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Sgr A* : the black hole at the Galactic center

The black hole at the centre of our galaxy : Sgr A*

[ESO (2009)]

Mass of Sgr A* black hole deduced from
stellar dynamics :

MBH = 4.3× 106M�

← Orbit of the star S2 around Sgr A*
P = 16 yr, rper = 120 UA = 1400RS,
Vper = 0.02 c
[Genzel, Eisenhauer & Gillessen, RMP 82, 3121 (2010)]

Next periastron passage : mid 2018
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Sgr A* : the black hole at the Galactic center

Can we see it from the Earth ?

Image of a thin accretion disk around a Schwarzschild BH
[Vincent, Paumard, Gourgoulhon & Perrin, CQG 28, 225011 (2011)]

Angular diameter of the
event horizon of a
Schwarzschild BH of mass
M seen from a distance d :

Θ = 6
√

3
GM

c2d
' 2.60

2RS

d

Largest black holes in the
Earth’s sky :

Sgr A* : Θ = 53 µas
M87 : Θ = 21 µas
M31 : Θ = 20 µas

Remark : black holes in
X-ray binaries are ∼ 105

times smaller, for Θ ∝M/d
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Sgr A* : the black hole at the Galactic center

Reaching the µas resolution with VLBI

Existing American VLBI network [Doeleman et al. 2011]

Very Large Baseline
Interferometry
(VLBI) in
(sub)millimeter
waves

The best result so
far : VLBI
observations at
1.3 mm have shown
that the size of the
emitting region in
Sgr A* is only
37 µas
[Doeleman et al., Nature

455, 78 (2008)]
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Sgr A* : the black hole at the Galactic center

The near future : the Event Horizon Telescope

To go further :
shorten the wavelength : 1.3 mm → 0.8 mm
increase the number of stations ; in particular add ALMA

Atacama Large Millimeter Array (ALMA)
part of the Event Horizon Telescope (EHT) to be completed by 2020

Spring 2017 : large observation campaign =⇒ first image ?
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Sgr A* : the black hole at the Galactic center

Near-infrared optical interferometry : GRAVITY

[Gillessen et al. 2010]

GRAVITY instrument at
VLTI (2016)

Beam combiner (the
four 8 m telescopes +
four auxiliary telescopes)

astrometric precision on
orbits : 10 µas
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The no-hair theorem

The no-hair theorem

Dorochkevitch, Novikov & Zeldovitch (1965), Israel (1967), Carter (1971),
Hawking (1972)

Within 4-dimensional general relativity, a stationary black hole in an otherwise
empty universe is necessarily a Kerr-Newmann black hole, which is an
electro-vacuum solution of Einstein equation described by only 3 numbers :

the total mass M
the total specific angular momentum a = J/(Mc)

the total electric charge Q

=⇒ “a black hole has no hair” (John A. Wheeler)

Astrophysical black holes have to be electrically neutral :
Q = 0 : Kerr solution (1963)

Other special cases :
a = 0 : Reissner-Nordström solution (1916, 1918)

a = 0 and Q = 0 : Schwarzschild solution (1916)

a = 0, Q = 0 and M = 0 : Minkowski metric (1907)
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The no-hair theorem

The no-hair theorem : precise mathematical statement

Any spacetime (M , g) that
is 4-dimensional
is asymptotically flat
is pseudo-stationary
is a solution of the vacuum Einstein equation : Ric(g) = 0

contains a black hole with a connected regular horizon
has no closed timelike curve in the domain of outer communications
is analytic

has a domain of outer communications that is isometric to the domain of outer
communications of the Kerr spacetime.

domain of outer communications : black hole exterior

Possible improvements : remove the hypotheses of analyticity and non-existence of
closed timelike curves (analyticity removed recently but only for slowly rotating black holes
[Alexakis, Ionescu & Klainerman, Duke Math. J. 163, 2603 (2014)])
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The no-hair theorem

