop. [Penrose (1965)]: provided the weak energy condition holds,
3 a trapped surface S = 3 a singularity in (.#,g) (in the form of a future
inextendible null geodesic)

Prop. [Hawking & Ellis (1973)]: provided the cosmic censorship conjecture holds,
any apparent horizon A is contained in a black hole
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Local approaches to black holes
Local definitions of “black holes”

A hypersurface H of (.4, g) is said to be

@ a future outer trapping horizon (FOTH) [Hayward, PRD 49, 6467 (1994)] iff
(i) H foliated by marginally trapped 2-surfaces (#(*) < 0 and #¥) = 0)
II) Ly 6®) < 0 (assuming H is member of a dual-null foliation)

@ a dynamical horizon [Ashtekar & Krishnan, PRL 89 261101 (2002)] iff
i) H is foliated by marginally trapped 2-surfaces

ii) H is spacelike

i) H is null (null normal £)

ii) H has the R x S? topology

i) 0¢¥) =0

(iv) the null dominant energy condition holds at H

(
a
(
(
@ a non-expanding horizon [Hsjicek (1973)] iff
(
(
(

@ an isolated horizon [Ashtekar, Beetle & Fairhurst, CQG 16, L1 (1999)] iff
(i) H is a non-expanding horizon
(ii) H's full geometry is not evolving along the null generators: [L,, V] =0

BH in equilibrium: NEH, IH, BH out of equilibrium: DH, generic BH: FOTH
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Black hole viscosity
Concept of black hole viscosity

o Hartle (1973): introduced the concept of black hole viscosity when
studying the response of the event horizon to external perturbations
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Black hole viscosity
Concept of black hole viscosity

o Hartle (1973): introduced the concept of black hole viscosity when
studying the response of the event horizon to external perturbations

e Damour (1979): 2-dimensional Navier-Stokes like equation for the event
horizon = shear viscosity and bulk viscosity
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Black hole viscosity
Concept of black hole viscosity

o Hartle (1973): introduced the concept of black hole viscosity when
studying the response of the event horizon to external perturbations

e Damour (1979): 2-dimensional Navier-Stokes like equation for the event
horizon = shear viscosity and bulk viscosity
@ Thorne and Price (1986): membrane paradigm for black holes

Meudon, 7 October 2005 16 / 42
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Black hole viscosity
Shall we restrict the analysis to the event horizon 7

Can we extend the concept of viscosity to the local characterizations of black hole
recently introduced, i.e. future outer trapping horizons and dynamical horizons ?

NB: event horizon = null hypersurface
future outer trapping horizon = null or spacelike hypersurface
dynamical horizon = spacelike hypersurface
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Geometry of hvpersurface foliations by spacelike 2-surfaces
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@ Geometry of hypersurface foliations by spacelike 2-surfaces
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Foliation of a hypersurface by spacelike 2-surfaces

hypersurface H = submanifold of

spacetime (.#, g) of codimension 1
spacelike

‘H can be < null

timelike
H=|]JS
teR
S; = spacelike 2-surface
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Foliation of a hypersurface by spacelike 2-surfaces

hypersurface H = submanifold of
spacetime (.#, g) of codimension 1

spacelike
H can be < null
timelike
H=|]JS
teR

S; = spacelike 2-surface

<= 341 perspective
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Foliation of a hypersurface by spacelike 2-surfaces

hypersurface H = submanifold of

spacetime (.#, g) of codimension 1
spacelike

‘H can be < null

timelike
H=|]JS
teR
S; = spacelike 2-surface

intrinsic viewpoint adopted here (i.e. not
relying on extra-structure such as a 3+1
foliation)
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Evolution vector

- Vector field h on H defined by

oth SI 5t e (i) h is tangent to ‘H
L N o (ii) h is orthogonal to S;
p S o (iii) Lt = h",t = (dt,h) = 1
| - B: (iii) = the 2-surfaces S, are Lie-dragged
- N i by h
T \
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Lie derivatives along h

Since the 2-surfaces S; are Lie-dragged by h, so are their tangent vectors:

Yo € T(Sf) Lyv € T(Sf)

i.e. Ly, = internal operator on 7(S;)
Extension to 1-forms in 7*(S;):

Yo € T(Si), (Lpw,v):= Ly (w,v)— (w, L V).
Extension to any tensor A tangent to S; by tensor products

Definition:
SﬁhA = (T*EhA:d*th*A
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Norm of h and type of H

