World Scientific

International Journal of Modern Physics C \\’
www.worldscientific.com

Vol. 23, No. 5 (2012) 1250035 (27 pages)
(© World Scientific Publishing Company
DOI: 10.1142/S0129183112500350

NUMERICAL SIMULATION OF A MACRO-QUANTUM
EXPERIMENT: OSCILLATING WAVE PACKET

LAURENT NOTTALE* and THIERRY LEHNER

LUTH, CNRS, Observatoire de Paris-Meudon
5 Place Janssen, F-92195 Meudon Cedex, France
*laurent.nottale@obspm.fr
Tthierry.lehner@obspm.fr

Received 11 October 2011
Accepted 23 March 2012
Published 3 May 2012

We perform numerical simulations of a new proposal of laboratory experiment that would allow
the transformation of a classical fluid into a quantum-type (super)fluid through the application
of a generalized quantum potential. This quantum potential is simulated by using a real time
retroactive loop involving a measurement of density, a calculation of the potential in function of
the measured density, then an application of the calculated potential through a classical force.
This general experimental concept is exemplified here by the case of a nonspreading oscillating
wave packet in a harmonic oscillator potential. We find signatures of a quantum-like behavior
which are stable against various perturbations. Finally, the feasability of a realization of this
concept in an actual plasma experiment is analyzed.
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1. Introduction

One of us has recently proposed a new general concept of macroscopic quantum-type
laboratory experiments.! ~® It consists of applying, through a real time retroactive
loop, a generalized quantum potential on a classical system. Indeed, one can show
that the system of equations (Euler equation and continuity equation) that describes
a fluid in irrotational motion subjected to such a generalized quantum potential, that
reads Q = —2D?A,/p//p in terms of the density p, is equivalent to a generalized
Schrodinger equation. In this derivation, the quantum potential is no longer founded
on the quantum Planck’s constant A, but on a new constant D which can take any
macroscopic value. While it would be impossible with present days technology to
simulate standard quantum effects by this method because of the smallness of D,
which is given by D = h/2m in standard quantum mechanics, the use of a macro-
scopic value for this constant nevertheless preserves some of the properties of a
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quantum-like system. Namely, its density distribution is given by the square of the
modulus of a complex function which is solution of a Schrodinger equation. Therefore
such a system is expected to exhibit some quantum-type, superfluid-like macroscopic
properties (though certainly not every aspects of a genuine quantum system).

In the present paper we validate this concept by numerical simulations of a fluid
subjected to such a generalized quantum force, as an anticipation of a future real
laboratory experiment. The example chosen for this first attempt is the appearance
of a nonspreading quantum-like oscillating wave packet in a compressible fluid (e.g. a
plasma) subjected to an attractive harmonic oscillator potential.

2. Theoretical Background

Let us sum up the results described in more detail in Ref. 2. We consider a classical
macroscopic compressible fluid described by the Euler and the continuity equations:

0
(E-‘rV'V)V:—V(ﬁ, (1)
p | . _
E + le(pV) =0, (2)

where ¢ is an exterior scalar potential. We assume as a first step that the pressure
term is negligible and that the fluid motion is potential, i.e.

V =VS§. (3)

We now assume that we apply to the fluid (using density measurements and a
retroaction loop) a varying force which is a function of the fluid density in real time,
namely, a “quantum-like” force Iy deriving from the potential

Q = —2D? M. (4)
VP
This potential is a generalization of the standard quantum potential,* since here the
constant D can have any value, while in standard quantum mechanics it is restricted
to the only value D = A/2m. As recalled in what follows, this generalization still
allows to recover a Schrodinger-like equation.
The Euler and continuity system becomes

<%+V.V>V:_v<¢—2b2%), (5)

9 | . _
e + div(pV) = 0. (6)

The system of Egs. (5) and (6) can then be integrated under the form of a generalized
Schrodinger equation.

1250035-2



Numerical Simulation of a Macro-Quantum Experiment

Indeed, Eq. (5) takes the successive forms

0 Ay/p
—op? V) =

5 (VS) 4+ = V(VS) + V(qﬁ /p ) 0, (7)

Y §+1(VS)2+¢—2D2M =0 (8)
ot 2 N
which can be integrated as

os 1 ) yAVD
6t+2(VS) +¢+ K -2D 7 =0, (9)

where K is a constant that can be renormalized by a redefinition of the potential
energy ¢. Let us now combine this equation with the continuity equation as follows:

[—%\/ﬁ(%%(vsf +é- 2@2M)

N/2
D (8 4
+ i + le(pVS)):| 9P = (. (10)
\/_
Finally we set
b= /5 x &5/, (1)
and Eq. (10) is strictly identical to the following generalized Schrodinger equation
0 1)
D’A D—y——9y= 12
Y+ iDs— Sy =0, (12)

as can be checked by replacing in it v by its expression (11). Recall that such an
equation has also been directly obtained, in terms of a density of probability instead
of a density of matter, as the integral of the equations of geodesics in a non-
differentiable space-time.>® Given the linearity of the equation obtained, one can
normalize the modulus of ¥ by replacing the matter density p by a probability
density P = p/M, where M is the total mass of the fluid in the volume considered:
this will be equivalent.