The Kerr solution

Roy Kerr (1963)

gαβ dxα dxβ = −
(

1− 2GMr

c2ρ2

)
c2dt2 − 4GMar sin2 θ

c2ρ2
cdtdϕ+

ρ2

∆
dr2

+ρ2dθ2 +

(
r2 + a2 +

2GMa2r sin2 θ

c2ρ2

)
sin2 θ dϕ2

where
ρ2 := r2 + a2 cos2 θ, ∆ := r2 − 2GM

c2
r + a2 and r ∈ (−∞,∞)

→ spacetime manifold : M = R2 × S2 \ {r = 0 & θ = π/2}
→ 2 parameters : M : gravitational mass ; a := J

cM reduced angular momentum

→ Schwarzschild solution as the subcase a = 0 :

gαβ dxα dxβ = −
(

1− 2GM

c2r

)
c2dt2+

(
1− 2GM

c2r

)−1
dr2+r2

(
dθ2 + sin2 θ dϕ2

)

Éric Gourgoulhon (LUTH) Testing the Kerr BH hypothesis Orsay, 8 Nov. 2017 12 / 44



The no-hair theorem

The Kerr solution

Roy Kerr (1963)

gαβ dxα dxβ = −
(

1− 2GMr

c2ρ2

)
c2dt2 − 4GMar sin2 θ

c2ρ2
cdtdϕ+

ρ2

∆
dr2

+ρ2dθ2 +

(
r2 + a2 +

2GMa2r sin2 θ

c2ρ2

)
sin2 θ dϕ2

where
ρ2 := r2 + a2 cos2 θ, ∆ := r2 − 2GM

c2
r + a2 and r ∈ (−∞,∞)

→ spacetime manifold : M = R2 × S2 \ {r = 0 & θ = π/2}
→ 2 parameters : M : gravitational mass ; a := J

cM reduced angular momentum

→ Schwarzschild solution as the subcase a = 0 :

gαβ dxα dxβ = −
(

1− 2GM

c2r

)
c2dt2+

(
1− 2GM

c2r

)−1
dr2+r2

(
dθ2 + sin2 θ dϕ2

)
Éric Gourgoulhon (LUTH) Testing the Kerr BH hypothesis Orsay, 8 Nov. 2017 12 / 44



The no-hair theorem

Basic properties of Kerr metric

Asymptotically flat (r → ±∞)
Pseudo-stationary : metric components independent from t, with ∂/∂t
timelike at least asymptotically
Axisymmetric : metric components independent from ϕ

Not static when a 6= 0

Contains a black hole ⇐⇒ 0 ≤ a ≤ m , where m := GM/c2

event horizon : r = r+ := m+
√
m2 − a2

Contains a curvature singularity at ρ = 0 ⇐⇒ r = 0 and θ = π/2
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The no-hair theorem

The Kerr metric is specific to black holes

Spherically symmetric (non-rotating) bodies :

Birkhoff theorem
Within 4-dimensional general relativity, the spacetime outside any spherically
symmetric body is described by Schwarzschild metric

=⇒ No possibility to distinguish a non-rotating black hole from a non-rotating
dark star by monitoring orbital motion or fitting accretion disk spectra

Rotating axisymmetric bodies :
No Birkhoff theorem
Moreover, no “reasonable” matter source has ever been found for the Kerr metric
(the only known source consists of two counter-rotating thin disks of collisionless
particles [Bicak & Ledvinka, PRL 71, 1669 (1993)])

=⇒ The Kerr metric is specific to rotating black holes
(in 4-dimensional general relativity)
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The no-hair theorem

Lowest order no-hair theorem : quadrupole moment

Asymptotic expansion (large r) of the metric in terms of multipole moments
(Mk,Jk)k∈N [Geroch (1970), Hansen (1974)] :

Mk : mass 2k-pole moment
Jk : angular momentum 2k-pole moment

=⇒ For the Kerr metric, all the multipole moments are determined by (M,a) :
M0 = M

J1 = aM = J/c

M2 = −a2M = − J2

c2M
(∗) ← mass quadrupole moment

J3 = −a3M
M4 = a4M

· · ·

Measuring the three quantities M , J ,M2 provides a compatibility test w.r.t. the
Kerr metric, by checking (∗)
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Theoretical alternatives to the Kerr black hole

Theoretical alternatives to the Kerr black hole

Within general relativity

The compact object is not a black hole but
boson stars
gravastar
dark stars
...