Definition: C' := % h-h

H is spacelike <= (C >0 <= his spacelike
H is null <~ (=0 <= hisnull
H is timelke <= (C <0 <= his timelike.
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Frames normal to S;

Two natural types of choice for a vector basis of

Tp(Se)*
@ an orthonormal basis (n, s) (n = timelike, s
= spacelike):
n-n=-1 s-s=1 mn-s=0

@ a pair linearly independent future-directed
null vectors (£, k):
L-£=0, k-k=0, £ -k=:—¢

TS
Degrees of freedom:
[ n’ =coshnn +sinhns
@ boost : { s’ =sinhnn + coshns
0 =X¢, A>0
kK =uk, p>0

Orthogonal projector: ¢ =1+ (n,.)n—(s,.)s=1+¢ 7(k,)l+e 7 )k

, neR

@ rescaling : {
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Example of normal frames

H

u>1

‘H = event horizon of Schwarzschild
black hole
S; = slice of constant

I Eddington-Finkelstein time
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Second fundamental tensor of S;

Tensor IC of type (1,2) relating the covariant derivative of a vector tangent to S;
taken by the spacetime connection V to that taken by the connection D in &,
compatible with the induced metric g:

V(u,v) € T(S¢)?, Vv = Dyv + K(u,v)

Prop:
K%, = Vug®, ¢"50",
_ agn) o) _ o ' o) (k)
K25, =0 — 52 6ff) = e~ (k2 o) + 2 0}
Remark: for a hypersurface of normal n and extrinsic curvature K,
ICOLB7 = 7?”LQK5,Y
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Normal fundamental forms

Extrinsic geometry of S; not entirely specified by /C (contrary to the hypersurface
case)

IC involves only the deformation tensors @) of the normals to S; = /C encodes
only the part of the variation of S;'s normals which is parallel to S;

Variation of the two normals with respect to each other: encoded by the normal
fundamental forms (also called external rotation coefficients or connection on
the normal bundle, or if H is null, Hdjicek 1-form):

o Q(n) =8 - V(in or Q((yn) = SII,VIITLH qy(x
Q(S) =n- V*S
Q(Z) — Q(l) . 1/
>} k: 7 k-Vgl| or K, g iz
QK — = p.v-
k.gz vk
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Basic properties of the normal fundamental forms

From the definition: Q) = —Q(™) and Q%) = — Q) 4 Dy

Relation between the (n, s)-type and the (£, k)-type:
QO =™ [¢=n+ s and Q® = _qg [k=mn —s]

The normal fundamental forms are not unique

(contrary to the second fundamental tensor k)
Dependence of the normal frame

Q (n,s)— (n,s’) :>‘SZ("I) :Q(")—F’Dn‘

Q (Lk)— (£, K) = ]Q(“ =Q® 4+ Din A\
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Geometry of hvpersurface foliations by spacelike 2-surfaces

“Surface-gravity” 1-forms

If the vector fields (£, k) are extended away from S;, define the 1-form

0 .— 0) .—
K= £k Vpl| orry: Hpk“v,,/ [

where p is the orthogonal projector complementary toq: 1=q+p.

NB: Since p is a projector in a direction transverse to S;, the 1-form () is not
intrinsic to the 2-surface S;: it depends on the choice of £ away from S,
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Geometry of hvpersurface foliations by spacelike 2-surfaces

“Surface-gravity” 1-forms

If the vector fields (£, k) are extended away from S;, define the 1-form

(€) . k-
R'kﬂ A\

() .
or Ky’ : k gpk“v,,/ [

where p is the orthogonal projector complementary toq: 1=q+p.

NB: Since p is a projector in a direction transverse to S;, the 1-form () is not
intrinsic to the 2-surface S;: it depends on the choice of £ away from S,

If £ is extended along one of the two families of light rays emanating radially from
St, then £ is pre-geodesic: V£ = vy £, with the inaffinity parameter (surface

gravity if £ = null Killing vector of Kerr spacetime) given by the 1-form «(©)

applied to £:

Eric Gourgoulhon (LUTH, Meudon)
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Geometry of hvpersurface foliations by spacelike 2-surfaces

Normal null frame associated with the evolution vector

The foliation (S;):cr entirely fixes the
ambiguities in the choice of the null normal
frame (€, k), via the evolution vector h:
there exists a unique normal null frame (€, k)
such that

h=£-Ck and l-k=-1
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The generalized Damour-Navier-Stokes equation

Outline

© The generalized Damour-Navier-Stokes equation
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The generalized Damour-Navier-Stokes equation