The solutions 1) = |¢| x exp(if) of this equation directly provide the density and
the velocity field of the fluid at every point, namely

V =2DV0, p=M|y?. (13)

Its imaginary part and its real part amount, respectively, to the continuity equation,
and to the energy equation that writes:
0s 1 A
E=— Vit g— a2 2VP. (14)
ot 2 VP
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The above transformation from the fluid mechanics-like equations to the
Schrodinger-type equation is similar to a Madelung transformation,” but it is
here performed in the reversed way and generalized to a constant different from
h/2m.?

It could be therefore possible by this method to simulate a “Schrodinger system,”
e.g. a partly quantum-like superfluid system coming under two of the axioms of
quantum mechanics, namely, (i) it is described by a wave function 1 which is solution
of a Schrodinger-type equation and (ii) such that p oc [1)]%.

3. Application to the Oscillating Wave Packet

As an example of application and as a preparation for a laboratory experiment, let us
consider the simplified case of one-dimensional fluid motion in an external harmonic
oscillator potential ¢ = (1/2)w?z?. This system is described by the two following
equations:

ov o, o (0%\/p)0x?
<o v op? & (ZVITT 1
o~ Vor wrT 3:1:( N ) (15)
Olnp oV dlnp
o Ox v oxr (16)

Here we have written the continuity equation in terms of In p instead of its usual
expression in terms of p. This form of the continuity equation which be useful in the
numerical simulations that follow. These two equations are equivalent to the one-
dimensional generalized Schrodinger equation:
2

DQ%—I—iDZ—?—%wQ‘TQQb =0. (17)
It is well-known that it is possible to find a solution of this equation in the form of a
wave packet whose center of gravity oscillates with the period of the classical motion
and which shows no spreading with time.®* ' Assuming that the maximal amount
by which the center of gravity is displaced is a, the wave function 1) = /P x ¢i5/2P
reads in this case

w 1 W (o \ i w o w 2
’l/) _ (2 D) 1€—E(.L—acoswt)2 % efL(%wtwLﬁam s1nu.)t7@a,1 sm2wt). (18)
™

Therefore the probability density reads

27":13 efﬁ(xfa coswt)? , (19)

P =y =

and the action S = 2D6

1
S = —Dwt — awz sin wt + 1 a’wsin 2wt. (20)
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It is easily generalized to a three-dimensional wave packet oscillating in one direc-
tion. In this case the probability reads

w w

P = 5D efﬁ[(zfacoswt)2+y2+z2] (21)

In what follows we shall consider only the x dependence.

This is an interesting case for a test of a genuine quantum-like behavior, since it
involves a nonvanishing phase in an essential way although this is a one-dimensional
system. The velocity field is given by

V = —awsinwt. (22)
The quantum potential reads
Q(z,1) :Dwf%wQ(xfacoswt)Q, (23)
and the quantum force,
Fy(x,t) = —g—f = w(z — acoswt). (24)

Therefore the energy E = —0S/0t, which is here a “field” depending on the space
and time coordinates, takes the form

1 1
E(x,t) = 3 V2 4+ ¢+ Q = Dw + aw?x cos wt — §a2w2 cos(2wt). (25)

When it is applied to the center of the wave packet x = acoswt, this expression
becomes

1
E,=Dw+ §a2w2. (26)

We recognize in the second term, as expected, the energy of a classical pendulum.
Concerning the first term, since standard quantum mechanics corresponds to the
particular choice D = i/2m (here with m = 1), the term Dw is the generalization of
the vacuum energy for an harmonic oscillator, E,,. = (1/2)Aw.

Therefore we verify that the application of a quantum potential on the fluid has
given to it some new properties of a quantum-like nature, such as a zero-point energy
and the conservation of the shape of the wave packet.

4. Proposed Laboratory Experiment

In order to prepare a real laboratory experiment aiming at achieving such a new
macroscopic quantum-like (super)fluid, we shall now present the result of numerical
simulations of such an experiment. To this purpose these simulations are not based on
the Schrodinger form of the equations, but instead on the classical Euler 4+ continuity
equations and on the application by feedback of a generalized quantum-like force.

1250035-5



L. Nottale € T. Lehner

The suggested experiment consists of:

(i) measuring with detectors the density at regular time interval {¢,} on a grid at
positions {z;};
(ii) computing from these measurements the quantum force (Fy), = 2D*V(A/p,/
\/Pn) at each time ¢,,;
(iii) applying the new value of the force to the fluid at each time ¢,, therefore
simulating by such a feedback the presence of a quantum-like potential.

The advantage of such a proposal is that one is no longer constrained by the standard
quantum value D = h/2m that fixes the amplitude of the quantum force, and that
one can therefore give to it a macroscopic value, vary it, study its transition to zero
(quantum to classical transition), etc.