Beyond general relativity

The compact object is a black hole but in a theory that differs from 4-dimensional
GR :

Horndeski theories
Chern-Simons gravity
Hořava-Lifshitz gravity
Higher-dimensional GR
...
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Theoretical alternatives to the Kerr black hole

Extensions of general relativity

[Berti et al., CGQ 32, 243001 (2015)]
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Theoretical alternatives to the Kerr black hole

Viable scalar-tensor theories after GW170817

[Ezquiaga & Zumalacárregui, arXiv:1710.05901]
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Theoretical alternatives to the Kerr black hole

Testing the Kerr black hole hypothesis

Observational tests
Search for

stellar orbits deviating from Kerr timelike geodesics (GRAVITY)

accretion disk spectra different from those arising in Kerr metric (X-ray
observatories, e.g. Athena)
images of the black hole silhouette different from that of a Kerr BH (EHT)
gravitational waves :
– ring-down phase of binary black hole mergers (LIGO, Virgo, LISA)
– EMRI : extreme-mass-ratio binary inspirals (LISA)
pulsar orbiting Sgr A* : the Holy Grail !

Need for a good and versatile geodesic integrator
to compute timelike geodesics (orbits) and null geodesics (ray-tracing) in any kind

of metric

Éric Gourgoulhon (LUTH) Testing the Kerr BH hypothesis Orsay, 8 Nov. 2017 20 / 44
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Theoretical alternatives to the Kerr black hole

Gyoto code

Main developers : T. Paumard & F. Vincent

Integration of geodesics in
Kerr metric
Integration of geodesics in
any numerically computed
3+1 metric
Radiative transfer included
in optically thin media
Very modular code (C++)
Yorick and Python
interfaces
Free software (GPL) :
http://gyoto.obspm.fr/

[Vincent, Paumard, Gourgoulhon & Perrin, CQG 28, 225011 (2011)]

[Vincent, Gourgoulhon & Novak, CQG 29, 245005 (2012)]
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Theoretical alternatives to the Kerr black hole

Measuring the spin from the black hole silhouette

Ray-tracing in the Kerr metric (spin parameter a)

Accretion structure around Sgr A* modelled as a ion torus, derived from the
polish doughnut class [Abramowicz, Jaroszynski & Sikora (1978)]

Radiative processes included :
thermal synchrotron,
bremsstrahlung, inverse
Compton

← Image of an ion torus
computed with Gyoto for the
inclination angle i = 80◦ :

black : a = 0.5M

red : a = 0.9M

[Straub, Vincent, Abramowicz, Gourgoulhon & Paumard, A&A 543, A83 (2012)]
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Example 1 : boson stars

Boson stars

Boson star = localized configurations of a self-gravitating complex scalar field Φ
≡ “Klein-Gordon geons” [Bonazzola & Pacini (1966), Kaup (1968), Ruffini & Bonazzola (1969)]

Minimally coupled scalar field : L =
1

16π
R− 1

2

[
∇µΦ̄∇µΦ + V (|Φ|2)

]
Scalar field equation : ∇µ∇µΦ = V ′(|Φ|2) Φ

Einstein equation : Rαβ −
1

2
Rgαβ = 8πTαβ

with Tαβ = ∇(αΦ̄∇β)Φ−
1

2

[
∇µΦ̄∇µΦ + V (|Φ|2)

