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Preface

These notes are the written version of lectures given in the fall of 2006 at the General Relativity
Trimester at the Institut Henri Poincaré in Paris [1] and (for Chap. 8) at the VII Mexican School
on Gravitation and Mathematical Physics in Playa del Carmen (Mexico) [2].

The prerequisites are those of a general relativity course, at the undergraduate or graduate
level, like the textbooks by Hartle [155] or Carroll [79], of part I of Wald’s book [265], as well
as track 1 of Misner, Thorne and Wheeler book [189].

The fact that this is lecture notes and not a review article implies two things:

e the calculations are rather detailed (the experienced reader might say too detailed), with
an attempt to made them self-consistent and complete, trying to use as less as possible
the famous sentences “as shown in paper XXX” or “see paper XXX for details”;

e the bibliographical references do not constitute an extensive survey of the mathematical
or numerical relativity literature: articles have been cited in so far as they have a direct
connection with the main text.

I thank Thibault Damour and Nathalie Deruelle — the organizers of the IHP Trimester, as
well as Miguel Alcubierre, Hugo Garcia-Compean and Luis Urena — the organizers of the VII
Mexican school, for their invitation to give these lectures. I also warmly thank Marcelo Salgado
for the perfect organization of my stay in Mexico. I am indebted to Nicolas Vasset for his careful
reading of the manuscript. Finally, I acknowledge the hospitality of the Centre Emile Borel of
the Institut Henri Poincaré, where a part of these notes has been written.

Corrections and suggestions for improvement are welcome at eric.gourgoulhon@obspm. fr.


mailto:eric.gourgoulhon@obspm.fr
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Chapter 1

Introduction

The 3+1 formalism is an approach to general relativity and to Einstein equations that re-
lies on the slicing of the four-dimensional spacetime by three-dimensional surfaces (hypersur-
faces). These hypersurfaces have to be spacelike, so that the metric induced on them by the
Lorentzian spacetime metric [signature (—, 4+, +, +)] is Riemannian [signature (+,+,+)]. From
the mathematical point of view, this procedure allows to formulate the problem of resolution of
Einstein equations as a Cauchy problem with constraints. From the pedestrian point of view, it
amounts to a decomposition of spacetime into “space” 4+ “time”, so that one manipulates only
time-varying tensor fields in the “ordinary” three-dimensional space, where the standard scalar
product is Riemannian. Notice that this space + time splitting is not an a priori structure of
general relativity but relies on the somewhat arbitrary choice of a time coordinate. The 3+1
formalism should not be confused with the 1+3 formalism, where the basic structure is a con-
gruence of one-dimensional curves (mostly timelike curves, i.e. worldlines), instead of a family
of three-dimensional surfaces.

The 3+1 formalism originates from works by Georges Darmois in the 1920’s [105], André
Lichnerowicz in the 1930-40’s [176, 177, 178] and Yvonne Choquet-Bruhat (at that time Yvonne
Fourés-Bruhat) in the 1950’s [127, 128] 1. Notably, in 1952, Yvonne Choquet-Bruhat was able
to show that the Cauchy problem arising from the 3+1 decomposition has locally a unique
solution [127]. In the late 1950’s and early 1960’s, the 341 formalism received a considerable
impulse, serving as foundation of Hamiltonian formulations of general relativity by Paul A.M.
Dirac [115, 116], and Richard Arnowitt, Stanley Deser and Charles W. Misner (ADM) [23]. It
was also during this time that John A. Wheeler put forward the concept of geometrodynamics
and coined the names lapse and shift [267]. In the 1970’s, the 3+1 formalism became the basic
tool for the nascent numerical relativity. A primordial role has then been played by James W.
York, who developed a general method to solve the initial data problem [274] and who put the
3+1 equations in the shape used afterwards by the numerical community [276]. In the 1980’s
and 1990’s, numerical computations increased in complexity, from 1D (spherical symmetry) to

!These three persons have some direct filiation: Georges Darmois was the thesis adviser of André Lichnerowicz,
who was himself the thesis adviser of Yvonne Choquet-Bruhat



12

Introduction

3D (no symmetry at all). In parallel, a lot of studies have been devoted to formulating the
3+1 equations in a form suitable for numerical implementation. The authors who participated
to this effort are too numerous to be cited here but it is certainly worth to mention Takashi
Nakamura and his school, who among other things initiated the formulation which would become
the popular BSSN scheme [193, 192, 233]. Needless to say, a strong motivation for the expansion
of numerical relativity has been the development of gravitational wave detectors, either ground-
based (LIGO, VIRGO, GEO600, TAMA) or in space (LISA project).

Today, most numerical codes for solving Einstein equations are based on the 3+1 formalism.
Other approaches are the 242 formalism or characteristic formulation, as reviewed by Winicour
[269], the conformal field equations by Friedrich [134] as reviewed by Frauendiener [129], or the
generalized harmonic decomposition used by Pretorius [206, 207, 208] for his recent successful
computations of binary black hole merger.

These lectures are devoted to the 341 formalism and theoretical foundations for numerical
relativity. They are not covering numerical techniques, which mostly belong to two families:
finite difference methods and spectral methods. For a pedagogical introduction to these tech-
niques, we recommend the lectures by Choptuik [84] (finite differences) and the review article
by Grandclément and Novak [150] (spectral methods).

We shall start by two purely geometrical® chapters devoted to the study of a single hypersur-
face embedded in spacetime (Chap. 2) and to the foliation (or slicing) of spacetime by a family
of spacelike hypersurfaces (Chap. 3). The presentation is divided in two chapters to distinguish
clearly between concepts which are meaningful for a single hypersurface and those who rely on
a foliation. In some presentations, these notions are blurred; for instance the extrinsic curvature
is defined as the time derivative of the induced metric, giving the impression that it requires a
foliation, whereas it is perfectly well defined for a single hypersurface. The decomposition of the
Einstein equation relative to the foliation is given in Chap. 4, giving rise to the Cauchy prob-
lem with constraints, which constitutes the core of the 341 formalism. The ADM Hamiltonian
formulation of general relativity is also introduced in this chapter. Chapter 5 is devoted to the
decomposition of the matter and electromagnetic field equations, focusing on the astrophysi-
cally relevant cases of a perfect fluid and a perfect conductor (MHD). An important technical
chapter occurs then: Chap. 6 introduces some conformal transformation of the 3-metric on each
hypersurface and the corresponding rewriting of the 3+1 Einstein equations. As a byproduct,
we also discuss the Isenberg-Wilson-Mathews (or conformally flat) approximation to general
relativity. Chapter 7 details the various global quantities associated with asymptotic flatness
(ADM mass and ADM linear momentum, angular momentum) or with some symmetries (Komar
mass and Komar angular momentum). In Chap. 8, we study the initial data problem, present-
ing with some examples two classical methods: the conformal transverse-traceless method and
the conformal thin sandwich one. Both methods rely on the conformal decomposition that has
been introduced in Chap. 6. The choice of spacetime coordinates within the 3+1 framework is
discussed in Chap. 9, starting from the choice of foliation before discussing the choice of the
three coordinates in each leaf of the foliation. The major coordinate families used in modern
numerical relativity are reviewed. Finally Chap. 10 presents various schemes for the time inte-
gration of the 3+1 Einstein equations, putting some emphasis on the most successful scheme to

2by geometrical it is meant independent of the Einstein equation
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date, the BSSN one. Two appendices are devoted to basic tools of the 3+1 formalism: the Lie
derivative (Appendix A) and the conformal Killing operator and the related vector Laplacian
(Appendix B).
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Chapter 2

Geometry of hypersurfaces

Contents
2.1 Introduction . . . . . . . . . . @ @ i i i i e e e e e e e e e 15
2.2 Framework and notations . .. ... ... .. ... 15
2.3 Hypersurface embedded in spacetime . . ... ... .......... 19
2.4 Spacelike hypersurface . ... ... ... ... ... 0000 ... 28
2.5 Gauss-Codazzirelations . . ... ... ... ... oo, 34

2.1 Introduction

The notion of hypersurface is the basis of the 341 formalism of general relativity. This first
chapter is thus devoted to hypersurfaces. It is fully independent of the Einstein equation, i.e.
all results are valid for any spacetime endowed with a Lorentzian metric, whether the latter is
a solution or not of Einstein equation. Otherwise stated, the properties discussed below are
purely geometric, hence the title of this chapter.

Elementary presentations of hypersurfaces are given in numerous textbooks. To mention
a few in the physics literature, let us quote Chap. 3 of Poisson’s book [205], Appendix D of
Carroll’s one [79] and Appendix A of Straumann’s one [251]. The presentation performed here
is relatively self-contained and requires only some elementary knowledge of differential geometry,
at the level of an introductory course in general relativity (e.g. [108]).

2.2 Framework and notations

2.2.1 Spacetime and tensor fields

We consider a spacetime (M, g) where M is a real smooth (i.e. C*°) manifold of dimension 4
and g a Lorentzian metric on M, of signature (—,+,+,+). We assume that (M, g) is time
orientable, that is, it is possible to divide continuously over M each light cone of the metric g
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in two parts, past and future [156, 265]. We denote by V the affine connection associated with
g, and call it the spacetime connection to distinguish it from other connections introduced
in the text.

At a given point p € M, we denote by 7,(M) the tangent space, i.e. the (4-dimensional)
space of vectors at p. Its dual space (also called cotangent space) is denoted by 7, (M) and
is constituted by all linear forms at p. We denote by 7 (M) (resp. 7*(M)) the space of smooth
vector fields (resp. 1-forms) on M 1.

When dealing with indices, we adopt the following conventions: all Greek indices run in
{0,1,2,3}. We will use letters from the beginning of the alphabet («, 3, 7, ...) for free indices,
and letters starting from p (i, v, p, ...) as dumb indices for contraction (in this way the tensorial
degree (valence) of any equation is immediately apparent). Lower case Latin indices starting
from the letter 7 (i, 7, k, ...) run in {1,2,3}, while those starting from the beginning of the
alphabet (a, b, ¢, ...) run in {2, 3} only.