5. Iterative Fitting Simulation

In this first simulation, we assume that the quantum force (which is a third deriv-
ative of the density) is not computed directly from the values of the density, but from
a polynomial fit of the distribution of In p. In the special case considered here (the
oscillating wave packet), we use a Gaussian fit of the density distribution (i.e. a
second-order polynomial fit to Inp), so that we need to know only the mean and
dispersion. More generally, one can decompose the distribution of In p(z) into its
successive moments. Therefore the density is written as

pu() o eXp[—% <ﬂ> 2] , (27)

0’7 2

so that, once the mean and dispersion z, and o, at time ¢, are computed, the
quantum force to be applied at each step (n) writes:

(F)u(a) = 2@ —0n). (28)

O-TL

5.1. Numerical simulation

Our numerical simulation is performed by a simple Mathematica program which
reproduces the steps of the real experiment, namely, at each time step t,,:

(i) We compute the mean and the dispersion of positions = according to the
density distribution:

= Z P(%‘)%’/Z p(x;), (29)
o’ = ZP(%’)(%’ - 37)2/2 p(x;). (30)
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(i) The force Fy) to be added then writes in terms of these quantities

DXz -1z

(Folute) = =52, (31)
where 6z is the grid interval and intervenes here because we use finite differ-
ences.

(iii) We compute the logarithm of the density In p and the velocity V' at next time
step t,,1 by transforming Eqs. (15) and (16) into centered finite-difference
equations (forward time centered space, FTCS scheme) using the Lax—Frie-

drichs method,'! namely,

, Inpt  +Inp? ot
n+1 Jj+1 Jj-1 n
In pj =Ty % (Vi =Vi)
+ V] (Inply —npl )}, (32)

n v Vi -V
an+1 _ gt 5 j-1 +6t(— HT—’—FTI + (FQ)Zl) (33)

The lower index () is for space « and the upper one (n) is for time ¢; 6t is the
time step and F(x) = —w?x is the external harmonic oscillator force. In the
above Lax method, the terms In p’ and V" are replaced by their space average,

which has the advantage to stabilize the FTCS scheme.

The initial conditions are given by the density distribution Eq. (19) for ¢ = 0.

Although this is a simple scheme (we have not attempted at this stage to better
control numerical error diffusion), it has given very encouraging results, since it has
reproduced on several periods the expected motion of the quantum oscillating wave
packet (see Fig. 1).

5.2. Perturbation of initial conditions

One of the possible shortcomings in the passage from the simulation to a real ex-
periment may come from fluctuations in the initial conditions. Indeed, in the pre-
vious simulations, we have taken as initial density distribution that of the exact
quantum wave packet. In order to be closer to a real experimental situation, we have
therefore performed a new simulation similar to that of Sec. 5.1, but with an initial
density distribution that is perturbed with respect to the Gaussian solution Eq. (19):

We have multiplied its values p(z;) at each point {x;} of the space grid by e/, where
«a; is random in the interval [0, 1]. In other words, we have added random Values fa;

J
to the initial values of In p(}, ie.

pol(2,0) = 1/ :D x efa(@)—(z—20)*/20% (34)

A typical resulting initial density distribution is given in Fig. 2 for a fluctuation
amplitude f = 1 (equivalent to V20, according to the above equation), followed by
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Fig. 1. (Color online) Result of the numerical integration of a Euler 4 continuity one-dimensional system
with generalized quantum potential for the oscillating wave packet in an harmonic oscillator field. The
quantum force applied on the fluid is calculated from a Gaussian fit of the density distribution. The figure
gives the density distribution obtained in function of position (space grid from 25 to 75) and time (time
steps from 1 to 75, i.e. 1.2 period).

the distributions obtained on a full period (sub-figures 1—12) after application of the
generalized quantum force.

Once again the result obtained is very encouraging as concerns the possibility of
performing a real laboratory experiment, since, despite the initial deformation, the
wave packet remains stable during several periods. Moreover, not only the mean and
dispersion of the evolving density distribution remain close to the ones expected for
the quantum wave packet, but, as can be seen in Fig. 2, the initial perturbations have
even been smoothed out during the feedback process.

5.3. More general account of uncertainties
5.3.1. Density fluctuations

This encouraging result leads us to attempt a numerical simulation under far more
difficult conditions: In order to simulate the various uncertainties and errors that
may occur in a real experiment, in particular as concerns the density measurement,
the application of the force and physical effects not accounted in the simulation such
as vorticity (when going to more than one dimension), etc. we now add a fluctuation
at each step of the retroactive loop (for the effect of pressure, see below). Namely, at
each time step t,,, we multiply the density p(z;) at each point {x;} of the space grid
by e/, where a; is random in the interval [0, 1]. In other words, Eq. (35) becomes

i1 _ Impfa+lnpi, 6t
P 2 207
+Vi'(Inpfy —Inpi )} + fia; (35)

In (Vis = Vi)
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As can be seen in Fig. 3, despite the large errors added, the numerical simulation
shows an oscillating wave packet with large fluctuations which nevertheless keeps its
coherence. In particular, it keeps the values of the mean and dispersion (to about 5
percent) expected for the quantum solution during the whole simulation (which ends
because of numerical errors after a full period for f; =1/2 and half a period for

fd = 1)
5.3.2. Velocity fluctuations

Another way to put the stability of the simulation to the test consists in adding
fluctuations directly on the velocity field instead of the density. This test is more