Navier-Stokes equation in Newtonian fluid dynamics

p ( v + Y)ij'i)l> = —V'P+ pAv' + (C + %) V{(V;v!) + f*

ot
or, in terms of fluid momentum density m; := pv;,
or; p .
;}; F IV 4 O = =V P+ 20V o + (V0 + f;

where @ is the fluid expansion: _
0 =V v’

and o;; the velocity shear tensor:

O'ij =

1
(Vivj + Vj’UZ') — §9 (5”

N —

P is the pressure, 1 the shear viscosity, ¢ the bulk viscosity and f; the density of
external forces

Eric Gourgoulhon (LUTH, Meudon) Damour-Navier-Stokes equation Meudon, 7 October 2005 31/ 42



The generalized Damour-Navier-Stokes equation

Original Damour-Navier-Stokes equation

Hyp: H = null hypersurface (particular case: black hole event horizon)
Then h = £ (C = 0)
Damour (1979) has derived from Einstein equation the relation

1
LY +09Q® =Dy —D- 7O + EDH(‘) +8rq"T - £

or equivalently

SCem+ 007 = —DP+2uD -9 + (DY + f

1
with 7 := —8—9(‘3) momentum surface density
i

1%
p.=-¥ pressure
8

1 L
:= —— shear viscosity

H= Tor
1
¢ = T bulk viscosity
f = —q"T - £ external force surface density (T' = stress-energy tensor)

Meudon, 7 October 2005 32 /42
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The generalized Damour-Navier-Stokes equation

Original Damour-Navier-Stokes equation (con't)

Introducing a coordinate system (¢, x!, 22, 23) such that

@ ¢t is compatible with £: Lyt =1

e H is defined by x! = const, so that ¢ = (22, 2) are coordinates spanning S;
then 9

b=_—+V
ot

with V' tangent to S;: velocity of H's null generators with respect to the
coordinates x% [Damour 1978].
Then

0
0®) =D,V + aln\/& q := det qqp

1 104q,
olf) = *(D Vo +DyVa) — 29() Gab + 5 gtb

N
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The generalized Damour-Navier-Stokes equation
Generalization to the non-null case

Starting remark: in the null case, £ plays two different roles:

@ evolution vector along H (e.g. term SL;)
e normal to H (e.g. term g*T - £)

When H is no longer null, these two roles have to be taken by two different
vectors:

@ evolution vector: obviously h

@ vector normal to H: a natural choice is|m =€+ Ck

Ck
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The generalized Damour-Navier-Stokes equation

Generalized Damour-Navier-Stokes equation

Starting point of the calculation: contracted Ricci identity applied to the vector
m and projected onto S;:

L L L L
(V. V,m"* — V,V,m")q", = Ru,mbq”

83

Final result:

1
SLLQWY + oM Q) — D(® h) —D. 3™ + 51)9“") —0®DC + 82T - m

Q® : normal fundamental form of S; associated with null normal £

9("), 0(™) and k). expansion scalars of S; along the vectors h, m and k
respectively

D : covariant derivative within (S;, q)
. “surface-gravity” 1-form associated with the null vector £

™) : shear tensor of S, along the vector m

e 6 ¢ o
A

C' : half the scalar square of h
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The generalized Damour-Navier-Stokes equation
Null limit

In the null limit,

and we recover the original Damour-Navier-Stokes equation:

1
L, QY +09Q® =Dy —D- 7O + 51)9“) +8rq"T - £
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The generalized Damour-Navier-Stokes equation

Behavior under a change of normal fundamental form

Lt =M= Q) =Q® L Dinxand k) = k®) + V,In )

= generalized Damour-Navier-Stokes equation:

’ ’ ’ 1
SR QE) o) — DKRE) By —D.F™ 4 51)9("0 +6®ODIn A
—0®) (DC + CDIn\) +87¢"T - m

Choice: ¢ = ¢ = null geodesic vector along the light rays emanating radially from
St (d€ = 0), then DC + CDIn X = 0 and the equation reduces to

; ; ; 1
SLRQE 40 Q) — D(k® h) —D.a™ 4 Em(m) +0UDIn\+87¢"T - m
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The generalized Damour-Navier-Stokes equation

Application to future trapping horizons

Definition (Hayward 1994) : H is a future trapping horizon iff ) = 0 and
o) < 0.
The generalized Damour-Navier-Stokes equation reduces then to

; ; ; 1
SR QE + W Q) = D(k® h) —D.&™ 4 51>¢9<m) +81¢"T - m

NB: It has exactly the same structure than Damour's original equation
apart from substitutions of £ by either h or m, it does not contain any extra term
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Application to angular momentum flux law