For the sake of clarity, let us recall that if (e,) is a vector basis of the tangent space 7,(M)
and (e”) is the associate dual basis, i.e. the basis of 7(M) such that e®(es) = %, the

components Tm"'a”ﬁlnﬂq of a tensor T of type <Z> with respect to the bases (e, ) and (e®) are
given by the expansion

T=T"""; 5 €uy®. Qe . gem (2.1)

Qi...0p

The components V,T' 1.8y of the covariant derivative VT are defined by the expansion

VT =V, T, ; en®.. Qe, e @ . . welael (2.2)

Note the position of the “derivative index” ~ : €7 is the last 1-form of the tensorial product
on the right-hand side. In this respect, the notation Tal"'a”ﬁlnﬂqw instead of V, Tal"'a”ﬁl___ﬁq
would have been more appropriate . This index convention agrees with that of MTW [189] [cf.
their Eq. (10.17)]. As a result, the covariant derivative of the tensor T" along any vector field u
is related to VT by

V. .T=VT(....,. u). 2.3
( u) (2.3)

p+q slots

Qi...op

The components of V,, T are then u#V T BBy

2.2.2 Scalar products and metric duality
We denote the scalar product of two vectors with respect to the metric g by a dot:
V(u,v) € (M) x Tp(M), u-v:=g(u,v)=g,u'v’ (2.4)

We also use a dot for the contraction of two tensors A and B on the last index of A and the
first index of B (provided of course that these indices are of opposite types). For instance if A

! The experienced reader is warned that 7 (M) does not stand for the tangent bundle of M (it rather corre-
sponds to the space of smooth cross-sections of that bundle). No confusion may arise since we shall not use the
notion of bundle.
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is a bilinear form and B a vector, A - B is the linear form which components are
(A-B)o = AauB". (2.5)
However, to denote the action of linear forms on vectors, we will use brackets instead of a dot:
V(w,v) € T (M) X Ty(M), (w,v) =w- v =uw,v" (2.6)

Given a 1-form w and a vector field u, the directional covariant derivative V., w is a 1-form and
we have [combining the notations (2.6) and (2.3)]

V(w,u,v) € T"(M) x T(M) x T(M), (Vyw,v)=Vw(v,u). (2.7)

Again, notice the ordering in the arguments of the bilinear form Vw. Taking the risk of insisting
outrageously, let us stress that this is equivalent to say that the components (Vw),g of Vw with
respect to a given basis (e* ® ) of T*(M) ® T*(M) are Vgw:

Vw = Vw, e* ® e, (2.8)

this relation constituting a particular case of Eq. (2.2).

The metric g induces an isomorphism between 7,(M) (vectors) and 7,7(M) (linear forms)
which, in the index notation, corresponds to the lowering or raising of the index by contraction
with g,g or ¢g™?. In the present lecture, an index-free symbol will always denote a tensor with
a fixed covariance type (e.g. a vector, a 1-form, a bilinear form, etc...). We will therefore use
a different symbol to denote its image under the metric isomorphism. In particular, we denote
by an underbar the isomorphism 7,(M) — 7, (M) and by an arrow the reverse isomorphism

7, (M) = Tp(M):
1. for any vector w in 7,(M), u stands for the unique linear form such that
Vo € T,(M), (u,v)=g(u,v). (2.9)

However, we will omit the underlining on the components of u, since the position of the
index allows to distinguish between vectors and linear forms, following the standard usage:
if the components of u in a given basis (e, ) are denoted by u®, the components of u in
the dual basis (e“) are then denoted by u, [in agreement with Eq. (2.1)].

2. for any linear form w in 7,7(M), & stands for the unique vector of 7,(M) such that
Vo € T(M), g(@,v) = (wv). (2.10)

As for the underbar, we will omit the arrow over the components of & by denoting them

w.

3. we extend the arrow notation to bilinear forms on 7,(M): for any bilinear form T' :
Tp(M) x T,(M) — R, we denote by T the (unique) endomorphism T'(M) — T(M) which
satisfies

V(u,v) € T,(M) x T,(M), T(u,v) =u-T(v). (2.11)
If T;,3 are the components of the bilinear form T in some basis e® ® e”, the matrix of the
endomorphism T with respect to the vector basis e, (dual to e®) is TO‘B.
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2.2.3 Curvature tensor

We follow the MTW convention [189] and define the Riemann curvature tensor of the
spacetime connection V by?

‘Riem : 7T*(M)xT(M)? — C>®(M,R)
(w, w,u,v) —— (w, Vo Vyw — V,V,w (2.12)
_V[u,'v}w>,

where C*°(M,R) denotes the space of smooth scalar fields on M. As it is well known, the
above formula does define a tensor field on M, i.e. the value of *Riem(w,w,u,v) at a given
point p € M depends only upon the values of the fields w, w, 4 and v at p and not upon their
behaviors away from p, as the gradients in Eq. (2.12) might suggest. We denote the components
of this tensor in a given basis (e, ), not by *Riem”y_ 5. but by Ry sap- The definition (2.12) leads
then to the following writing (called Ricci identity):

Yw € T(M), (VaVs—VsVa)w’ =R wh, (2.13)

uaB

From the definition (2.12), the Riemann tensor is clearly antisymmetric with respect to its last
two arguments (u, v). The fact that the connection V is associated with a metric (i.e. g) implies
the additional well-known antisymmetry:

V(w, w) € T*(M) x T(M), ‘Riem(w,w,-, ) = —'Riem(w, &, -, ). (2.14)
In addition, the Riemann tensor satisfies the cyclic property

V(u,v,w) € T(M)>?,
‘Riem(-,u,v,w) + *Riem(-, w, u,v) + ‘Riem(-,v,w,u) =0 . (2.15)

The Ricci tensor of the spacetime connection V is the bilinear form “R defined by

‘R: TIM)xT(M) — C*®(M,R)
. (2.16)
(u,v) +— “Riem(e", u,e,,v).
This definition is independent of the choice of the basis (e,) and its dual counterpart (e®).
Moreover the bilinear form %R is symmetric. In terms of components:

Rap = ‘R* (2.17)

apB’

Note that, following the standard usage, we are denoting the components of both the Riemann
and Ricci tensors by the same letter R, the number of indices allowing to distinguish between
the two tensors. On the contrary we are using different symbols, *Riem and R, when dealing
with the ‘intrinsic’ notation.

2the superscript ‘4’ stands for the four dimensions of M and is used to distinguish from Riemann tensors that
will be defined on submanifolds of M
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Finally, the Riemann tensor can be split into (i) a “trace-trace” part, represented by the
Ricci scalar ‘R := g"“R,, (also called scalar curvature), (ii) a “trace” part, represented
by the Ricci tensor ‘R [cf. Eq. (2.17)], and (iii) a “traceless” part, which is constituted by the
Weyl conformal curvature tensor, *C:

1
4R75a6 = 4076046 t3 (43704 958 — 4375 950 + ‘Rsp 67 — Rsa 575>
1
+54R <96a 075 — gsp 570[) : (2.18)
The above relation can be taken as the definition of 4C. It implies that *C' is traceless:

4 —
C opp =0 (2.19)
The other possible traces are zero thanks to the symmetry properties of the Riemann tensor.
It is well known that the 20 independent components of the Riemann tensor distribute in the
10 components in the Ricci tensor, which are fixed by Kinstein equation, and 10 independent
components in the Weyl tensor.

2.3 Hypersurface embedded in spacetime

2.3.1 Definition

A hypersurface Y. of M is the image of a 3-dimensional manifold )y by an embedding @ : IR
M (Fig. 2.1) :

¥ =d(%). (2.20)
Let us recall that embedding means that ¢ : Y > Yisa homeomorphism, i.e. a one-to-one
mapping such that both ® and ®~! are continuous. The one-to-one character guarantees that 3
does not “intersect itself”. A hypersurface can be defined locally as the set of points for which
a scalar field on M, t let say, is constant:

VpeM, pe¥ < t(p)=0. (2.21)

For instance, let us assume that ¥ is a connected submanifold of M with topology R®. Then
we may introduce locally a coordinate system of M, x® = (t,z,vy, z), such that ¢ spans R and
(7,1, z) are Cartesian coordinates spanning R3. ¥ is then defined by the coordinate condition
t = 0 [Eq. (2.21)] and an explicit form of the mapping ® can be obtained by considering
&' = (x,y, 2) as coordinates on the 3-manifold 3 :

d )y — M

(x,y,2) — (0,2,y,2). (2.22)

The embedding ® “carries along” curves in 3 to curves in M. Consequently it also “carries
along” vectors on X to vectors on M (cf. Fig. 2.1). In other words, it defines a mapping between
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Figure 2.1: Embedding ® of the 3-dimensional manifold 3 into the 4-dimensional manifold M, defining the
hypersurface ¥ = ®(X). The push-forward ®.v of a vector v tangent to some curve C' in X is a vector tangent

to ®(C) in M.

’Z;,(fl) and 7,(M). This mapping is denoted by ®, and is called the push-forward mapping;
thanks to the adapted coordinate systems z% = (¢, x,y, z), it can be explicited as follows

R A0 (M)

2.2
v = (Ux,’l)y,’l)z) — Qv = (O’U:B’,Uy7,02)’ ( 3)

where v* = (v%,vY,v?) denotes the components of the vector v with respect to the natural basis
0/0x* of T,(X) associated with the coordinates (z%).

Conversely, the embedding ® induces a mapping, called the pull-back mapping and de-
noted ®*, between the linear forms on 7,,(M) and those on 7,,(3) as follows

o*  TA(M) — TS(%) A
w — Q'w  T(X) — R (2.24)
v = (w,d0).

Taking into account (2.23), the pull-back mapping can be explicited:

d* T (M) — (%)

2.25
w = (whwxawyawz) — ®%w = (W$7wyawz)a ( )

where w,, denotes the components of the 1-form w with respect to the basis dz® associated with
the coordinates (z%).

In what follows, we identify ¥ and ¥ = ®(3). In particular, we identify any vector on
with its push-forward image in M, writing simply v instead of ®,v.
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The pull-back operation can be extended to the multi-linear forms on 7,(M) in an obvious
way: if T is a n-linear form on 7,(M), ®*T is the n-linear form on 7,(X) defined by

V(vi,...,v,) € T(X)", O'T(vy,...,v,) =T(Pv1,...,P.0y,). (2.26)

Remark : By itself, the embedding ® induces a mapping from vectors on ¥ to vectors on M
(push-forward mapping ®.) and a mapping from 1-forms on M to 1-forms on ¥ (pull-
back mapping ®*), but not in the reverse way. For instance, one may define “naively”
a reverse mapping F : Ty(M) — T,(%) by v = (v',v",0Y,v*) — Fv = (v7,0Y,0v%),
but it would then depend on the choice of coordinates (t,x,y,z), which is not the case of
the push-forward mapping defined by Eq. (2.23). As we shall see below, if ¥ is a space-
like hypersurface, a coordinate-independent reverse mapping is provided by the orthogonal
projector (with respect to the ambient metric g) onto 3.