0.14 0.14 2
0.12 0.1z
0.1 0.1
0.02 0.0z
0.0& 0. 0&
0.04 0.04
0.02 0.0z
20 40 =1 &i 70 20 40 S0 &0 70
0.14 0.14 4
0.12 0.1z
0.1 0.1
0.02 0.0z
0. 06 0. 06
0.04 0.04
0.02 0.0z
20 40 =1 &i 70 20 40 S0 &0 70
0.14 014 5
0.12 0.1z
0.1 0.1
0.02 0.0z
0.06 0.0
0.04 0.04
0.02 0.0z
20 40 =1 &i 70 20 40 S0 &0 70

Fig. 2. Result of the numerical integration of a Euler + continuity one-dimensional system with added

quantum potential, in the case of an oscillating wave packet. The conditions are the same as in Fig. 1,
except for the addition of a perturbation on the initial density distribution (left top figure). The quantum
force applied on the fluid is calculated from a Gaussian fit of the density distribution. The successive figures
give the density distribution obtained in function of position (space grid from 25 to 75) and time (64 time
steps corresponding to one period, among which 12 of them, equally distributed, are shown).
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Fig. 2. (Continued)

adapted to anticipating the possible effects of vorticity and turbulence, owing to the
fact that the velocity is to the square in the energy equation. Once again we add a
fluctuation at each time step of the process, similar to a self-sustained fluctuation of
the type provided by turbulence. Here the fluctuation added is chosen to be
Gaussian.

Therefore Eq. (33) becomes:

n

L (FQ);’> + f.&  (36)

n
Vil —

26x

Via+ Vi

n+l _
Vit = 5

+ (St (V]”
where ¢ is a stochastic variable with a normalized and centered Gaussian
distribution.

An example of the result obtained is given in Fig. 4 (for f, = 0.2). Clearly, the effect
of velocity perturbations is stronger than that of density perturbations (as expected).
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(Color online) Result of the numerical integration of a Euler + continuity one-dimensional system
with added generalized quantum potential, in the case of an oscillating wave packet. The conditions are the
same as in Fig. 1, except for the addition of a perturbation e/ on the density distribution at each time
step of the simulation. The fluctuation «(z) is simulated by a stochastic variable which is random in the
interval [0,1]. The quantum force applied on the fluid is calculated from a Gaussian fit of the density
distribution. The figures give the density distribution obtained in function of position and time. The top
figure corresponds to a fluctuation amplitude f =1 (the simulation ended after one half period due to
numerical errors). The down figure corresponds to a fluctuation amplitude f = 0.5. In this case the
simulation was continued on nearly a full period before ending due to numerical errors.

However, we see that the wave packet, although it loses its Gaussian shape and
becomes highly fluctuating, keeps its mean motion and its dispersion during all the
simulation (which ends here after about half a period due to numerical errors). This is
an encouraging result which allows one to expect that, in a real experiment, small

deviations from potential motion and other velocity fluctuations, although they would

certainly perturb the experimental process, would not prevent the main researched

structure to appear, i.e. that of an oscillatory nonspreading wave packet.
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Fig. 4. (Color online) Result of the numerical integration of a Euler 4 continuity one-dimensional system
with added generalized quantum potential, in the case of an oscillating wave packet. The conditions are the
same as in Fig. 1, except for the addition of a Gaussian perturbation on the velocity distribution at each
time step of the simulation, with here f, = 0.2 (see text). The quantum force applied on the fluid is
calculated from a Gaussian fit of the density distribution. The left figure gives the velocity field and the
right figure the density distribution obtained in function of position and time. The simulation ends after
about half a period.

5.4. Account of pressure

The addition of a pressure term in the initial Euler equation still allows one to obtain
a Schrodinger-like equation in the general case when Vp/p is a gradient, i.e.
Vp/p = Vw. This is the case of an isentropic fluid and, more generally, of every cases
when there is an univocal link between pressure and density, e.g. a state equation.'?
The Euler equation with quantum potential and external potential reads

(%+V.v>vz_v<¢+w—21)2%>, (37)

and it can therefore, in combination with the continuity equation, be integrated in
terms of a Schrodinger-like equation,

¢+ w

0
2 y [R— p—
DAerzDatw 5

¥ =0. (38)
Now the pressure term needs to be specified through a state equation, which can be
chosen as taking the general form p = k,p?. The special case v = 1 can be recovered
and its amplitude established by taking the acoustic limit p = py +p/, p = pg + 0’
and p’ = c2p/, where ¢, is the sound velocity in the fluid. Therefore one obtains a
linear relation p = a + ¢2p, so that the pressure term in the Euler equation finally
reads Vp/p = k,VInp, while w = k,Inp = k, In [¢|?, with k, = ¢2. This means that
the integrated equation is now a nonlinear Schrodinger equation,

DzAw—l—iD%w— kp1n|¢|w:%qbw. (39)

In the highly compressible case the dominant pressure term is rather p o< p? and the
In |¢| term is replaced by |+|? in the nonlinear Schrodinger equation (see e.g. Ref. 13).
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Fig. 5. (Color online) Result of the numerical integration of a Euler and continuity one-dimensional
system of equations with added generalized quantum potential and account of a pressure term, for the
oscillating wave packet. The quantum force applied on the fluid is calculated from a Gaussian fit of the
density distribution. The figure gives the probability density in function of position (space grid from 90 to
140) and time (time steps from 1 to 32). In this simulation (near half a period), the amplitude of the
pressure term is k, = 5.