]
gαβ

Examples :

free field : V (|Φ|2) =
m2

~2
|Φ|2, m : boson mass

=⇒ field equation = Klein-Gordon equation : ∇µ∇µΦ =
m2

~2
Φ

a standard self-interacting field : V (|Φ|2) =
m2

~2
|Φ|2 + λ|Φ|4
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=⇒ field equation = Klein-Gordon equation : ∇µ∇µΦ =
m2

~2
Φ

a standard self-interacting field : V (|Φ|2) =
m2

~2
|Φ|2 + λ|Φ|4
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Example 1 : boson stars

Boson stars as black-hole mimickers

Boson stars can be very compact and are the less exotic alternative to black holes :
they require only a scalar field and since 2012 we know that at least one
fundamental scalar field exists in Nature : the Higgs boson !

Maximum mass

Free field : Mmax = α
~
m

= α
m2

P

m
, with α ∼ 1

Self-interacting field : Mmax ∼
(
λ

4π

)1/2
m2

P

m
× mP

m

mP =
√
~ =

√
~c/G = 2.18 10−8 kg : Planck mass

m Mmax (free field) Mmax (λ = 1)

125 GeV (Higgs) 2 109 kg 2 1026 kg

1 GeV 3 1011 kg 2M�

0.5 MeV 3 1014 kg 5 106M�
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Example 1 : boson stars

Framework

Hypotheses :
stationarity =⇒ Killing vector ∂t
axisymmetry =⇒ Killing vector ∂ϕ
circularity : 2-surfaces of transitivity of the spacetime symmetry group
R× SO(2) (surfaces of constant (r, θ)) orthogonal to surfaces of constant
(t, ϕ)

=⇒ quasi-isotropic coordinates (t, r, θ, ϕ) (also called Lewis-Papapetrou
coordinates) :

gµν dxµ dxν = −N2dt2 +A2
(
dr2 + r2dθ2

)
+B2r2 sin2 θ (dϕ+ βϕdt)

2

with
N = N(r, θ), βϕ = βϕ(r, θ), A = A(r, θ), B = B(r, θ)

Ansatz for the scalar field [Schunck & Mielke (1996)] :

Φ(t, r, θ, ϕ) = Φ0(r, θ)ei(ωt+kϕ)

with Φ0(r, θ) real function, ω ∈ R and k ∈ N (regularity on the rotation axis)
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Example 1 : boson stars

Einstein equations

∆3 lnN = 4πA2(E + S) +
B2r2 sin2 θ

2N2
∂βϕ∂βϕ − ∂ lnN∂ ln(NB)

∆̃3 (βϕr sin θ) = 16π
NA2

B2

Pϕ
r sin θ

+ r sin θ∂βϕ∂(lnN − 3 lnB)

∆2 [(NB − 1) r sin θ] = 8πNA2Br sin θ
(
Srr + Sθθ

)
∆2 ln(AN) = 8πA2Sϕϕ +

3B2r2 sin2 θ

4N2
∂βϕ∂βϕ − ∂ lnN∂ lnN

with ∆3 :=
∂2

∂r2
+

2

r

∂

∂r
+

1

r2
∂2

∂θ2
+

1

r2 tan θ

∂

∂θ
, ∆̃3 := ∆3 −

1

r2 sin2 θ

∆2 :=
∂2

∂r2
+

1

r

∂

∂r
+

1

r2
∂2

∂θ2
, ∂f∂g :=

∂f

∂r

∂g

∂r
+

1

r2
∂f

∂θ

∂g

∂θ
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Example 1 : boson stars

Scalar field equation

∆3Φ0 −
k2Φ0

r2 sin2 θ
= A2

[
dV

d |Φ|2
− 1

N2
(ω + kβϕ)2

]
Φ0 − ∂Φ0∂ ln(BN)

+

(
A2

B2
− 1

)
k2Φ0

r2 sin2 θ

=⇒ Φ(t, r, θ, ϕ) = Φ0(r, θ)ei(ωt+kϕ)
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Example 1 : boson stars