A very important case of pull-back operation is that of the bilinear form g (i.e. the spacetime
metric), which defines the induced metric on ¥ :

v = d*g (2.27)

v is also called the first fundamental form of . We shall also use the short-hand name
3-metric to design it. Notice that

V(u,v) € T,(X) x Tp(X), u-v=g(u,v)="~(u,v). (2.28)
In terms of the coordinate system?® ¢ = (z,y, 2) of ¥, the components of ~ are deduced from
(2.25):
=75} 2
The hypersurface is said to be
e spacelike iff the metric « is definite positive, i.e. has signature (4, +,+);
e timelike iff the metric v is Lorentzian, i.e. has signature (—, 4+, +);

e null iff the metric v is degenerate, i.e. has signature (0, +, ).

2.3.2 Normal vector

Given a scalar field ¢t on M such that the hypersurface 3 is defined as a level surface of ¢ [cf.
Eq. (2.21)], the gradient 1-form dt is normal to ¥, in the sense that for every vector v tangent
to ¥, (dt,v) = 0. The metric dual to dt, i.e. the vector Vi (the component of which are
Ve = g**V it = g**(dt),) is a vector normal to ¥ and satisfies to the following properties

e Vi is timelike iff ¥ is spacelike;

o Vi is spacelike iff 3 is timelike;

3Let us recall that by convention Latin indices run in {1, 2, 3}.
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o Vit is null iff ¥ is null.

The vector V¢t defines the unique direction normal to . In other words, any other vector
v normal to ¥ must be collinear to V¢: v = AVt Notice a characteristic property of null
hypersurfaces: a vector normal to them is also tangent to them. This is because null vectors are
orthogonal to themselves.

In the case where ¥ is not null, we can re-normalize V¢ to make it a unit vector, by setting

—

n = (iﬁt : ﬁ)_l/z v, (2.30)

with the sign + for a timelike hypersurface and the sign — for a spacelike one. The vector n is
by construction a unit vector:

n-n=-1 it ¥ is spacelike, (2.31)
n-n=1 if ¥ is timelike. (2.32)
n is one of the two unit vectors normal to Y, the other one being n’ = —n. In the case where

3 is a null hypersurface, such a construction is not possible since ViVt =0. Therefore there
is no natural way to pick a privileged normal vector in this case. Actually, given a null normal
n, any vector n/ = An, with A € R*| is a perfectly valid alternative to n.

2.3.3 Intrinsic curvature

If 3 is a spacelike or timelike hypersurface, then the induced metric v is not degenerate. This
implies that there is a unique connection (or covariant derivative) D on the manifold ¥ that is

torsion-free and satisfies
Dy =] 25

D is the so-called Levi-Civita connection associated with the metric v (see Sec. 2.IV.2 of
N. Deruelle’s lectures [108]). The Riemann tensor associated with this connection represents
what can be called the intrinsic curvature of (X,7). We shall denote it by Riem (without
any superscript ‘4’), and its components by the letter R, as Rkli = Riem measures the non-
commutativity of two successive covariant derivatives D, as expressed by the Ricci identity,
similar to Eq. (2.13) but at three dimensions:

Vv € T(8), (D;D; — D;Di)v* = RF);; o', (2.34)

The corresponding Ricci tensor is denoted R: R;; = RF i; and the Ricci scalar (scalar curvature)

is denoted R: R =~ R;;. R is also called the Gaussian curvature of (3,7).
Let us remind that in dimension 3, the Riemann tensor can be fully determined from the
knowledge of the Ricci tensor, according to the formula

R joy = 0" pBj = 6" Ry + v, — iR + SR vk — 6" jn)- (2.35)

In other words, the Weyl tensor vanishes identically in dimension 3 [compare Eq. (2.35) with
Eq. (2.18)].
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2.3.4 Extrinsic curvature

Beside the intrinsic curvature discussed above, one may consider another type of “curvature”
regarding hypersurfaces, namely that related to the “bending” of ¥ in M. This “bending”
corresponds to the change of direction of the normal n as one moves on Y. More precisely, one
defines the Weingarten map (sometimes called the shape operator) as the endomorphism
of 7,(X) which associates with each vector tangent to ¥ the variation of the normal along that
vector, the variation being evaluated via the spacetime connection V:

x: (X)) — T
R (2.36)
This application is well defined (i.e. its image is in 7,(X)) since
1
n-x(v)=n-Vyn= gvv(n-n) =0, (2.37)

which shows that x(v) € 7,(X). If ¥ is not a null hypersurface, the Weingarten map is uniquely
defined (modulo the choice +mn or —n for the unit normal), whereas if ¥ is null, the definition
of x depends upon the choice of the null normal n.

The fundamental property of the Weingarten map is to be self-adjoint with respect to the
induced metric ~y :

V(u,v) € T(X) X Tp(¥), u-x(v) = x(u) v (2.38)

where the dot means the scalar product with respect to « [considering w and v as vectors of
7,(X)] or g [considering w and v as vectors of 7,(M)]. Indeed, one obtains from the definition
of x

u-x(v) = u-an:Vv(w)—n-Vvu:—n-(Vuv—[u,'v])
=0
= —Vu(w)+'v-vun+n-[u,v]
=0
= v-x(u)+n-|u,v. (2.39)

Now the Frobenius theorem states that the commutator [u, v] of two vectors of the hyperplane
7 (X) belongs to 7 (X) since T (X) is surface-forming (see e.g. Theorem B.3.1 in Wald’s textbook
[265]). Tt is straightforward to establish it:

—

Vit [u,v] = (dt, |[u,v]) =V, tu"V, o' =V, 0"V, ut
= W[V, (Vutor) — oV, Vut] =0V, (Vtu?) —uV,V .t
=0 =0
= u"”(V,V,t =V, V,t) =0, (2.40)

where the last equality results from the lack of torsion of the connection V: V,V, t =V, V,t.
Since m is collinear to Vi, we have as well n - [u,v] = 0. Once inserted into Eq. (2.39), this
establishes that the Weingarten map is self-adjoint.
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The eigenvalues of the Weingarten map, which are all real numbers since x is self-adjoint,
are called the principal curvatures of the hypersurface ¥ and the corresponding eigenvectors
define the so-called principal directions of Y. The mean curvature of the hypersurface X
is the arithmetic mean of the principal curvature:

1
H = 3 (K1 + K2 + K3) (2.41)

where the k; are the three eigenvalues of x.

Remark : The curvatures defined above are not to be confused with the Gaussian curvature
introduced in Sec. 2.5.3. The latter is an intrinsic quantity, independent of the way the
manifold (X,7) is embedded in (M, g). On the contrary the principal curvatures and mean
curvature depend on the embedding. For this reason, they are qualified of extrinsic.

The self-adjointness of x implies that the bilinear form defined on ¥’s tangent space by

K: T,(5)xT(%) — R

(W) o —ux() (2:42)

is symmetric. It is called the second fundamental form of the hypersurface X. It is also called
the extrinsic curvature tensor of ¥ (cf. the remark above regarding the qualifier ’extrinsic’).
K contains the same information as the Weingarten map.

Remark : The minus sign in the definition (2.42) is chosen so that K agrees with the con-
vention used in the numerical relativity community, as well as in the MTW book [1589].
Some other authors (e.g. Carroll [79], Poisson [205], Wald [265]) choose the opposite
convention.

If we make explicit the value of x in the definition (2.42), we get [see Eq. (2.7)]

¥(u,v) € T,(3) x (%), |K(u,v) =—u-Vyn| (2.43)

We shall denote by K the trace of the bilinear form K with respect to the metric ~; it is the
opposite of the trace of the endomorphism x and is equal to —3 times the mean curvature of >:

K :=~"K;; = —3H. (2.44)

2.3.5 Examples: surfaces embedded in the Euclidean space R?

Let us illustrate the previous definitions with some hypersurfaces of a space which we are very
familiar with, namely R? endowed with the standard Euclidean metric. In this case, the di-
mension is reduced by one unit with respect to the spacetime M and the ambient metric g is
Riemannian (signature (+,+,+)) instead of Lorentzian. The hypersurfaces are 2-dimensional
submanifolds of R3, namely they are surfaces by the ordinary meaning of this word.

In this section, and in this section only, we change our index convention to take into account
that the base manifold is of dimension 3 and not 4: until the next section, the Greek indices run
in {1,2,3} and the Latin indices run in {1, 2}.
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Figure 2.2: Plane ¥ as a hypersurface of the Euclidean space R®. Notice that the unit normal vector m stays
constant along ¥3; this implies that the extrinsic curvature of 3 vanishes identically. Besides, the sum of angles of
any triangle lying in 3 is o + 8 + v = 7, which shows that the intrinsic curvature of (X,-) vanishes as well.

Ezample 1 : a plane in R?

Let us take for X the simplest surface one may think of: a plane (cf. Fig. 2.2). Let us
consider Cartesian coordinates (X®) = (z,y,z) on R3, such that ¥ is the z = 0 plane.
The scalar function t defining ¥ according to Eq. (2.21) is then simply t = z. (2%) =
(z,y) constitutes a coordinate system on X and the metric v induced by g on ¥ has the
components v;; = diag(1, 1) with respect to these coordinates. It is obvious that this metric
is flat: Riem(y) = 0. The unit normal m has components n® = (0,0,1) with respect
to the coordinates (X¢). The components of the gradient Vn being simply given by the
partial derivatives Vgn® = on®/0X B [the Christoffel symbols vanishes for the coordinates
(X%)], we get immediately Vn = 0. Consequently, the Weingarten map and the extrinsic
curvature vanish identically: x =0 and K = 0.