The numerical integration is now performed by generalizing Eq. (33) as

n n
prt = Vin Vi
j 2
n n
i — Vil

N " Inp? —Inp?
T I+ Fl 4 (Fo)j — ky————

ot v i

(40)
The result is given in Figs. 5 and 6 for two different values of the pressure amplitude
k,. One finds that the addition of pressure leads to a small oscillation of the width of
the wave packet, but that its main quantum fluid-like features are preserved, since it
nearly recovers its shape after half a period.

6. Full Finite Difference Simulation

The success of this first simple simulation leads us to attempt a more direct feedback
in which the quantum force is computed by finite differences from the values of the
density itself (while in the previous simulation we used an intermediate polynomial
fit from which the force was analytically derived).

To this purpose, we use a form of the generalized quantum potential and of the
generalized quantum force according to which they can be expressed in terms of only
Vin P (or equivalently V1np). Setting

H=VhP, (41)
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we find:
2 1 2
Q=-DV-H+5H ), (42)

Fo=-VQ=DAH + (H-V)H). (43)

In one dimension it reads

3 2
,(0°InP  0*InP OlnP
Fy=D s+ 5 . (44)
ox- ox ox
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Fig. 6. Result of the numerical integration of a Euler and continuity one-dimensional system of equations
with added generalized quantum potential and account of a pressure term, for the oscillating wave packet.
The quantum force applied on the fluid is calculated from a Gaussian fit of the density distribution. The
figure gives the density distribution in function of the position (space grid from 120 to 160), for 12 equal
time steps which cover a full period. In this simulation, the amplitude of the pressure term is k, = 1. One
sees that the effect of pressure amounts to a small oscillation of the width and height of the wave packet,
which nearly recovers its shape after half a period.
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Fig. 6. (Continued)

The numerical integration proceeds following the same lines as in the previous
simulation, except for the first steps aiming at computing F), which are replaced
by a finite difference calculation according to Eq. (43). Such a way to compute the
force Iy to be applied on the fluid is therefore directly similar to its calculation in
a real laboratory experiment from digitalized measurements of the density by a
grid of detectors. Namely, we calculate successively, for all values of the position
index j,

npl, —lnpl

H" = 45
J 26z ’ (43)
then similar relations for positions x;_q, z;.1, ;-9 and x;,, then
H}—-H", 1
no__ 2 J Jj=2 n 2
Qj1=-D {T+§(Hjl) }a (46)
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then a similar relation for Q(z;;,,t,) and finally

n n
n J—1 w4l
(Fo)j =—55— (47)
The calculation of In p (from the continuity equation) and of V' (from the Euler
equation) are the same as previously.
We have also attempted to use other more precise formulas for the calculation of
the first, second and third order derivatives in the expression of [{, namely,
expressions valid up to order O(6z%) (see Appendix A),

_ —fo+8fi —=8f1+ fo

fl 126« ’ (48)
p —fo+16f1 —30fo +16f_1 — f
F= 12622 ’ (49)
w —fs+8fr—13fi +13f 1 —8f o+ f3
"= 83 ’ (50)

where the indices are here the differences with j and where x; = 0. This has led to
essentially the same result.

Despite, once again, the roughness of the chosen integration method, the result
obtained is satisfactory, since the motion of a quantum nonspreading oscillating
wave packet has been reproduced on up to a full period before divergence due to the
effect of computing errors (Fig. 7). We stress once again the fact that this result has
been obtained without using the Schrodinger equation, but instead an apparently
“classical” hydrodynamic Euler/continuity system with an externally applied gen-
eralized quantum potential.

Fig. 7. (Color online) Result of the numerical integration of a Euler 4 continuity one-dimensional system
with generalized quantum potential for the oscillating wave packet in an harmonic oscillator field. The
quantum force applied on the fluid is directly calculated from the values of the density by finite differences.
The density distribution obtained in function of position (space grid from 130 to 160) has been followed on
about 0.4 period before divergence due to the effect of computing errors).
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Densityo'1
0.05

Position 120

Fig. 8. (Color online) Result of the numerical integration of a Euler + continuity one-dimensional system
with generalized quantum potential for the oscillating wave packet in an harmonic oscillator field and
account of pressure (1/4 of period before stop due to computing errors). The quantum force applied on the
fluid is here directly calculated from the values of the density by finite differences. The figure gives the
probability density in function of space (grid from 100 to 130) and time (time steps from 1 to 13). A pressure
term has been added (k, = 1, whose effect is a slight oscillatory deformation of the wave packet).

Adding a pressure term yields a similar result (i.e. reproduction of the motion of
the wave packet on about one period before divergence due to the effect of computing
errors) which confirms the result obtained with the Gauss fitting method, namely, a
partial oscillating spreading of the wave packet (Fig. 8).

7. Feasibility of the Proposed Experiment

The proposed experiment is based on a feedback loop involving measurement of the
density field of a fluid, computing of the macroquantum potential and force in
function of the density measurement results, then simulation of the macroquantum
force though application of a classical field having the expected form.

A full description of such an experiment is outside the scope of this paper.
However, we give in the present section some elements about its feasability, in the
case of an application to a plasma.