Nonrotating and rotating boson stars

k = 0 : static and spherically symmetric boson stars
=⇒ exterior spacetime ' Schwarzschild (Φ decays fast)
k ≥ 1 : stationary rotating “stars” with toroidal topology
=⇒ exterior spacetime significantly different from Kerr

← Profile of Φ0(r, θ) for a free field with
k = 2

z-axis = rotation axis :
z = r cos θ, x = r sin θ cosϕ

[Yoshida & Eriguchi, PRD 56, 762 (1997)]
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Example 1 : boson stars

Rotating boson stars

Solutions computed by means of Kadath [Grandclément, JCP 229, 3334 (2010)]

http://kadath.obspm.fr/

Isocontours of Φ0(r, θ) in the plane ϕ = 0 for ω = 0.8
m

~
:

k = 1 k = 2 k = 3

[Granclément, Somé & Gourgoulhon, PRD 90, 024068 (2014)]
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Example 1 : boson stars

Initially-at-rest orbits around rotating boson stars

Orbit with a rest point around a rotating
boson star based on the scalar field
Φ = Φ0(r, θ)ei(ωt+kϕ)

with k = 2 and ω = 0.75m/~
Orbit = timelike geodesic computed by
means of Gyoto

-15 -10 -5 0 5 10 15
x  [h

_
/m]

-15

-10

-5

0

5

10

15

y 
 [
h_
/m

]

[Granclément, Somé & Gourgoulhon, PRD 90, 024068 (2014)]

No equivalent in Kerr spacetime
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Example 1 : boson stars

Comparing orbits with a Kerr BH

Same reduced spin for the boson star and the Kerr BH : a = 0.802M
Boson star (BS) : k = 1 and ω = 0.8m/~
Same initial position : r = 50M =⇒ red dashed : BS, black solid : BH

60 40 20 0 20 40 60
x [M]

60

40

20

0

20

40

60

y 
[M

]

lBH = 3 M

Low orbital angular momentum

60 40 20 0 20 40 60
x [M]

60

40

20

0

20

40

60

y 
[M

]

lBH = 6 M

Higher orbital angular momentum

[Grould, Meliani, Vincent, Grandclément & Gourgoulhon, CQG 34, 215007 (2017)]
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Example 1 : boson stars

Comparing orbits with a Kerr BH

Same reduced spin for the boson star and the Kerr BH : a = 0.802M
Boson star (BS) : k = 1 and ω = 0.8m/~
Orbit with pericenter of 60M and apocenter of 100M

100 50 0 50 100
x [M]

75

50

25

0

25

50

75

100

y 
[M

]

The two orbits

20 10 0 10 20
 [ as]

20

10

0

10

20

 [
as

]
Difference between the BS orbit and

the BH one for Sgr A*

[Grould, Meliani, Vincent, Grandclément & Gourgoulhon, CQG 34, 215007 (2017)]

Éric Gourgoulhon (LUTH) Testing the Kerr BH hypothesis Orsay, 8 Nov. 2017 33 / 44

https://doi.org/10.1088/1361-6382/aa8d39


Example 1 : boson stars

Image of an accretion torus : comparing with a Kerr BH

Kerr BH a/M = 0.9 Boson star k = 1, ω = 0.70m/~

[Vincent, Meliani, Grandclément, Gourgoulhon & Straub, CQG 33, 105015 (2016)]
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Example 1 : boson stars

Strong light bending in rotating boson star spacetimes

−50 0 50

−50

0

50

x (µas)

y
(µ

as
) ~3 

μa
s

k=1, ω=0.7

[Vincent, Meliani, Grandclément, Gourgoulhon & Straub, CQG 33, 105015 (2016)]
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Example 2 : the scalar-hairy black holes

Outline

1 Sgr A* : the black hole at the Galactic center

2 The no-hair theorem

3 Theoretical alternatives to the Kerr black hole

4 Example 1 : boson stars

5 Example 2 : the scalar-hairy black holes
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Example 2 : the scalar-hairy black holes