Outline

@ Application to angular momentum flux law
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Application to angular momentum flux law
Generalized angular momentum

Definition [Booth & Fairhurst, gr-qc/0505049)]: Let ¢ be a vector field on H which
@ is tangent to S;
@ has closed orbits
@ has vanishing divergence with respect to the induced metric: D - =0
The generalized angular momentum associated with ¢ is then defined by

1
=—— ¢ (Q¥) )=
J(¢) o St< ) €,

Remark 1: does not depend upon the choice of null vector £, thanks to the
divergence-free property of ¢
Remark 2:

@ coincides with Ashtekar & Krishnan's definition for a dynamical horizon

@ coincides with Brown-York angular momentum if H is timelike and ¢ a
Killing vector
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Application to angular momentum flux law
Angular momentum flux law

Under the supplementary hypothesis that ¢ is transported along the evolution
vector h : Ly, o =0, the generalized Damour—Navier—Stokes equation leads to

j{ T(m,p)%e— — [3("1): L,q—-20W . ’DC} %€
St
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Application to angular momentum flux law
Angular momentum flux law

Under the supplementary hypothesis that ¢ is transported along the evolution
vector h : Ly, o =0, the generalized Damour—Navier—Stokes equation leads to

j{ T(m,p)%e— — [3("1): L,q—-20W . ’DC} %€
St

Two interesting limiting cases:
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Application to angular momentum flux law
Angular momentum flux law

Under the supplementary hypothesis that ¢ is transported along the evolution
vector h : Ly, o =0, the generalized Damour—Navier—Stokes equation leads to

j{ T(m,p)%e— — [3("1): L,q—-20W . ’DC} %€
St

Two interesting limiting cases:

@ H = null hypersurface : C =0and m =£:

d ' 1 =
- T, p)e — — o'ﬂ(e):[, S
df]( ) = Js, ( e 167 vd €

i.e. Eq. (6.134) of the Membrane Paradigm book (Thorne, Price &
MacDonald 1986)
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Application to angular momentum flux law
Angular momentum flux law

Under the supplementary hypothesis that ¢ is transported along the evolution
vector h : Ly, o =0, the generalized Damour—Navier—Stokes equation leads to

j{ T(m,p)%e— — [3("1): L,q—-20W . ’DC} %€
St

Two interesting limiting cases:

@ H = null hypersurface : C =0and m =£:

d ' 1 <
— =—¢ T(¢ - = *(@: L,q°
o J(p) A (€, )% Tom o4 Y

i.e. Eq. (6.134) of the Membrane Paradigm book (Thorne, Price &
MacDonald 1986)
@ H = future trapping horizon :

d 1 .
—J -¢ T e—— ¢ #™:L,q"
i) = s, (m.e)’e = 1o s, vd <

Eric Gourgoulhon (LUTH, Meudon) Damour-Navier-Stokes equation Meudon, 7 October 2005 41 / 42



Application to angular momentum flux law

References

@ Review articles about local approaches to black holes:
[A. Ashtekar & B. Krishnan : Isolated and Dynamical Horizons and Their Applications,

Liv. Rev. Relat. 7, 10 (2004)]
[E. Gourgoulhon & J.L. Jaramillo : A 3+1 perspective on null hypersurfaces and isolated horizons,

Phys. Rep., in press, gr-qc/0503113]
[I. Booth : Black hole boundaries, Can. J. Phys., in press, gr-qc/0508107]

@ Generalized Damour-Navier-Stokes equation:
[E. Gourgoulhon : Generalized Damour-Navier-Stokes equation applied to trapping horizons,

Phys. Rev. D 72, 104007 (2005)]

Eric Gourgoulhon (LUTH, Meudon) Damour-Navier-Stokes equation Meudon, 7 October 2005


http://www.livingreviews.org/lrr-2004-10
http://www.livingreviews.org/lrr-2004-10
http://arxiv.org/abs/gr-qc/0503113
http://arxiv.org/abs/gr-qc/0503113
http://arxiv.org/abs/gr-qc/0508107
http://link.aps.org/abstract/PRD/v72/e104007
http://link.aps.org/abstract/PRD/v72/e104007

	Introduction
	Local approaches to black holes
	Black hole viscosity
	Geometry of hypersurface foliations by spacelike 2-surfaces
	The generalized Damour-Navier-Stokes equation
	Application to angular momentum flux law