Ezample 2 : a cylinder in R3

Let us at present consider for X the cylinder defined by the equation t := p— R = 0, where
p = /2% +y? and R is a positive constant — the radius of the cylinder (cf Fig. 2.3). Let
us introduce the cylindrical coordinates (z%) = (p, ¢, z), such that ¢ € [0,27), © = 1 cos
and y = rsing. Then (z%) = (¢, 2) constitutes a coordinate system on Y. The components
of the induced metric in this coordinate system are given by

vij dr' da? = R*dyp* + d2*. (2.45)

It appears that this metric is flat, as for the plane considered above. Indeed, the change of
coordinate n := Ry (remember R is a constant !) transforms the metric components into

Vit g do’ dx?" = dn? + d2?, (2.46)
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\R®

Figure 2.3: Cylinder ¥ as a hypersurface of the Euclidean space R?. Notice that the unit normal vector n stays
constant when z varies at fixed ¢, whereas its direction changes as ¢ varies at fixed z. Consequently the extrinsic
curvature of ¥ vanishes in the z direction, but is non zero in the ¢ direction. Besides, the sum of angles of any
triangle lying in ¥ is  + 8 + v = 7, which shows that the intrinsic curvature of (X,+) is identically zero.

which exhibits the standard Cartesian shape.

To evaluate the extrinsic curvature of %, let us consider the unit normal n to X. Its
components with respect to the Cartesian coordinates (X) = (z,y,2) are

L Y
n® = , , 0. 2.47
<¢x2+y2 vVl +y? ) (240
It is then easy to compute Vgn® = on~/0XP. We get
y?  —xy 0
Van® = (2% + y Y32~y 22 0 | (2.48)
0 0 0

From Eq. (2.43), the components of the extrinsic curvature K with respect to the basis
(x") = (p,2) are
Kij = K(8;,8;) = =Vgna (8:)* (9;)", (2.49)

where (8;) = (0,,0,) = (0/0p,0/0z) denotes the natural basis associated with the coor-
dinates (¢, z) and (0;)* the components of the vector 8; with respect to the natural basis
(0n) = (0, 0y, 0) associated with the Cartesian coordinates (X*) = (x,y, 2). Specifically,
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Figure 2.4: Sphere ¥ as a hypersurface of the Euclidean space R*. Notice that the unit normal vector n changes
its direction when displaced on Y. This shows that the extrinsic curvature of ¥ does not vanish. Moreover all
directions being equivalent at the surface of the sphere, K is necessarily proportional to the induced metric ~,
as found by the explicit calculation leading to Eq. (2.58). Besides, the sum of angles of any triangle lying in ¥ is
a+ B+ 7 > m, which shows that the intrinsic curvature of (3, ) does not vanish either.

since 0y, = =y, + 0y, one has (0,)* = (—y,x,0) and (0,)* = (0,0,1). From Eq. (2.48)
and (2.49), we then obtain

U_<I[§,‘: zz>:<_0R 8). (2.50)

From Eq. (2.45), v9 = diag(R™2,1), so that the trace of K is

1
K=——. 2.51
- (2:51)

Example 3 : a sphere in R® Our final simple example is constituted by the sphere of radius R
(cf. Fig. 2.4), the equation of which ist :=r—R =0, withr = /2% + y? + 22. Introducing
the spherical coordinates (x®) = (r,0,¢) such that x = rsinfcosp, y = rsinfsing and
z = rcosf, (x') = (0,¢) constitutes a coordinate system on . The components of the
induced metric 7 in this coordinate system are given by

vij dz' dz? = R? (d6” + sin® 0d?) . (2.52)
Contrary to the previous two examples, this metric is not flat: the Ricci scalar, Ricci tensor

and Riemann tensor of (X,7) are respectively’

2 1 , 1

“R=2g Riyj= g% R a= gz (05— 0" m) - (2.53)

4the superscript ¥ has been put on the Ricci scalar to distinguish it from the sphere’s radius R.
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The non vanishing of the Riemann tensor is reflected by the well-known property that the
sum of angles of any triangle drawn at the surface of a sphere is larger than w (cf. Fig. 2.4).

The unit vector n normal to ¥ (and oriented towards the exterior of the sphere) has the
following components with respect to the coordinates (X) = (z,y,2):

X Yy z
n® = ) , . 2.54
<\/£C2—|—y2+22 \/562 +y2+22 \/$2+y2+22> ( )

It is then easy to compute Vgn® = on/0XP to get

v 422 —ay -z
Van® = (mQ + 92 + 22)_3/2 —zy 2?42 —yz : (2.55)
—xz —yz z2 4+ y2

The natural basis associated with the coordinates (%) = (6,p) on ¥ is

& = (2244%)7 V2 (228, +y2 8, — (2 + ) 8. ] (2.56)
0, = —y0O,+x0,. (2.57)

The components of the extrinsic curvature tensor in this basis are obtained from K;; =

K(8;,0;) = —Vgna (0:)%(9;)°. We get

_( Koo Kop \ _ [ —R 0 1
KZ]_<K¢>9 K, - 0 —RsinZ6 __R%]- (2.58)

The trace of K with respect to « is then

2
K=——. 2.59
X (2:59)

With these examples, we have encountered hypersurfaces with intrinsic and extrinsic curva-
ture both vanishing (the plane), the intrinsic curvature vanishing but not the extrinsic one (the
cylinder), and with both curvatures non vanishing (the sphere). As we shall see in Sec. 2.5, the
extrinsic curvature is not fully independent from the intrinsic one: they are related by the Gauss
equation.

2.4 Spacelike hypersurface
From now on, we focus on spacelike hypersurfaces, i.e. hypersurfaces ¥ such that the induced

metric vy is definite positive (Riemannian), or equivalently such that the unit normal vector n
is timelike (cf. Secs. 2.3.1 and 2.3.2).
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2.4.1 The orthogonal projector

At each point p € 3, the space of all spacetime vectors can be orthogonally decomposed as

Tp(M) =T,(X) & Vect(n) |, (2.60)

where Vect(n) stands for the 1-dimensional subspace of 7,(M) generated by the vector n.

Remark : The orthogonal decomposition (2.60) holds for spacelike and timelike hypersurfaces,

but not for the null ones. Indeed for any normal n to a null hypersurface 3, Vect(n) C
7p(%).

The orthogonal projector onto ¥ is the operator 4 associated with the decomposition (2.60)
according to

VLM —  T) .
v — v+ (n-v)n.
In particular, as a direct consequence of n - n = —1, 4 satisfies
¥(n) = 0. (2.62)
Besides, it reduces to the identity operator for any vector tangent to X:
Vo e T,(X), A(v)=w. (2.63)

According to Eq. (2.61), the components of 4 with respect to any basis (ey) of 7,(M) are

fyo‘ﬁ = 6O‘ﬁ + nang . (2.64)

We have noticed in Sec. 2.3.1 that the embedding ® of ¥ in M induces a mapping 7,(3) —
7,(M) (push-forward) and a mapping 7,"(M) — 7,7(X) (pull-back), but does not provide any
mapping in the reverse ways, i.e. from 7,(M) to 7,(¥) and from T (¥) to 7, (M). The
orthogonal projector naturally provides these reverse mappings: from its very definition, it is a
mapping 7,(M) — 7,(X) and we can construct from it a mapping ¥5, : 7, (X) — Z,/(M) by
setting, for any linear form w € 7,7 (%),

Youw: (M) — R

v i) 20

This clearly defines a linear form belonging to 7, (M). Obviously, we can extend the operation
Yr( to any multilinear form A acting on 7,(X), by setting

FuA: TMP R

(V1,...,v,) +— AF(v1),...,7(vn)). (2.66)

Let us apply this definition to the bilinear form on ¥ constituted by the induced metric v: v,y
is then a bilinear form on M, which coincides with ~ if its two arguments are vectors tangent
to ¥ and which gives zero if any of its argument is a vector orthogonal to ¥, i.e. parallel to n.
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Since it constitutes an “extension” of v to all vectors in 7,(M), we shall denote it by the same

symbol:
7 =%} (2:67

This extended ~ can be expressed in terms of the metric tensor g and the linear form n dual to
the normal vector n according to

"=g+non| (2.68)

In components:

YaB = 9aB T NaNg- (2.69)

Indeed, if v and w are vectors both tangent to 3, v(u,v) = g(u,v)+ (n,u)(n,v) = g(u,v)+0 =
g(u,v), and if w = An, then, for any v € 7,(M), y(u,v) = A\g(n,v) + A(n,n)(n,v) =
AMg(n,v) — (n,v)] = 0. This establishes Eq. (2.68). Comparing Eq. (2.69) with Eq. (2.64)
justifies the notation 4 employed for the orthogonal projector onto X, according to the convention
set in Sec. 2.2.2 [see Eq. (2.11)]: 4 is nothing but the ”extended” induced metric v with the
first index raised by the metric g.

Similarly, we may use the v}, operation to extend the extrinsic curvature tensor K, defined
a priori as a bilinear form on ¥ [Eq. (2.42)], to a bilinear form on M, and we shall use the same

symbol to denote this extension:
7K e

Remark : In this lecture, we will very often use such a “four-dimensional point of view”, i.e.
we shall treat tensor fields defined on X as if they were defined on M. For covariant
tensors (multilinear forms), if not mentioned explicitly, the four-dimensional extension is
performed via the %, operator, as above for v and K. For contravariant tensors, the
identification is provided by the push-forward mapping ®. discussed in Sec. 2.3.1. This
four-dimensional point of view has been advocated by Carter [50, 51, 82] and results in
an easier manipulation of tensors defined in 3, by treating them as ordinary tensors on
M. In particular this avoids the introduction of special coordinate systems and complicated
notations.

In addition to the extension of three dimensional tensors to four dimensional ones, we use
the orthogonal projector 4 to define an “orthogonal projection operation” for all tensors on M

in the following way. Given a tensor T of type (Z > on M, we denote by ¥*T another tensor on

M, of the same type and such that its components in any basis (eq) of 7,(M) are expressed in
terms of those of T' by

) oy = Y Yy, T (2.71)

Notice that for any multilinear form A on ¥, ¥*(45,A) = v, A, for a vector v € T,(M),
¥ v = (v), for a linear form w € 7 (M), ¥*w = w o7, and for any tensor T', ¥*T is tangent
to X, in the sense that ¥*T results in zero if one of its arguments is n or n.
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2.4.2 Relation between X and Vn

A priori the unit vector n normal to ¥ is defined only at points belonging to X. Let us consider
some extension of n in an open neighbourhood of . If ¥ is a level surface of some scalar field
t, such a natural extension is provided by the gradient of ¢, according to Eq. (2.30). Then the
tensor fields Vn and Vn are well defined quantities. In particular, we can introduce the vector

a:=Vyn. (2.72)

Since n is a timelike unit vector, it can be regarded as the 4-velocity of some observer, and a
is then the corresponding 4-acceleration. a is orthogonal to n and hence tangent to 3, since
n-a=n-Von=1/2V,(n-n)=1/2V,(-1) =0.

