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Tensor fields

All classical and continuous physics is expressed in terms of
tensor fields on a manifold. Well known examples are

-Fluid dynamics (Pressure P, Energy density P velocity ?j
-Electromagnetism (; B fields, but also V & A )




Manifold, coordinates, a

In general the mathematical structure is obvious and hidden
- The manifold is flat and trivial : R and time is a parameter

- Natural coordinates are (x,y,z) or (r,3,¢) or (r,3,z)
This labels the point we are considering
0

- Natural basis e = i (1,0,0)
X

Temperature T(x,y,z)

Velocity (components)
v¥(X,y,2), VV(X,y,2), VA(X,y,Z)

X% o-



Vector basis and forms ba

We need a set of 1-forms to get the components of a vector.
Indeed a form associates a number to a vector

The co-basis is a set of forms e’i i=1,2,3 (ori=x,y,z)
i Y . itk s
e'le;] =05 = e€'[V]=e[Vie] =V

Change of basis

T Ty

e, —e j RJ ; Co-variance

ei — R?’ j éj Contra-variance

A vector field is defined, independently
from the basis used to measure its components.
It has a pure geometrical meaning

V="V =V




Examgles of tensors

We define the object R = szez 0 ej
~ 1 A Dt
e; = Rle;| =e; R’

So very naturally, the quantities which appear in equations are more general
than just scalar fields and vector vields.
But it appears more natural to work with coordinates.

e.g. In fluid dynamics we have the strain rate,
which comes from differences of velocity inside the fluid

azaijei@)ej Oi5 — U3V ‘|‘aj?f7:

and the stress tensor > = >.; j e’ ® e’which enters the Navier-Stokes

Y = o] S = pi " ok

Measuring the components of the viscosity tensor [ is the program of rheology



AdaEted notation for tensors

1) We want to keep the geometrical meaning

Relations are valid for any basis
We can specify to Cartesian or spherical coordinates only at the very end

2) When a tensor is applied to another tensor and is of complicated nature like p
we need to keep track of what 1-form is applied to which vector

The solution is to use abstract indices which are only here to remember the tensorial nature

- We can contract indices (apply a form to a vector) Aij & B kl
- We can take the tensor product of two tensors v’i v ]

- We can build new tensors with (covariant) derivatives VZ (O

- We can specify some symmetries, antisymmetries T/L o Tj’L

Usually we use a different set of indices to avoid confusion
a,b,c instead of i,j,k for instance or Greek letters.
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So th an abstract tensor calculus

1) Expressions can become quite large in the derivation manipulation of equations
space ! We use the RAM

2) Simplifications can be complicated and take a very long time
time ! We use the CPU

Specifications we need :

Input

-a notation for up and down abstract indices

-contraction of indices (Einstein convention of summation)

-covariant derivatives

-a metric and an inverse metric to raise or lower indices. Not necessarily flat.

Output
-A simplification routines which detects terms which are equivalent
-Nice display with indices placed in the correct position (up&down)

Several packages available : I know only xAct ... http://www.xact.es/



lispecially for cosmological perturbations...

1) The large scale structure of the universe is very close to a homogeneous
and isotropic solution.

2) The growth of structure is understood as the result of gravitationnal collapse
of small fluctuations around this idealized background

3) Linearizing the theory of gravity (GR for ths standard model) is the easiest
-it accounts very well for the growth of structure on large and intermediary scales
-it is rather computationally involved to get the equations due to the complexity of GR

4) Non-linear theory is needed to account for small scales (non-linear) effects

-non-Gaussianity induced by non-linear effects ?
-GR effects in the N-body simulations ?

The derivation of equations can take a very long time and is rather tedious



L.oadinge the package xAct

In[1]:=

In[2]:=

In[3]:=

<< xAct/xTensor.m

Package xAct xPerm~ version 1.2.0, {2013, 1, 27}
CopyRight (C) 2003-2013, Jose M. Martin-Garcia, under the General Public License.
Connecting to external mac executable...

Connection established.

~ya i }
Jose M. Martin-Garcia,

Package xAct xTensor’

CopyRight (C) 2002-2013

nder the General Public License.

These packages come with ABSOLUTELY NO WARRANTY; for details type
Disclaimer|[]. This is free software, and you are welcome to redistribute
it under certain conditions. See the General Public License for details.