Concerning the second step of the loop (computing), we note that the numerical
simulations presented in this paper are by nature discretized, so that they closely apply
to the type of experiment considered. Finite difference formulas allowing to calculate
first and second derivatives with a O[e*] precision are given in Appendix A. Let us give
some elements about the two others steps (detectors and actuators) indicating that
such an experiment should indeed be feasible with today’s technology.

7.1. Plasma density measurements

Several classical methods are available to probe the density of a plasma, in particular
its electronic density. Among them nonperturbative methods relying on the
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launching of waves of electromagnetic radiation such as interferometry and reflec-
tometry are suitable in particular for inhomogeneous plasmas and are easy to han-
dle.'* We shall focus here on the reflectometry technique. Its principle is easy to
describe: An external electromagnetic wave is launched at a given frequency f, such
that somewhere within the plasma the condition f; = f, is met, where

onf, = [M} v (51)

me.€g

is the plasma frequency and n(z) the local electronic density.

This equality (51) defines the location = z, of the cut-off layer. For an isotropic
(nonmagnetized plasma) the dispersion relation for a (transverse) electromagnetic
wave reads:

w? = wi(z) + 3KV, + k2. (52)

Neglecting the thermal velocity Viy. (with Vi3, = kpT,/m,) one thus obtains k = 0
for w=w, (or f = f, as above): The plasma acts as a perfect mirror at the cut-off
layer. The experiment then consists in launching with a suitable generator a wave of
a given frequency. By sweeping the frequency one can obtain the whole density profile.

In a classical reflectometer the variation of the wave phase is measured along the
wave path toward and back from the cut-off layer. One thus gets:

AG(f) =2 / " k(. fdz, (53)

k being the wave number as given by the dispersion relation (52). This wave number
k = k(x) is a function of x since it depends on n(z).

An Abel inversion is necessary to get the x, position (this sets conditions on the
shape of the density profile) as:

= [ 20

2@ by (3PP

Of course this measure supposes that the density profile remains constant during the

measurement time. To reduce this time one often uses a pulse electromagnetic wave

and compute the time of flight between the emission and the reception of the signal.

In case of a pulse, the time of flight ¢, is given by t, = [(dx/v,(x)), where v () is
the group velocity, so that one obtains:

vy 2 [ 1 2
to(f)=2/0 Ug(m):c/o <W> dz. (55)

The time of flight can be connected with the phase as follows:

ho(f) = %Aw» (56)

df. (54)
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Therefore one can write also z.(f) = (c/ﬂ')fofto(f’)/(f2 — f2)12df'. By recording
the time of flight, one thus recovers the density profile. Such measurements are
currently undertaken in plasma experiments with high resolutions adapted to the
here proposed device.

7.2. Application of a force on a plasma

Once the density n(z) has been measured with the required resolution, the macro-
quantum force can be computed as F = 2D?>V(A\/n/y/n). Then we simulate its
profile by a classical force. The application of a given force profile on a plasma is an
easy task thanks to the fact it is charged and compressible. The plasma can therefore
be sensible to various type of forces: Mostly pressure forces p and electromagnetic
forces (E, B).

Concerning the use of pressure, one can launch acoustic waves in the plasma.
Since for dilute plasmas it is close to a perfect gas, p is proportional to n7, so that
thermal effects could also be used to simulate the macroquantum force.

In the case of electromagnetic forces one can easily modulate the electric field F
profile and/or the magnetic field B profile to give them the required macroquantum-
like shape. The induced electromagnetic fields (polarization effects) due to the external
applied fields will be taken into account in the calculation of the full applied force.

8. Discussion and Conclusion

These preliminary simulations were intended to yield a first validation of the concept
of a new kind of quantum-like macroscopic experiments based on the application to a
classical system of a generalized quantum-type force through a retroaction loop.':>
They have given a positive results, since the expected quantum-type stable structure
(here a nonspreading oscillating wave packet, or, in the case of pressure, an oscil-
latory wave packet with a slightly oscillating width) has been obtained during a
reasonably long time of integration. These results, obtained by two simple integra-
tion methods, are very encouraging since they give the hope that a real laboratory
experiment should be possible to achieve.

In the hydrodynamic case considered in this work, possible shortcomings are to be
considered in a real experiment, such as the effects of finite compressibility, of vor-
ticity, of viscosity at small scales, of density detector uncertainties, of the minimal
time interval needed to perform the loop for the calculation, then the uncertainties
linked to application of the quantum force, etc.

We have attempted here to have a first account of these uncertainties by taking a
pressure term into account, by adding large random fluctuations in the initial con-
ditions, then by adding large fluctuations at each time steps of the simulation, on the
density distribution as well as on the velocity field. The results obtained were again
encouraging, since, despite the pressure term and the large fluctuations, the overall
coherence of the wave packet and its period were preserved.
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Concerning the question of vorticity, it is too wide to be discussed in detail in the
present paper, which is devoted to the description of a specific experiment restrained
to a potential fluid. It will be the subject of forthcoming works. Let us simply remark
that the application of the quantum potential to a potential fluid is not expected to
introduce vorticity. On the contrary, we hope that it will in some situations increase
the irrotational part of a fluid. The example of the transition from a classical vortex
to a quantum-like vortex'® is enlightening in this regard. Indeed, the classical vortex
is potential in its outer region and rotational in the inner region which rotates like a
solid body, while the quantum vortex (see e.g. Ref. 16) is everywhere potential. We
therefore expect that, in the new experiment, the application of a quantum-type
potential will increase the size of the outer irrotational zone. Moreover, one can
show? that the Euler and continuity equations of fluids with rotational motion can
also be given the form of a generalized Schrédinger equation, in which the vorticity
terms appears as an exterior vectorial field. Namely, in this case this equation is
similar to the electromagnetic Schrodinger equation.