Let us make explicit the definition of the tensor K extend to M by Eq. (2.70). From the
definition of the operator ¥y, [Eq. (2.66)] and the original definition of K [Eq. (2.43)], we have

V(u,v) S %(M)Qv K(uvv) = K(’?(u)aﬁ;('v)) = —7(u) - V—?(v)n
- _’?(u) : V'11Jr('r1,-'1))'r1,77“
= —[u+n-un| - [Vyn+ (n -v)V,n]

= —u-Vyn—(n-v)u-Vpyn—(n-u)n-Vyn
—— ——

=a =0
—(n-u)(n-v)n-Vyn
—_————
=0
= —u-Vyn—(a -u)(n-v),
—Vn(u,v) — (a,u)(n,v), (2.73)
where we have used the fact that n-n = —1 to set n- Vzn = 0 for any vector x. Since Eq. (2.73)
is valid for any pair of vectors (u,v) in 7,(M), we conclude that
‘VQZ—K—Q(XJQ‘. (2.74)
In components:
‘ Vgne =—Kag — aang ‘ (2.75)

Notice that Eq. (2.74) implies that the (extended) extrinsic curvature tensor is nothing but the
gradient of the 1-form n to which the projector operator ¥* is applied:

K= 7va] 75

Remark : Whereas the bilinear form Vn is a priori not symmetric, its projected part —K s
a symmetric bilinear form.

Taking the trace of Eq. (2.74) with respect to the metric g (i.e. contracting Eq. (2.75) with
g°?) yields a simple relation between the divergence of the vector n and the trace of the extrinsic

curvature tensor:
K= vl g0
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2.4.3 Links between the V and D connections

Given a tensor field T on X, its covariant derivative DT with respect to the Levi-Civita con-
nection D of the metric 7 (cf. Sec. 2.3.3) is expressible in terms of the covariant derivative VT
with respect to the spacetime connection V according to the formula

DT = 5°VT)| (2.78)

the component version of which is [cf. Eq. (2.71)]:

DT 5 = Y Yy 5,17 VT iy | (2.79)

Various comments are appropriate: first of all, the T" in the right-hand side of Eq. (2.78) should
be the four-dimensional extension 45, T provided by Eq. (2.66). Following the remark made
above, we write T instead of 45, T. Similarly the right-hand side should write 45, DT, so that
Eq. (2.78) is a equality between tensors on M. Therefore the rigorous version of Eq. (2.78) is

YuDT = 5[V (31,T)]. (2.80)

Besides, even if T' := %, is a four-dimensional tensor, its suppport (domain of definition)
remains the hypersurface ¥. In order to define the covariant derivative VT, the support must
be an open set of M, which ¥ is not. Accordingly, one must first construct some extension T of
T in an open neighbourhood of ¥ in M and then compute VT". The key point is that thanks
to the operator 4* acting on VT, the result does not depend of the choice of the extension T”,
provided that T” = T at every point in X.

The demonstration of the formula (2.78) takes two steps. First, one can show easily that
4*V (or more precisely the pull-back of ¥*V47,) is a torsion-free connection on X, for it satisfies
all the defining properties of a connection (linearity, reduction to the gradient for a scalar
field, commutation with contractions and Leibniz’ rule) and its torsion vanishes. Secondly, this
connection vanishes when applied to the metric tensor «: indeed, using Eqgs. (2.71) and (2.69),

(’?*V’Y)a,@fy = ’Y“a’)’yﬁ’)’pyvp')’uu
= Y3 (Vo g +Vprp iy + 1y Vo)
——
=0
= (0 s Vony + "o, Vony)
S—— —
=0 =0
= 0. (2.81)
Invoking the uniqueness of the torsion-free connection associated with a given non-degenerate
metric (the Levi-Civita connection, cf. Sec. 2.IV.2 of N. Deruelle’s lecture [108]), we conclude
that necessarily 4*V = D.
One can deduce from Eq. (2.78) an interesting formula about the derivative of a vector field
v along another vector field u, when both vectors are tangent to ¥. Indeed, from Eq. (2.78),

(Dyv)* = u’Dyv* = u’", 4%, Vol = u” (5% +n%n,) Vo
——
=uY
= u'Vyu* +n%u” n,V, ol =u’V, 0% —n*u"o"V n,, (2.82)
———

=—vrVyny
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Figure 2.5: In the Euclidean space R?, the plane ¥ is a totally geodesic hypersurface, for the geodesic between
two points A and B within (X, ~) (solid line) coincides with the geodesic in the ambient space (dashed line). On
the contrary, for the sphere, the two geodesics are distinct, whatever the position of points A and B.

where we have used n,v* = 0 (v being tangent to %) to write n,V, v* = —v*V,n,. Now, from
Eq. (2.43), —u”v"V,n, = K(u,v), so that the above formula becomes

V(u,v) € T(X) x T (%), ‘Du'v =V.w+ K(u,v)n ‘ (2.83)

This equation provides another interpretation of the extrinsic curvature tensor K: K measures
the deviation of the derivative of any vector of ¥ along another vector of ¥, taken with the
intrinsic connection D of ¥ from the derivative taken with the spacetime connection V. Notice
from Eq. (2.83) that this deviation is always in the direction of the normal vector n.

Consider a geodesic curve £ in (3,~) and the tangent vector w associated with some affine
parametrization of £. Then D,u = 0 and Eq. (2.83) leads to Vy,u = —K(u,u)n. If £ were
a geodesic of (M, g), one should have V,u = ku, for some non-affinity parameter . Since u
is never parallel to n, we conclude that the extrinsic curvature tensor K measures the failure
of a geodesic of (3,4) to be a geodesic of (M, g). Only in the case where K vanishes, the two
notions of geodesics coincide. For this reason, hypersurfaces for which K = 0 are called totally
geodesic hypersurfaces.

Example : The plane in the Euclidean space R® discussed as Example 1 in Sec. 2.3.5 is a
totally geodesic hypersurface: K = 0. This is obvious since the geodesics of the plane are
straight lines, which are also geodesics of R® (cf. Fig. 2.5). A counter-example is provided
by the sphere embedded in R® (Ezample 3 in Sec. 2.3.5): given two points A and B, the
geodesic curve with respect to (3,7) joining them is a portion of a sphere’s great circle,
whereas from the point of view of R3, the geodesic from A to B is a straight line (cf.
Fig. 2.5).
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2.5 Gauss-Codazzi relations

We derive here equations that will constitute the basis of the 341 formalism for general relativity.
They are decompositions of the spacetime Riemann tensor, *Riem [Eq. (2.12)], in terms of
quantities relative to the spacelike hypersurface ¥, namely the Riemann tensor associated with
the induced metric v, Riem [Eq. (2.34)] and the extrinsic curvature tensor of ¥, K.

2.5.1 Gauss relation

Let us consider the Ricci identity (2.34) defining the (three-dimensional) Riemann tensor Riem
as measuring the lack of commutation of two successive covariant derivatives with respect to the
connection D associated with ¥’s metric 7. The four-dimensional version of this identity is

DoDgv" — DgDov” = R, 50", (2.84)

where v is a generic vector field tangent to X. Let us use formula (2.79) which relates the
D-derivative to the V-derivative, to write

DoDpgv” = Do (Dgv?) = ’y“a'y”ﬁ’ﬂpvu(Dyvp). (2.85)

Using again formula (2.79) to express D,v” yields
Do Dgv? =¥ 47577,V (WUVWPAVUUA> . (2.86)
Let us expand this formula by making use of Eq. (2.64) to write V77, = V, (67, + n%n,) =

Vun?ny, +n?V,n,. Since 75w = 0, we get

_ v P A A P A
DoDgv? = 7577, <n‘7vﬂny7 \Vout +97,V,unf n\Vevt +97,95,V, Vv )
=—vAVony
= YV g\ Vuny nVevt — A A5y 0V un? Veny + #7737\ V, Voot
= —K.37', noV ot — K7,Kpgy o+ 'y“a’y"gfyv)\vuvgv/\, (2.87)
where we have used the idempotence of the projection operator ¥, i.e. ~7,7" N = ’yvk to get
the second line and yﬂwuﬁvuny = —Kpq [Eq. (2.76)] to get the third one. When we permute

the indices o and  and substract from Eq. (2.87) to form D,Dgv" — DgD~v?7, the first term
vanishes since K,z is symmetric in («, 3). There remains

DDt = DDyt = (KauK Ty = KK, ) 0 + 97,9757 (V,900% = V,V,00) . (2.88)

Now the Ricci identity (2.13) for the connection V gives V,V,v* -V, V 0* = 4R
fore

iz .
oVt There

DoDpv" = DDyt = (KauK g = K4 ) 0 + 9707757y R 0. (2.89)
Substituting this relation for the left-hand side of Eq. (2.84) results in

(KOMKPYB B K,@HK,yoz> ot + Vpa’YUB’YPYAZlR)\upUUM = Rﬂ/ﬂaﬁ UM7 (2'90)
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or equivalently, since v* = +*;0°,
'y“a’y”ﬁ’y“/pfy")\A‘RpUWv)‘ = Rv)\aﬁ o+ (KVQKAB - KVBKQA) i (2.91)
In this identity, v can be replaced by any vector of 7 (M) without changing the results, thanks

to the presence of the projector operator 4 and to the fact that both K and Riem are tangent
to X. Therefore we conclude that

’Yuafyyﬁfy,yp’YUéZlRpauu - Rwéaﬁ + K,yozK(SB - KPYgKazg . (292)

This is the Gauss relation.