DefManifold[M4, 4, {a, b, ¢, d, e, £, g, h}]
*» DefManifold: Defining manifold M4.
*+» DefvBundle: Defining vbundle TangentM4.

DefMetric[-1, metric[-a, -b], CD]

*+» DefTensor: Defining symmetric metric tensor metric[-a, -b].

»+» DefTensor: Defining antisymmetric tensor epsilonmetric|-a, -b, -c, -d].
*+ DefTensor: Defining tetrametric Tetrametric|[-a, -b, -c, -d].

»» DefTensor: Defining tetrametric Tetrametrict|[-a, -b, -c, -d].

2 a PvadifMaceimaea Madidademes smmcomend mends Jdocend ecomds deeea AP . |



Basic syntax

3 !nf4):= DefTensor([v[a], M4)
DefTensor[T[a, b], M4]

»+ DefTensor: Defining tensor v[a]l.

*+» DefTensor: Defining tensor T[a, b].
Ing= T[-a, b] v[-b]
oufgl= TL® Vv,

Inf7}= T[-a, b] v[-b] +T[-a, -b] v[b] - 2metric[b, ¢] v[-c] T[-a, -b]

b

= Ty° v+ T, VP -2 metric®™ T, V.

—3>in[&]= ContractMetric[%]

Oulgl= To® Vi - Tap VP

——3/n[¢]= ToCanonical [%]
Outjgl= 0

—>In[10]= CD[-a]@v[-b]

Ou[10]= Va V),



1) Tensor fields in physics.

2) Tensor algebra package. Why and how?

presentation of xAct
3) Cosmological perturbations.

How to do perturbations in general
How to do cosmological perturbations in particular

4) Implementation in xPand



Cosmological Eerturbations m General

y=1
=3
Espace physique

Espace de fond

y=2 =2

y=1 x=1

y=0 »=0

Juv
Perturbations are tensorial fields, living on the background spacetime.

They can be decomposed in orders of perturbations

Qb* [g,LLV] o g,uu = A[g,ul/]

> (n) R

Alguw| = Z ol

n=1




Cosmological Perturbations in General -

1
_ 2 3
Perturbation of the inverse metric =l—z+z" -2
1+
__1 n! {km}puCm {km_1} Cm—1 {ko}p, G2 {k1}p V
A" [ ] Z( 1)mk' h* 1h,Cm 2hC32 1h,C2 ,

) o km!

Perturbation of the Christoffel

) n! e Y1 P LR Cm—
Z( 1)m+ - {km}ppCm  {k l}h’Cm . {kz}hCBCz {kl}h@uv’
(k)

IWEE (v,, g+ Vi Py =V, Phy,)
Perturbation of the Riemann tensor

n—1

A" [Ry”) = Vo (8 [1%,]) = 3 (1) A5[,] A7 [12,] — o),

k=1

All perturbations of geometrical tensors are expressed in function of the
perturbed metric and its background covariant derivative

(n) B va(n)h/w @aﬁﬁ(n) "




General perturbations : using xPert (D. Bri_

In[t]= << xAct” xPert”

Package xAct xPerm”~ version 1.2.0, {2013, 1, 27}
CopyRight (C) 2003-2013, Jose M. Martin-Garcia, under the General Public License.
Connecting to external mac executable...

Connection established.

Package xAct xTensor  version 1.0.5, {2013, 3, 3}

CopyRight (C) 2002-2013, Jose M. Martin-Garcia, under the General Public License.

2= DefManifold([M, 4, {a, B, u, v, A, o}]
Dofuetric[-l, g[-a, -B], CD, {";", "V"}, Prinths-o"q"];
»» DefManifold: Defining manifold M.
*+ DefvBundle: Defining vbundle TangentM.
»» DefTensor: Defining symmetric metric tensor g[-a, -5].
*+ DefTensor: Defining antisymmetric tensor epsilong[-a, -5, -A, ~u].
*+ DefTensor: Defining tetrametric Tetrag|[-a, -5, -A, -u].
*+ DefTensor: Defining tetrametric Tetragt[-a, -3, -A, ~u].

«+» DefCovD: Defining covariant derivative CD[-al.

Inf4]= DefMetricPerturbation[g, dg, €];
*+» DefParameter: Defining parameter c.
*+» DefTensor: Defining tensor dg[LI|[order], -a, -3].
In[s]= ExpandPerturbation@Perturbed[RicciScalarCD[], 1] // ContractMetric // ToCanonical

oufs= -€ dg?® R(V),z+R(7) + e dg*®, .. - € dg??,/".;



Cosmological Perturbations.