The nonlinear Schrodinger-type form is also preserved in the case of the
Navier—Stokes equations of a viscous fluid, since one may combine the D parameter
(that generalizes the Compton length of standard quantum mechanics) and the
viscosity coefficient in terms of a new complex parameter.!'”

We shall in forthcoming works attempt to take into account these effects in more
complete numerical simulations with improved integration schemes, to apply the
same general concept to other types of systems, then to lead a real hydrodynamic
laboratory experiment.

Provided such an actual experiment succeeds, it could lead to many new appli-
cations in several domains: didactic ones (teaching of quantum mechanics), labora-
tory physics (macroscopic models of quantum systems, simulations of atomic and
molecular systems, study of the quantum to classical transition, laboratory astro-
physics, 718 19,20
ocean problems — climate, freakwaves,'” etc.), new technology (development of new
devices having some macroscopic quantum-like properties and behavior), self-orga-
nization (plasma confinement, control of turbulence, etc.).

models of biological-like systems, applications to atmosphere and
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Appendix A. Finite Difference Formulae

Let us give in this Appendix some finite difference formulas for derivatives and apply
them to the calculation of the quantum potential
AVP

Q= —2732? (A.1)
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and of the quantum force
We set
K=InP, H=VkhP.

The expressions for the quantum potential and the quantum force become:

Q= —DQ{AK+%(VK)2} = —D2{V-H+%H2},
Fo=D{AH + (H-V)H}.

A.1. One dimension

A.1.1. Formulas in one dimension valid up to order Ole?]

;o fa=8f 4 +8fi—fu 1
fo= 122 = f'[0] —%f(5)[0]54,
p_ —fo+16f 1 =30fg +16f, — fo 1
Jo= 122 = f"[0] —%f(ﬁ)[0]€47
3 —8f_ 13f.,—13 8fy — [ . 7
f(()3> _ J3—8f 2+ f8;3 fi+8fr—f3 — F®0] - o FO0]eY,

where we have set f; = f(z + jox).

A.1.2. Quantum potential in one dimension
2 " 1 12 2 ! 1 2
Q=-D<K +§K =-D H+§H .

A.1.3. Calculation of the quantum potential up to order O[5z*]

0y — D> —K 5+ 16K, — 30K, + 16K, — K,
0= 12622
1 (K., —8K_ | +8K, — K,\?
2 126z '

in function of X = In P and

+=H}

126x 2

0, — _DQ{H_2 —8H | +8H, — H, 1 2}7

in function of H = VIn P.
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A.1.4. Quantum force in one dimension

Fy=D*(K® + K'K") = D*(H" + HH'). (A.12)
A.1.5. Caleulation of the quantum force up to order O[dz)

o [K_3—8K o+ 13K_; — 13K, + 8K, — K3
FO - D
86x3
. —K_5+16K_; — 30K, + 16K, — K,
12622
K s —8K | +8K, - K,
A1l
* ( 1262 ’ (4.13)
in function of K = In P, and
Py = D? —H_,+16H_, —30H, + 16H, — H,
12622
H ,—-8H +8H, — Hy
H, A.14
+ 5o 126z ’ (A.14)

in function of H = V1n P.

A.2. Two dimensions

A.2.1. Formulas in two dimensions valid up to order O[e*] (for éx = dy = ¢)

Ofoo _ Jo20 =8f 10+ 8fi0— oo _ L) L 50 A

L_J2 0 TR0 T a0 g, 0] — = 46 Al

O 12¢ P00 =55 F2710. 01, (AL5)
Ofoo  fo—2 —8fo—1+8fo1 — foo 0,1) L 05 4

LA 5 ) ) == ) _—— ’ Al

= . FOU0,01 - o5 FOI0,0K, (A16)
9 foo = f 0+ 16f 10 —30f00+ 16110 — fopo
ox2 12¢2
1
= f<2’0) [07 O] - %f(&o) [07 0]847 (A17)
9% foo _ —fo,—2 +16f5 1 —30fo0 +16fo1 — foo
Oy? 12¢2
1
= f02[0,0] — %f(oﬁ) [0,0]e*, (A.18)
*fo _ 10(fi1 = foin — fioa + S -1)
0xdy 242
n o1t foon+fao+ fio— (for + foo1i + fio + fo1-2)
24¢2
1 - - =

= fUV[0,0] = 55 (6£49[0,0] + 5£%9[0,0] + 6/V[0,0))e!,  (A.19)
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Pfoo _ fos0—8f 00+ 13f 10— 13f10 +8f20 — f30
ox3 8e3

. 7
= fB910,0] — ﬁf(m) [0, 0]e?, (A.20)