If we contract the Gauss relation on the indices v and « and use Wﬂayap =y =", +nfn,,
we obtain an expression that lets appear the Ricci tensors R and R associated with g and ~
respectively:

VP 5 Ry + Yoy gn” *RY, = Rap + K Kop — Koy K5 | (2.93)

We call this equation the contracted Gauss relation. Let us take its trace with respect to =,
taking into account that K", = K*, = K, K,,, K" = K;; K" and

'yaﬁfywn”'ypﬁna 4R“Vpo, = ’ypun”n‘ﬂlR“l,po, = 4R“VM n’n’ +4R“Vpanpnun”n" = 4RWn“n”. (2.94)
=R, =0
We obtain
R+ 2'R,n'n" = R+ K? — K;; K" | (2.95)

Let us call this equation the scalar Gauss relation. It constitutes a generalization of Gauss’
famous Theorema Egregium (remarkable theorem) [52, 53]. It relates the intrinsic curvature
of ¥, represented by the Ricci scalar R, to its extrinsic curvature, represented by K? — KK i,
Actually, the original version of Gauss’ theorem was for two-dimensional surfaces embedded in
the Euclidean space R3. Since the curvature of the latter is zero, the left-hand side of Eq. (2.95)
vanishes identically in this case. Moreover, the metric g of the Euclidean space R? is Riemannian,
not Lorentzian. Consequently the term K? — K K “ has the opposite sign, so that Eq. (2.95)
becomes

R—K*+K;;K7 =0 (g Euclidean). (2.96)

This change of sign stems from the fact that for a Riemannian ambient metric, the unit normal
vector m is spacelike and the orthogonal projector is Vs = 50‘6—710‘715 instead of 7 = 5O‘ﬁ—|—no‘nﬁ
[the latter form has been used explicitly in the calculation leading to Eq. (2.87)]. Moreover, in
dimension 2, formula (2.96) can be simplified by letting appear the principal curvatures x; and
ko of ¥ (cf. Sec. 2.3.4). Indeed, K can be diagonalized in an orthonormal basis (with respect
to ) so that K;; = diag(k1,s2) and KU = diag(k1,k2). Consequently, K = r; + ko and
Ki;i K% = k% + k3 and Eq. (2.96) becomes

R =2k1k2 (g Euclidean, ¥ dimension 2). (2.97)
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Example : We may check the Theorema Egregium (2.96) for the examples of Sec. 2.3.5. It
is trivial for the plane, since each term vanishes separately. For the cylinder of radius r,
R=0, K=-1/r [Eq. (2.51)], Ki;K" = 1/r? [Eq. (2.50)], so that Eq. (2.96) is satisfied.
For the sphere of radius v, R =2/r* [Eq. (2.55)], K = =2/r [Eq. (2.59)], K;; K" = 2/r*
[Eq. (2.58)], so that Eq. (2.96) is satisfied as well.

2.5.2 Codazzi relation

Let us at present apply the Ricci identity (2.13) to the normal vector m (or more precisely to
any extension of n around ¥, cf. Sec. 2.4.2):

(VaVs = VgVa)n' = RY, g0t (2.98)
If we project this relation onto X, we get
YA sV R = 57, (Vi Von? =V, V) . (2.99)

Now, from Eq. (2.75),

Y gV, VuVun? = Ay 5y, Vi (= K”, — a’ny)
= Y7, (VuKP, +Vaf n, +a’Vn,)
= —DoK7y+a Ko, (2.100)

where we have used Eq. (2.79), as well as 7 g = 0, v'pa? = a?, and yﬂwvﬁvﬂny = —K,p to
get the last line. After permutation of the indices aw and # and substraction from Eq. (2.100),
taking into account the symmetry of Kz, we see that Eq. (2.99) becomes

Vo1 Ao 5 R = DgK 7, — DaK 74| (2.101)

This is the Codazzi relation, also called Codazzi-Mainardi relation in the mathematical
litterature [52].

Remark : Thanks to the symmetries of the Riemann tensor (cf. Sec. 2.2.3), changing the
index contracted with n in Eq. (2.101) (for instance considering n,y"” 7“0,7”6 4RP s or

Y p Ty s 4RPUW ) would not give an independent relation: at most it would result in
a change of sign of the right-hand side.

Contracting the Codazzi relation on the indices o and ~ yields to
W, n7 5 R, = DK — D, K", (2.102)

with ~*, n?y”s Ry = (6", + n*n,) n’v"s R = nv"g ‘R, + 5 4Rpow,npn‘7n“. Now,
from the antisymmetry of the Riemann tensor with respect to its first two indices [Eq. (2.14),
the last term vanishes, so that one is left with

y n" ‘R, = DK — D, K" | (2.103)

We shall call this equation the contracted Codazzi relation.
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Example : The Codazzi relation is trivially satisfied by the three examples of Sec. 2.3.5 because
the Riemann tensor vanishes for the Euclidean space R3 and for each of the considered
surfaces, either K =0 (plane) or K is constant on X, in the sense that DK = 0.
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Chapter 3

Geometry of foliations
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3.1 Introduction

In the previous chapter, we have studied a single hypersurface ¥ embedded in the spacetime
(M, g). At present, we consider a continuous set of hypersurfaces (3;),cp that covers the man-
ifold M. This is possible for a wide class of spacetimes to which we shall restrict ourselves: the
so-called globally hyperbolic spacetimes. Actually the latter ones cover most of the spacetimes
of astrophysical or cosmological interest. Again the title of this chapter is “Geometry...”
as in Chap. 2, all the results are independent of the Einstein equation.

, since

3.2 Globally hyperbolic spacetimes and foliations

3.2.1 Globally hyperbolic spacetimes

A Cauchy surface is a spacelike hypersurface ¥ in M such that each causal (i.e. timelike or
null) curve without end point intersects ¥ once and only once [156]. Equivalently, ¥ is a Cauchy
surface iff its domain of dependence is the whole spacetime M. Not all spacetimes admit a
Cauchy surface. For instance spacetimes with closed timelike curves do not. Other examples
are provided in Ref. [131]. A spacetime (M, g) that admits a Cauchy surface ¥ is said to be
globally hyperbolic. The name globally hyperbolic stems from the fact that the scalar wave
equation is well posed,
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S

~—‘ z,
Figure 3.1: Foliation of the spacetime M by a family of spacelike hypersurfaces (3t )¢cr.

The topology of a globally hyperbolic spacetime M is necessarily ¥ x R (where ¥ is the
Cauchy surface entering in the definition of global hyperbolicity).

Remark : The original definition of a globally hyperbolic spacetime is actually more technical
that the one given above, but the latter has been shown to be equivalent to the original one
(see e.g. Ref. [$8] and references therein).

3.2.2 Definition of a foliation

Any globally hyperbolic spacetime (M, g) can be foliated by a family of spacelike hypersurfaces
(Xt)er- By foliation or slicing, it is meant that there exists a smooth scalar field t on M,
which is regular (in the sense that its gradient never vanishes), such that each hypersurface is a
level surface of this scalar field:

VtER, X,:={peM, i(p)=t}. (3.1)
Since £ is regular, the hypersurfaces ¥; are non-intersecting:
NSy =0 fort#t. (3.2)

In the following, we do no longer distinguish between t and £, i.e. we skip the hat in the name
of the scalar field. Each hypersurface X, is called a leaf or a slice of the foliation. We assume
that all 3;’s are spacelike and that the foliation covers M (cf. Fig. 3.1):

M=z (3.3)

teR
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1+t

X

!

Figure 3.2: The point p’ deduced from p € ¥; by the displacement §t m belongs to X;1s:, i.e. the hypersurface
3 is transformed to Y45 by the vector field 6t m (Lie dragging).

3.3 Foliation kinematics

3.3.1 Lapse function

As already noticed in Sec. 2.3.2, the timelike and future-directed unit vector n normal to the
slice ¥; is necessarily collinear to the vector V't associated with the gradient 1-form d¢. Hence
we may write

n:=—-NVt (3.4)

with T L
N = <—Vt-Vt> :(—<dt,Vt>) . (3.5)

The minus sign in (3.4) is chosen so that the vector n is future-oriented if the scalar field ¢
is increasing towards the future. Notice that the value of N ensures that m is a unit vector:
n-n = —1. The scalar field N hence defined is called the lapse function. The name lapse has
been coined by Wheeler in 1964 [267].

Remark : In most of the numerical relativity literature, the lapse function is denoted o instead

of N. We follow here the ADM [23] and MTW [189] notation.
Notice that by construction [Eq. (3.5)],
N >0. (3.6)

In particular, the lapse function never vanishes for a regular foliation. Equation (3.4) also
says that —INV is the proportionality factor between the gradient 1-form dt and the 1-form n
associated to the vector n by the metric duality:

w= vl n
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3.3.2 Normal evolution vector

Let us define the normal evolution vector as the timelike vector normal to ¥; such that
m:= Nn/| (3.8)

Since m is a unit vector, the scalar square of m is

m-m = —N>. (3.9)
Besides, we have
(dt,m) = N(dt,n) = N*(—(dt,Vt)) =1, (3.10)
2
—N-

where we have used Egs. (3.4) and (3.5). Hence

(dt,m) = Vot = mPV,t = 1] (3.11)

This relation means that the normal vector m is “adapted” to the scalar field ¢, contrary to
the normal vector n. A geometrical consequence of this property is that the hypersurface ¥ s
can be obtained from the neighbouring hypersurface 3; by the small displacement 0t m of each
point of ;. Indeed consider some point p in ¥; and displace it by the infinitesimal vector §t m
to the point p’ = p+ dt m (cf. Fig. 3.2). From the very definition of the gradient 1-form dt, the
value of the scalar field ¢ at p’ is

t(p') = tlp+dtm)=t(p)+ (dt, 5t m) = t(p) + ot (dt, m)
=1

= t(p) + 6t. (3.12)

This last equality shows that p’ € 3, 5. Hence the vector §t m carries the hypersurface 3; into
the neighbouring one ;5. One says equivalently that the hypersurfaces (3;) are Lie dragged
by the vector m. This justifies the name normal evolution vector given to m.

An immediate consequence of the Lie dragging of the hypersurfaces ¥; by the vector m is
that the Lie derivative along m of any vector tangent to ¥; is also a vector tangent to >;:

Yo eT(S), LmveT(3)] (3.13)

This is obvious from the geometric definition of the Lie derivative (cf. Fig. 3.3). The reader not
familiar with the concept of Lie derivative may consult Appendix A.