When cosmologists write the simplest perturbed metric, they write

ds? = a(n)?*[—(1 + 2®)dn?) + (1 — 20)y;;dz’da’]

What they mean
O [9] = Gy = 0*[—2@dn @ dn — 2U;;da’ ® da’]

Roadmap :

-Find the general expression for a perturbed tensor
(perturbation of Einstein tensor typically)

-Perform a conformal transformation to account for the scale factor
-Restrict to a given order (first order for simplicity)

-Replace the general first order metric perturbation by its parameterization ?

-Read the result ? (I) \Ij




Conformal transfor

In[7]= Conformal[g, ga2] [RiemannCD[-a, -8, -u, v]]
*+ DefTensor: Defining tensor ChristoffelCDCDa2[a, -3, -A].
55" Ta (Taa) (Va) 8, gu, (Vaa) (VPa) 2 6" (Vaa) (V.a)
+ +

(a)? (a)? (a)?

out7)= R[V]aﬁu" -

2 8, (Vza) (V.a) 8" (VuVaa) 8" (V.Vsa) 2 gp, (Vaa) (VYa) 2 @, (Vsa) (V'a) @, (V'Vea) gy, (7'7sa)

(a)? (a) ' (a) (a)? (a)? ‘a) (a)




Roadmap

-Find the general expression for a perturbed tensor
(perturbation of Einstein tensor typically)

-Perform a conformal transformation to account for the scale factor
-Restrict to a given order (first order for simplicity)
-Replace the general first order metric perturbation by its parameterization ?

o W

-Read the result ?




Reading the result: 145 sphtuing of background

See Eric Gourgoulhon’s review on 1+3/ADM

The background cosmological solution (Friedmann-Lemaitre) :

-The expansion is contained entirely in the scale factor E] py = a’ g L

-A class of free falling observers define the cosmic time 7

-The spatial sections have (conformal) metric "y = Guv + Nty
-The spatial sections are homogeneous (invariant under translation),

This means that we have a natural 1+3 slicing of the background manifold

-The scale factor contains all the extrinsic curvature of the slicing. V uNy = 0

: : . SUNT o
-There is no acceleration of the vector normal to the slices n"v uly = 0
-The curvature of the spatial section is the curvature of }, "

Gauss-Codacci relates 4R aBuv to 3 Ra Buv

SRuvl/pO' = 2k FLP[“ FI’U]O’ . 3}—2/_“/ — Qk ,_Zul/ ) 3R = 6k

= 2 — = _ 5 - h 30
Juv — a4 Guv G =~y @ Ty + Ny Raﬁ,uu




1+3 Backeround slhicing made




Parameterisation of the perturbed metric

So when the parameterisation of the perturbed metric is

CLQ[—ZCI)dn &) d77 — 2\11%30133] X dCIZJ]

we replace the first order perturbed metric by

Dy, = —20n,n, — 2Uh,,



Roadmap

-Find the general expression for a perturbed tensor
(perturbation of Einstein tensor typically)

-Perform a conformal transformation to account for the scale factor
-Restrict to a given order (first order for simplicity)
-Replace the general first order metric perturbation by its parameterization ?

o W

-Read the result ?




SElitting Eerturbation eqquation

The equations obtained by hand (Einstein equations) are typically of the form

/
o + L' 45,00 = 0
a

What is the geometrical meaning of
- Time derivative ? Answer: - O — P’
- Partial derivative ? Answer : an induced covariant derivative
D, ®=h;V,o
V,® = —7"Lz® + D,

/
L20 + L, + D, D'd =0
a
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ExamEles of ImElementation mn

http://www2.iap.fr/users/pitrou/xpand.htm

In[1]= << xAct/xPand.m;

Package xAct xPerm~ version 1.2.0, {2013, 1, 27}

CopyRight (C) 2003-2013, Jose M. Martin-Garcia, under the General Public License.

Connecting to external mac executable...

PfAannambkisAan askahhliahad
ln[2]:= DomanifOId[“, 4' {a’ 3' M, V}];
Deﬂletric[-l, g["’al "B]I cnl {n;"l nv"}];

»» DefManifold: Defining manifold M.

»» DefvBundle: Defining vbundle TangentM.

»» DefTensor: Defining symmetric metric tensor g[-a, -3].