P foo _ fo—3—8fo—2+13fo_1 — 13fo1 +8fo2 — fos
oy3 8e3

7
= fO3100,0] — mf(oi) [0, 0]¢?, (A.21)

a3f0,0 . (fo,—2 = 8fs—1 +8fo1 — fo2) +16(f1_2 —8f1 1 +8f11 — fi2)

ox20y 144e3
~ 30(fo—2 —8fo,-1 +8fo1 — fo2)
1443
16(f 1,0 —=8f 11 +8f 11— fo12) = (foo 2 —8f 01 +8f 01— [22)
+ -
144¢3
1 [
= fEV[0,0] = 55 (3£2710,0]+ FOV[0, 0])<*. (A.22)

> foo _ (foop —8f 12+ 8f12— fo2) +16(f 01 —8f 11 +8fi1— far)

oxoy? 144€3
~ 30(f20 = 8f-10+ 810 — fap)
144¢3
n 16(f 01 —8f 11 +8fi—1—foo1) = (foo 2 —8f 12+ 8f12— fo_2)
144¢3
= f1210,0] = 55 (3210, 0] + f19(0, 0], (A.23)

where f; ; = f(x +idx,y + joy).

A.2.2. Quantum potential in two dimensions

PK  PK 1[[0K\? [(0K\>
— _72 — el -
0= D{3x2+3y2+2[(3w> +(8y>”’ (824
OH, OH, 1
Q:—D2{ e ayy—|—§(H§+H§)}, (A.25)
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A.2.3. Calculation of the quantum potential up to order O[&%]

—K_Q"O + 16K_170 — 30Ky + 16K, — KQ,O
1262

Qoo = —DQ{

n —Ky_o +16K)_1 — 30K,y + 16K, — K
12612

+l K 50— 8K_ 15+ 8Ky — Ky*
2 126z

1 (Ko o—8Ky_1+8Ky; — Kj2\?
+ 3 ( 125y , (A.26)
in function of K = In P, and
Qoo = —D? (Hy)—00—8(Hy) 10+ 8(Hy,)10— (Hy)2p0
0.0 126z
n (Hy)o—2 — 8(Hy)o—1 +8(Hy)o1 — (Hy)o2
126y
1 2 1 2
+§(Hx)o.o+§(Hy)o,o ; (A.27)
in function of H = ViIn P.
A.2.4. Quantum force in two dimensions
PK 0K 0K 9?°K 0K 0*°K
F,=D? -— —-— A.28
e {61’3 t oz02 "oz 02 T oy axay}’ (A.28)
PK 0K 0K 0’°K 0K 0*°K
F,=DD? — _— A.29
Y {8x28y+ oy? + ox 6‘x6‘y+ oy Oy }’ ( )
0*H, 0°H, OH, O0H,
F, = D? ¢ ‘+H,—“+H,—" A.30
v {8x2+8y2+z8m+7’8y}’ ( )
0*H, 0*H, OH, OH,
F, =1D? il Y4+ H, Y4+ H RS A.31
v {ax2+ay2+*ax+yay} (A.31)
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A.2.5. Calculation of the quantum force up to order O[e?]

K 50— 8K o+ 13K 1 — 13K, + 8Ky — Ky,
oy — 2 3.0 2,0 0° ! : !
( 0,0).7, { 8(5.1'3
n (K_ 95 —8K_ 15+ 8K, — Kj,)
1446x61?

16(K 5, —8K |, + 8K, — Ky,)
14462692

30(K 90— 8K _1o+8K;y— Ky)
14462:6y?

n 16(K 5 —8K | 1 +8K; | — Ky 1)
14462:6y?

(K_g 5 —8K_j 5 +8K;_5— K;_»)
14462612

. K_99—8K_1y+8K,y— Ky
126z

| K 0+ 16K 1) — 30Ky + 16K, — Ky
1262

L Ky_9—8Ky_1 +8Ky; — Kys
126y

v 10(K; — K 13— Ky +K_4_4)
246xdy

i (Ko 1 + K 51+ K_15+ Ky _»)
246xdy

C(Ey Koy + Ky + Ky ) (A.32)
246xdy

(Ky 9 — 8Ky 1 +8K,y; — Ky»)
Fpy), = D?{ =2 7 172
(Fooly { 1446226y
, 16(K 9 — 8Ky + 8K — K 5)
' 1446226y

30(Ky_o — 8Ky _1 +8Ky; — Ky,)
1446226y
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n 16(K_y o —8K_ 1 1 +8K_j; —K_;5)

n Ky_3—=8Ky_ o+ 13Ky _; —13K,; +8Kjs — K3

_|_

1446226y

(K_9_9—8K 5 1 +8K_ 51— K_5,)

1446226y

8613

K_ 99 —8K_j(+8K,)— Ky

126x

« <1O(K1,1 —K - K+ K )

+

246xy
Ky 1 +K o1 +K_ 15+ K
246x 6y

n (Kog + K 5 1+ Ko+ K1,2)>

_|_

246xdy

Ky 9 —8Ky_1 +8Ky; — Ky»

126y

% _KO.’72 + 16K0’,1 — 3OK070 + 16K011 — KO,?}

1262

in function of X = In P.
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