Hairy black holes

Herdeiro & Radu discovery
(2014)

A black hole can have a
complex scalar hair

Stationary axisymmetric
configuration with a
self-gravitating massive complex
scalar field Φ and an event
horizon

Φ(t, r, θ, ϕ) = Φ0(r, θ)ei(ωt+kϕ)

ω = kΩH

[Herdeiro & Radu, PRL 112, 221101 (2014)]
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Example 2 : the scalar-hairy black holes

Herdeiro-Radu hairy black holes

Configuration I :
rather Kerr-like
Configuration II :
not so Kerr-like
Configuration III :
very non-Kerr-like

µ =
m

~
=

m

m2
Pl

=M−1

m=0 : non-rotating
boson stars
m=1 : rotating boson
stars with k = 1

 0

 0.5

 1

 0.6  0.7  0.8  0.9  1

limiting KBHs

extremal KBHsSH

m=1

m=0

µM
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D
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23
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I

[Cunha, Herdeiro, Radu Rúnarsson, PRL 115, 211102 (2015)]
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Example 2 : the scalar-hairy black holes

Images of a magnetized accretion torus

Accretion torus model of [Vincent, Yan, Straub, Zdziarski & Abramowicz, A&A 574, A48 (2015)]

non-self-gravitating perfect fluid
polytropic EOS γ = 5/3

constant specific angular momentum
` = uϕ/(−ut) = 3.6M
[Abramowicz, Jaroszynski & Sikora, A&A 63, 221 (1978)]

torus inner radius rin ' 5.5M

max electron density : ne = 6.3 1012 m−3

max electron temperature : Te = 5.3 1010 K

isotropized magnetic field =⇒ synchrotron
radiation
gas-to-magnetic pressure ration β = 10

observer inclination angle : θ = 85◦
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Example 2 : the scalar-hairy black holes

Configuration I
Gyoto-simulated images of Sgr A* at f = 250 GHz

hairy BH Kerr BH with same (M,J)
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y
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)

Kerr SP configuration I

[Vincent, Gourgoulhon, Herdeiro & Radu, PRD 94, 084045 (2016)]

5% difference in photon ring size =⇒ barely observable
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Example 2 : the scalar-hairy black holes

Configuration II
Gyoto-simulated images of Sgr A* at f = 250 GHz

hairy BH Kerr BH with same (M,J)
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[Vincent, Gourgoulhon, Herdeiro & Radu, PRD 94, 084045 (2016)]
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Example 2 : the scalar-hairy black holes

Configuration II
Gyoto-simulated images of Sgr A* at f = 250 GHz

hairy BH Kerr BH with same (M,J)
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[Vincent, Gourgoulhon, Herdeiro & Radu, PRD 94, 084045 (2016)]

20% difference between HBH-lensing and BH-photon rings =⇒ observable by EHT
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Example 2 : the scalar-hairy black holes
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Example 2 : the scalar-hairy black holes

Configuration III
Gyoto-simulated images of Sgr A* at f = 250 GHz

hairy BH Kerr BH with same (M,J)
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[Vincent, Gourgoulhon, Herdeiro & Radu, PRD 94, 084045 (2016)]

HBH : no sharp edge in the intensity distribution =⇒ detectable by EHT
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Example 2 : the scalar-hairy black holes
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HBH : no sharp edge in the intensity distribution =⇒ detectable by EHT
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Example 2 : the scalar-hairy black holes

Conclusions and perspective

After a century marked by the Golden Age (1965-1975), which culminated with
the no-hair theorem, the first astronomical discoveries and the ubiquity of black
holes in high-energy astrophysics, black hole physics is very much alive.

It is entering a new observational era, with the advent of high-angular-resolution
telescopes and gravitational wave detectors, which provide unique opportunities to
test general relativity in the strong field regime, notably by finding some voliation
of the no-hair theorem.

To conduct these tests, it is necessary to conduct studies of theoretical
alternatives of the Kerr black hole.
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