*» DefTensor: Defining antisymmetric tensor epsilong[-a, -5, -u, -v].

»+» DefTensor: Defining tetrametric Tetrag|[-a, -8, -u, -v].

Inf4]= DefMetricPerturbation|g, dg, €];
*+ DefParameter: Defining parameter .

*+» DefTensor: Defining tensor dg[LI[order], -a, -B].

Injs}= SetSlicing[g, n, h, c¢d, {"|", "D"}, "FLCurved"];
*+ DefTensor: Defining tensor n[v$1095].
»» DefTensor: Defining symmetric metric tensor h[-v$1095, -v§$1096].

*+» DefTensor: Defining antisymmetric tensor epsilonh[-a, -3, -ul.

0 e I e . - & R . N W W W L R W S ~ . . |




Examples of Implementation

In[g}= order = 1;
DefProjectedTensor[¢[], h];
DefProjectedTensor([¥[], h];

»» DefTensor: Defining tensor
9[LI[xAct xPand Private p$3488], LI[xAct xPand Private g$3488]].
*» DefTensor: Defining tensor
Y[LI[xAct xPand Private p$3493], LI[xAct xPand Private g$3493]].
MyRicciScalar =
ExpandPerturbation@Perturbed[Conformal[g, gah2] [RicciScalarCD[]], order]

*+» DefTensor: Defining tensor ChristoffelCDCDah2 [a, -5, -u].

R(V] 69,Va

- + £
3

6 (- dg’**v,vsa - 1 9% v,a (v.dg's+ Vsdg?, - vHdglL) )

(a)

‘a) ‘a)?

. 1 .
~dg* R(V] .+ 9 (2— (-v,9,1dg?? , - 9,7,2dg™? | + ¥, v"%dg? | ) +

)

B |

2
(v,29,dg?"2 ; + ¥,2¥,1dg?"?, - ¥,,¥""dg? |




Examples of Implementati

In[10)= MyGauge =
{dg[LI[order], a , A ] = -2n[a]ln[f] ¢[LI[order]] -2h[a, £A] y[LI[order]]};

In[12)= SplitPerturbations[ah[] * 2 MyRicciScalar, MyGauge, h)

The Splitting of a’ +... was performed in 0.721687 seconds.
‘ (1) /(1) (1)«
ou[12)= 69{2,69{;61“:{-127{2{ 'w)-lzw( 'w]-sw( 'w}*

12 & {‘“w) S18H {”"J:} -6 (”"IJ;} _2 {na D” ‘“w) .4 {na D” "“w”



Benchmarking _

Perturbation of Ricci Scalar in Newton gauge
10* P

1000 F

100 F

Time (s)

10 F

0.5 1.0 1.5 20 2.5 30 3.5 4.0 4.5

Order



More subtle details if there 1s time

-We have non scalar perturbations
perturb B, E, H,,
v,'ij".'.':.i.;.'.. = n‘p‘ ﬁﬁLi;...,’:,. ’ D;’JVI-:U;...,'A,. ’ 22 n'::‘u, KO“;'} I“u;_,,p‘ 1Ot fip
=1

-General equations are second order. We need to commute induced derivatives and
spatial derivatives (time and space derivative).

Ls (DT, ) =D, (LaTy. ) A Z(’!”‘D:Km:~ D,K,” ~D,K, )T,

f [ 75 Iy 23 1Tl s laihp ?
i=1

-Can be extended to anisotropic spacetimes. — _
Extrinsic curvature non-vanishing (symmetric trace-free part) v L T U — o) U
Meaning of homogeneity from Killing vector fields

-Perturbation of fluids require to ensure the norm of relativistic velocity is -1. Only three
degrees of freedom.



Conclusion

-General method.
Can be implemented in any package for abstract tensor manipulations

-Easily extended to homogenous bu anisotropic spacetimes
Bianchi spaces (constants of structure and shear of expansion)

-Fluid can be incorporated easily.
The only subtlty is the constraint coming from the fixed norm of the relativistic velocity
Conservation equation comes easily once this is done.

-Need of a mode decomposition (from induced derivative to Fourier space)

-Scalar field stress-energy tensor, multifluids

-Fast. Goes easily up to orders which are anyway too high to be interesting numerically.

-No need to start over all the derivation when changing the parameterisation of perturbations

-Geodesic equation and deviation equation to be incorporated 1+3 -> 1+1+2

Thanks a lot for your attention