3.3.3 Eulerian observers

Since m is a unit timelike vector, it can be regarded as the 4-velocity of some observer. We call
such observer an Eulerian observer. It follows that the worldlines of the Eulerian observers
are orthogonal to the hypersurfaces ¥;. Physically, this means that the hypersurface ¥ is locally
the set of events that are simultaneous from the point of view of the Eulerian observer, according
to Einstein’s simultaneity convention.
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(4) v(t+3t) ZH—SI
stL v
m

dtm(q)

dtm(p)

V(1)

Figure 3.3: Geometrical construction showing that £, v € 7(3;) for any vector v tangent to the hypersurface
3;: on X4, a vector can be identified to a infinitesimal displacement between two points, p and ¢ say. These points
are transported onto the neighbouring hypersurface ¥; s+ along the field lines of the vector field m (thin lines on
the figure) by the diffeomorphism ®s; associated with m: the displacement between p and ®s.(p) is the vector
dt m. The couple of points (Ps:(p), Psi(q)) defines the vector Ps,v(t), which is tangent to X4s: since both points
Ds¢(p) and Psi(g) belong to Xyys:. The Lie derivative of v along m is then defined by the difference between the
value of the vector field v at the point ®s.(p), i.e. v(¢ + 0t), and the vector transported from ¥ along m’s field
lines, i.e. Psv(t) 1 L v(t+ 6t) = limsiolv(t + 6t) — Psev(t)]/dt. Since both vectors v(t + §t) and Psiv(t) are
in T (X¢46¢), it follows then that L v(t+ 0t) € T (Si4s¢).

Remark : The Eulerian observers are sometimes called fiducial observers (e.g. [255]). In
the special case of axisymmetric and stationary spacetimes, they are called locally non-
rotating observers [7/] or zero-angular-momentum observers (ZAMO) [255].

Let us consider two close events p and p’ on the worldline of some Eulerian observer. Let ¢ be
the “coordinate time” of the event p and ¢t + §t (6t > 0) that of p’, in the sense that p € ¥; and
p € Biis. Then p' = p+ 0t m, as above. The proper time d7 between the events p and p/, as
measured the Eulerian observer, is given by the metric length of the vector linking p and p':

61 = \/—g(6tm,5tm) = \/—g(m,m) ét. (3.14)

Since g(m, m) = —N? [Eq. (3.9)], we get (assuming N > 0)

[or = N dt] (3.15)

This equality justifies the name lapse function given to N: N relates the “coordinate time” ¢
labelling the leaves of the foliation to the physical time 7 measured by the Eulerian observer.
The 4-acceleration of the Eulerian observer is

a=V,n. (3.16)

As already noticed in Sec. 2.4.2, the vector a is orthogonal to n and hence tangent to Y.
Moreover, it can be expressed in terms of the spatial gradient of the lapse function. Indeed, by
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means Eq. (3.7), we have

ao = n'Vyng = -—ntV,(NVat) = —nt'V, NVt — Nn''V, V.t

——
=V Vut
1 © B L _ 1 B 1 I3 B
= Nnan VN + NntV, _Nn“ = Nnan VMN%—NVQNTL n, —ntVaen,
=—1 =0

1 " 1 L
= N (VoalN +nentV,N) = N7 VN

1
= —D,N=D,InN, (3.17)

N

where we have used the torsion-free character of the connection V to write V,V,t = V,V t,
as well as the expression (2.64) of the orthogonal projector onto ¥, %, and the relation (2.79)
between V and D derivatives. Thus we have

and  |a=DlnN]| (3.18)

Thus, the 4-acceleration of the Eulerian observer appears to be nothing but the gradient within
(X4,7) of the logarithm of the lapse function. Notice that since a spatial gradient is always
tangent to 3, we recover immediately from formula (3.18) that n - a = 0.

Remark : Because they are hypersurface-orthogonal, the congruence formed by all the Eulerian
observers’ worldlines has a vanishing vorticity, hence the name “non-rotating” observer
given sometimes to the Eulerian observer.

3.3.4 Gradients of n and m

Substituting Eq. (3.18) for a into Eq. (2.74) leads to the following relation between the extrinsic
curvature tensor, the gradient of n and the spatial gradient of the lapse function:

|Vn=-K-DhhNen| (3.19)

or, in components:

‘Vﬁ No = —Kog — Do In N ng ‘ (3.20)

The covariant derivative of the normal evolution vector is deduced from Vm = V(Nn) =
NVn+n® VN. We get

Vm=-NK-DN@n+n®VN| (3.21)

or, in components:

VB me = —NKQB — DN ng + navBN R (3.22)
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3.3.5 Evolution of the 3-metric

The evolution of »;’s metric v is naturally given by the Lie derivative of « along the normal
evolution vector m (see Appendix A). By means of Egs. (A.8) and (3.22), we get

ﬁm’yag = m“v,ﬁag + ’mgvam“ + ’YOWVQm“
= NntV,(nang) —yus (NK", + DFNng —nt'VoN)
o (NE" 5 + D' N g = V5N )
= N(n'V,ng ng+mnq n'Vyng) — NKgy, — DgNng — NKyg — Do N ng
——— —_——

Qe agp
~ ~~
=N—1DoN =N—1lDgN
= —2NK,3. (3.23)
Hence the simple result:
L,v=-2NK| (3.24)

One can deduce easily from this relation the value of the Lie derivative of the 3-metric along
the unit normal n. Indeed, since m = Nn,

Lm YaB = ACNn'Yaﬁ
= Nnuvu%xﬁ + 'Yuﬁva(Nnu) + 'Ya,uvﬁ(Nnu)
= Nn'V 708 + s VaN + NvygVan + voun” VN + Nvyg, Vant
S~—— SN——

=0 =0
= NLpYap- (3.25)

Hence 1
Lnvy= Nﬁm’y. (3.26)

Consequently, Eq. (3.24) leads to

1

This equation sheds some new light on the extrinsic curvature tensor K. In addition to being
the projection on ¥; of the gradient of the unit normal to ¥; [cf. Eq. (2.76)],

K = —9"Vn, (3.28)

as well as the measure of the difference between D-derivatives and V-derivatives for vectors
tangent to ; [cf. Eq. (2.83)],

V(u,v) € T(2)?, K(u,v)n = Dyv — Vv, (3.29)

K is also minus one half the Lie derivative of ¥;’s metric along the unit timelike normal.
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Remark : In many numerical relativity articles, Eq. (3.27) is used to define the extrinsic cur-
vature tensor of the hypersurface ;. It is worth to keep in mind that this equation has
a meaning only because 3, is member of a foliation. Indeed the right-hand side is the
derivative of the induced metric in a direction which is not parallel to the hypersurface
and therefore this quantity could not be defined for a single hypersurface, as considered in

Chap. 2.

3.3.6 Evolution of the orthogonal projector

Let us now evaluate the Lie derivative of the orthogonal projector onto ¥; along the normal
evolution vector. Using Egs. (A.8) and (3.22), we have

Lm% = m'Vu%— vﬂﬁvumo‘ + 7%, Vm'
= Nn'V,(n%ng) ++" (NK®,+ D*Nn, —n*V,N)
—, (NK“ﬁ + DN g — n“VgN)
= N(n"Vun® ng+n® n'Vng )+ NK% —n“DgN — NK% — D*N ng
——— ———
=N-1poN =N-1DgN
—_— (3.30)

271 1)

An important consequence of this is that the Lie derivative along m of any tensor field T tangent
to X is a tensor field tangent to X;:

i.e.

T tangent to ¥, — L., T tangent to X | (3.32)

Indeed a distinctive feature of a tensor field tangent to > is

YT =T. (3.33)

Assume for instance that T is a tensor field of type (}) Then the above equation writes [cf.

Eq. (2.71)]

’YQMWVBTMV = Taﬁ (334)
Taking the Lie derivative along m of this relation, employing the Leibniz rule and making use
of Eq. (3.31), leads to

ﬁm (VaufyyﬁTMy) - ['m Taﬁ
ﬁm ’Yau ’YVﬁTMV + ’Yau ﬁm ’YV,B TMV + fyaufyyﬁ ['m TMV = Em Ta[@
=0 =0

F LT = Lo T. (3.35)

This shows that L., T is tangent to >;. The proof is readily extended to any type of tensor field
tangent to ;. Notice that the property (3.32) generalizes that obtained for vectors in Sec. 3.3.2
[cf. Eq. (3.13)].
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Remark : An illustration of property (3.32) is provided by Eq. (3.24), which says that L,y
is —2N K : K being tangent to X, we have immediately that L,y is tangent to .

Remark : Contrary to Loy and Ly,~, which are related by Eq. (3.26), Lny and L5 are
not proportional. Indeed a calculation similar to that which lead to Eq. (5.26) gives

1
Lny=5Lm7 +n®DN. (3.36)

Therefore the property L,y = 0 implies
Lny=n®DInN #0. (3.37)

Hence the privileged role played by m regarding the evolution of the hypersurfaces Y is
not shared by n; this merely reflects that the hypersurfaces are Lie dragged by m, not by
n.

3.4 Last part of the 341 decomposition of the Riemann tensor

3.4.1 Last non trivial projection of the spacetime Riemann tensor

In Chap. 2, we have formed the fully projected part of the spacetime Riemann tensor, i.e.
~4* 4Riem, yielding the Gauss equation [Eq. (2.92)], as well as the part projected three times
onto ¥; and once along the normal n, yielding the Codazzi equation [Eq. (2.101)]. These two
decompositions involve only fields tangents to ¥; and their derivatives in directions parallel to
3¢, namely v, K, Riem and DK . This is why they could be defined for a single hypersurface.
In the present section, we form the projection of the spacetime Riemann tensor twice onto
and twice along n. As we shall see, this involves a derivative in the direction normal to the
hypersurface.

