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Boson stars and their maximal mass Kerr black holes with self-interacting scalar hair Summary
Self-interacting boson stars

Boson stars: maximal masses

• Self gravitating scalar fields.

• Their maximal mass is of the order of the Compton
wavelength,

Mmax
ADM ' αBS

M2
Pl

µ
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)
, (1)

• where αBS is obtained numerically but is of order unity.
• For spherically symmetric BSs, i.e. m = 0, αBS = 0.633

[S. L. Liebling and C. Palenzuela (2012)]

• while for rotating ones, e.g. m = 1; 2, αBS = 1.315; 2.216
[S. Yoshida and Y. Eriguchi (1997)];[P. Grandclement, C. Somé and E. Gourgoulhon

(2014)]
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Boson stars: maximal masses

• The maximal mass seems to scale with m as ∼ m+ 1.

• Therefore, if one considers a scalar field mass of µ ∼ 1 GeV
and reasonably low m, this maximal mass is very low.

• Due to this, these boson stars are known as mini boson
stars.
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Self-interacting spherically symmetric
solutions

• This maximal mass can be considerably increased if one
considers quartic self-interactions of the form
V (|Ψ|) = λ|Ψ|4. [M. Colpi, S. L. Shapiro and I. Wasserman (1986)]

• For these BSs,

Mmax
ADM ' 0.062

√
λM3

Pl/µ
2 ' 0.062

√
λM� (GeV/µ)2 . (2)

• Eqn. (2) found from
numerics and analytical
study of the high coupling
limit.

• More extended than
mini-BSs.
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Self-interacting rotating solutions

• Quartic BSs have been generalized to the rotating case,
usually for a single value of the coupling.
[F. D. Ryan (1997)],[P. Grandclement, C. Somé and E. Gourgoulhon (2014)],[B.
Kleihaus, J. Kunz and S. Yazadjiev (2015)]

• We studied the rotating case for various couplings and
found

Mmax
ADM ' 0.057

√
λM3

Pl/µ
2 ' 0.057

√
λM� (GeV/µ)2 . (3)
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How do quartic self-interactions affect
KBHsSH?

• Our interest lies in studying these quartic BSs with a black
hole at their centre.

• So far, we have considered two possible cases, quartic and
hexic self interactions [arXiv:1509.02923]

1 V (φ) = µ2φ2 + λφ4,
2 V (φ) = µ2φ2 − βφ4 + γφ6.
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• 5-parameter family of solutions: (M,J,Q,m, n)
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Envelope made up
of 3 parts:

i) Boson stars
ii) Extremal

HBHs
iii) Kerr BHs

which can
support scalar
clouds
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Hairy black holes, w vs. M
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J vs. M, horizon quantities

• If we instead study the horizon quantities, we find that:

• No matter how strong the self-interaction coupling is, the
maximal horizon mass and angular momentum are obtained
at the “Hod point”.
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• Notice that the extremal HBH curves approach the “Hod
point” from below.
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A hexic potential

• Let us now consider a potential of the form

V (φ) = µ2φ2 − βφ4 + γφ6.

• We start by considering the clouds for this potential [C.
Herdeiro, E. Radu and H. Rúnarsson (2014)].

• We fix µ2 = 1.1, β = 2.0 and γ = 1.0 for all solutions to
follow.
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Q-clouds

• The 1D existence line of the previous hairy black holes is
now expanded into a 2D existence plane.

Figure 1: Existence (blue dotted) lines with n = 0, m = l = 1, 2, 3, from right to left, respectively, for
linear clouds on the Kerr background. Kerr BHs exist below the solid black line, which corresponds to
extremal Kerr solutions. For each m, ΩextremalH (m) is the value of ΩH at which the corresponding existence
line intersects the curve of extremal BHs. The (vertical sets of) filling points in the diagram correspond
to examples Q-cloud solutions with m = 1 (red/dark grey), m = 2 (purple/medium grey) and m = 3
(green/light grey). Q-clouds with a given value of m exist between the existence line for linear clouds with
n = 0, m = l and a minimal frequency.

As already mentioned in the Introduction, the existence line with n = 0 and l = m divides the Kerr
parameter space in two regions. To the left (right) of the line stand the Kerr backgrounds which are
superradiantly stable (unstable) against scalar field perturbations with azimuthal harmonic index m.

3.2 Non-linear Q-clouds on the Kerr black hole background

When turning on the scalar field self-interactions in the potential (2.4), the non-linearities prevent a separa-
tion of variables, similar to the one discussed above. For given (w,m), the scalar field φ is a superposition of
spheroidal harmonics, whose amplitudes, however, differ from Rnlm(r). Then following [26], one can write

φ(r, θ) =

∞∑

k=0

fk(r)Sm+2k,m(θ), (3.17)

which results in an infinite set of ordinary differential equations for fk(r). In principle, this set can be
truncated for some kmax and then solved numerically. In our approach, however, we have chosen to solve
directly the partial differential equation (2.9). But instead of using Boyer-Lindquist coordinates – which
yield a complicated boundary condition at r = rH , in terms of the scalar function and its first and second
derivatives – we have used quasi-isotropic coordinates for Kerr (see e.g. [32]). In parallel, a large set of
solutions have been computed by using a radially shifted version of the Boyer-Lindquist coordinate system,

for which r → r − a2

rH
. Both these coordinate systems yield a near horizon expansion for the scalar field,

(2.13), with the φ1 term absent, thus allowing us to impose a standard Neumann boundary condition there.
Our central result in this work is that all flat space Q-ball solutions can be generalized to Q-clouds on a

Kerr BH background. The BH parameters, however, are not arbitrary, as implied by condition (1.1). The
solutions are found by starting with a flat spacetime configuration with given (w,m) and increasing the
size of the BH (as given e.g. by the event horizon area) via the parameter rH . We have constructed in a
systematic way solutions with m = 1, 2, 3 (around 20000 solutions for each case). A subset of the solutions

6
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• For mΩextremal
H /µ ≤ w/µ < 1, Q-clouds arise from flat

spacetime Q-balls and end on the previous existance line.
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Q-clouds: energy diagram

• Let us look at the energy of these Q-clouds for a fixed area
horizon of the black hole

• For zero area size, i.e. flat space Q-balls, the curve grows
very fast close to the minimal and maximal frequencies.

• Notice that for the Q-clouds, this is no longer the case and
the black hole acts as a regulator.

• For a small black hole, Q-clouds approach a critical
configuration with zero global charges

• While for a large black hole, they end at a critical
configuration with non-zero energy and angular momentum.
The corresponding Kerr black holes have TH = 0.
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From Q-balls to Self-interacting boson
stars

• Next we couple the flat space Q-balls to gravity,

Gab = 2α2Tab.

[B. Kleihaus, J. Kunz, and M. List (2005)]
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Hairy black holes

• We have filled in the envelope with hairy black holes for
some values of the gravitational coupling.

• The shape seems to follow closely that of the mini-boson
stars.
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• Notice that the extremal HBH curve approaches the “Hod
point” from below just as in the quartic case.
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Summary

• When adding self-interactions to boson stars, one can
obtain considerably higher masses.

• In terms of ADM quantities, the same holds for KBHsSH
while the horizon quantities of the solutions change very
little.

• In particular, the maximal horizon quantities are attained
at the “Hod point” (which is independent of the
self-interaction coupling), and thus these self-interacting
KBHsSH are “hairier but not heavier”.

• If these results hold for general scalar field models,
KBHsSH with astrophysically interesting horizon masses
require ultra-light scalar fields.
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