As for the Codazzi equation, the starting point of the calculation is the Ricci identity applied
to the vector n, i.e. Eq. (2.98). But instead of projecting it totally onto ¥, let us project it
only twice onto »; and once along n:

Yo" 5(Vu Vont — Vo Vynt) = ya,uny" 5 ‘R* ,onP. (3.38)
By means of Eq. (3.20), we get successively

Yau 7 gn” R* o = Yaun’y’5 [~V (K", + D*In N ng) + Vo (K*, + D*In N n,)]
= %{Hnowyﬁ[ -V, K*, —V,n, D¥In N — n,V,D'In N
+V,K*, +Von, DFIn N +n,VoDFIn N |
= YauV’'g [KF V,n? +V,DFIn N +n°V,K*,+ D,In N D"1n N|
= KooK+ DgDoIn N + " 731V K + Do In NDgln N

1
= KooK+ DDl +7:7 51 Vo Ky (3.39)
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Note that we have used K*,n? =0, n°V,n, =0, ngn® = —1, n°Vyn, = D, In N and 'y”ﬁny =0
to get the third equality. Let us now show that the term V’Law”ﬁ n?VsK,, is related to L, K.
Indeed, from the expression (A.8) of the Lie derivative:
Lm Kaﬁ = m‘uV“Kag + vaam“ + KaHng“. (3.40)
Substituting Eq. (3.22) for Vom# and Vgm# leads to
Lm Kop = Nnt'V,Kq3 — 2NKWK“6 — KouDV'N ng — Kg,, D' N n,. (3.41)
Let us project this equation onto >, i.e. apply the operator 4* to both sides. Using the
property ¥*L,, K = L,,, K, which stems from the fact that £,, K is tangent to ¥; since K is
[property (3.32)], we get
LmKag=NA"7"51 VoK — 2NKWK“6. (3.42)

Extracting Wuoﬁ”ﬁ n’V K, from this relation and plugging it into Eq. (3.39) results in

1 1
Yop P’ gn? RY = ~Em Kag + 5 DaDsN + Koy K" | (3.43)

Note that we have written DgDoN = D,DgN (D has no torsion). Equation (3.43) is the
relation we sought. It is sometimes called the Ricci equation [not to be confused with the
Ricci identity (2.13)]. Together with the Gauss equation (2.92) and the Codazzi equation (2.101),
it completes the 3+1 decomposition of the spacetime Riemann tensor. Indeed the part projected
three times along m vanish identically, since ‘Riem(n,n,n,.) = 0 and *Riem(.,n,n,n) = 0
thanks to the partial antisymmetry of the Riemann tensor. Accordingly one can project *Riem
at most twice along n to get some non-vanishing result.

It is worth to note that the left-hand side of the Ricci equation (3.43) is a term which appears
in the contracted Gauss equation (2.93). Therefore, by combining the two equations, we get a
formula which does no longer contain the spacetime Riemann tensor, but only the spacetime
Ricci tensor:

1 1
Y s R = —LmKap = 7 DaDaN + Rap + KKag — 2Ka, K", (3.44)
or in index-free notation:
% 4 1 1 >
5 R:—NﬁmK—NDDN—i-R—i—KK—QK-K. (3.45)

3.4.2 3+1 expression of the spacetime scalar curvature

Let us take the trace of Eq. (3.45) with respect to the metric . This amounts to contracting
Eq. (3.44) with 4. In the left-hand side, we have 70‘57“0{7"6 = " and in the right-hand we
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can limit the range of variation of the indices to {1, 2,3} since all the involved tensors are spatial
ones [including L, K, thanks to the property (3.32)] Hence

1 .. 1 4 .
VAR, = —chm Kij — NDiDZN + R+ K? - 2K;; K", (3.46)
Now 7“”4RH,, = (g™ + n“n”)‘lRW =R+ 4Ru,,n“n” and
— VI Lo Kij = =L (V7 Kij) + KijLm A", (3.47)
——
=K
with Ly, 7% evaluted from the very definition of the inverse 3-metric:
%‘k’ij = 5ji
LYk V™ + %ik L Y™ =
VIV Lo i + 7" 1 LA = 0
R(—/
=5,

4

= L7 = "Y' L
= Ly = 2N7"* MKy
= |Lmy7 =2NKY| (3.48)

where we have used Eq. (3.24). Pluging Eq. (3.48) into Eq. (3.47) gives
NI L Kij = —Lon K + 2N K K. (3.49)

Consequently Eq. (3.46) becomes

1 1 .
R+ R, n"n" = R+ K? - Lm K — =DiD'N | (3.50)

It is worth to combine with equation with the scalar Gauss relation (2.95) to get rid of the
Ricci tensor term 4RWn“n” and obtain an equation which involves only the spacetime scalar
curvature *R:

. 2 2 .
‘R=R+K*+ KK~ ~Lm K — =DiD'N | (3.51)
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4.1 Einstein equation in 3+1 form

4.1.1 The Einstein equation

After the first two chapters devoted to the geometry of hypersurfaces and foliations, we are now
back to physics: we consider a spacetime (M, g) such that g obeys to the Einstein equation

(with zero cosmological constant):

1
‘R— §4Rg = 8rT

: (4.1)

where R is the Ricci tensor associated with g [cf. Eq. (2.16)], *R the corresponding Ricci scalar,

and T is the matter stress-energy tensor.
We shall also use the equivalent form

R =8r <T — %Tg) : (4.2)

where T" := ¢g"T),, stands for the trace (with respect to g) of the stress-energy tensor T
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Let us assume that the spacetime (M, g) is globally hyperbolic (cf. Sec. 3.2.1) and let be
(X4)ter by a foliation of M by a family of spacelike hypersurfaces. The foundation of the 341
formalism amounts to projecting the Einstein equation (4.1) onto ¥; and perpendicularly to 3.
To this purpose let us first consider the 3+1 decomposition of the stress-energy tensor.

4.1.2 341 decomposition of the stress-energy tensor

From the very definition of a stress-energy tensor, the matter energy density as measured
by the Eulerian observer introduced in Sec. 3.3.3 is

F= Tl 1

This follows from the fact that the 4-velocity of the Eulerian observer in the unit normal vector
n.

Similarly, also from the very definition of a stress-energy tensor, the matter momentum
density as measured by the Eulerian observer is the linear form

= —T(n,70)) (4.4
i.e. the linear form defined by
Vv € T,(M), (p,v) =-T(n,5(v)). (4.5)
In components:
Pa = —Tpnt ", (4.6)

Notice that, thanks to the projector 4, p is a linear form tangent to ;.

Remark : The momentum density p is often denoted j. Here we reserve the latter for electric
current density.

Finally, still from the very definition of a stress-energy tensor, the matter stress tensor
as measured by the Eulerian observer is the bilinear form

s=77) a7)

Sap = Tuy'y“afy'/ﬁ (4.8)

As for p, S is a tensor field tangent to ¥;. Let us recall the physical interpretation of the stress
tensor S: given two spacelike unit vectors e and e’ (possibly equal) in the rest frame of the
Eulerian observer (i.e. two unit vectors orthogonal to n), S(e,e’) is the force in the direction e
acting on the unit surface whose normal is e€’. Let us denote by S the trace of S with respect
to the metric vy (or equivalently with respect to the metric g):

or, in components,

S =798 = g" S| (4.9)
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The knowledge of (E,p, S) is sufficient to reconstruct 7" since

I T=S+nep+pon+Encn| (4.10)

This formula is easily established by substituting Eq. (2.64) for 7“5 into Eq. (4.8) and expanding
the result. Taking the trace of Eq. (4.10) with respect to the metric g yields

T=S542(p,n)+E(n,n), (4.11)
~—— —
—0 -1
hence
T=S5-E. (4.12)

4.1.3 Projection of the Einstein equation

With the above 3+1 decomposition of the stress-energy tensor and the 3+1 decompositions of
the spacetime Ricci tensor obtained in Chapters 2 and 3, we are fully equipped to perform the
projection of the Einstein equation (4.1) onto the hypersurface 3; and along its normal. There
are only three possibilities:

(1) Full projection onto ¥

This amounts to applying the operator 4* to the Einstein equation. It is convenient to take the
version (4.2) of the latter; we get

1
J*4R = 8n (f?*T - §Tf_y’*g> . (4.13)

7R is given by Eq. (3.45) (combination of the contracted Gauss equation with the Ricci
equation), ¥*T is by definition S, T'= S — E [Eq. (4.12)], and 4*g is simply . Therefore

1 1 o 1
—Nch—NDDNJrRJrKK_zK-K:&T[S—§(S—E)7], (4.14)

or equivalently

ch:—DDN+N{R+KK—2K-12+47r[(s—E)7—2S]}. (4.15)

In components:
Lo Kap = —DaDsN + N {Raﬁ + K Ko — 2Kau K" + 47 [(S — E)yas - 25a5]} . (4.16)

Notice that each term in the above equation is a tensor field tangent to ;. For L£,, K, this
results from the fundamental property (3.32) of L,,. Consequently, we may restrict to spatial
indices without any loss of generality and write Eq. (4.16) as

ﬁm Kij = —DiDjN + N {R” + KK” — QKZkKk] + 47 [(S - E)'Yzj - QSZ]} . (417)
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(2) Full projection perpendicular to %;

This amounts to applying the Einstein equation (4.1), which is an identity between bilinear
forms, to the couple (n,n); we get, since g(n,n) = —1,

1
‘R(n,n) + §4R = 81T (n,n). (4.18)

Using the scalar Gauss equation (2.95), and noticing that T'(n,n) = E [Eq. (4.3)] yields

R+ K? - K;jKY =167F | (4.19)

This equation is called the Hamiltonian constraint. The word ‘constraint’ will be justified
in Sec. 4.4.3 and the qualifier ‘Hamiltonian’ in Sec. 4.5.2.
(3) Mixed projection
Finally, let us project the Einstein equation (4.1) once onto ¥; and once along the normal n:
- 1 - -
R(n,5() - ;" Rg(n.3() = 7T (n, 5(.)). (4.20)
—_——
=0

By means of the contracted Codazzi equation (2.103) and T'(n,¥(.)) = —p [Eq. (4.4)], we get

D-K — DK =87p|, (4.21)

or, in components,

D;K7; — D;K = 8mp; | (4.22)

This equation is called the momentum constraint. Again, the word ‘constraint’ will be
justified in Sec. 4.4.

Summary

The Einstein equation is equivalent to the system of three equations: (4.15), (4.19) and (4.21).
Equation (4.15) is a rank 2 tensorial (bilinear forms) equation within 3, involving only sym-
metric tensors: it has therefore 6 independent components. Equation (4.19) is a scalar equation
and Eq. (4.21) is a rank 1 tensorial (linear forms) within ¥;: it has therefore 3 independent
components. The total number of independent components is thus 6 + 1+ 3 = 10, i.e. the same
as the original Einstein equation (4.1).

4.2 Coordinates adapted to the foliation

4.2.1 Definition of the adapted coordinates

The system (4.15)4(4.19)+(4.21) is a system of tensorial equations. In order to transform it
into a system of partial differential equations (PDE), one must introduce coordinates on the
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1+t

Figure 4.1: Coordinates (z*) on the hypersurfaces X¢: each line #* = const cuts across the foliation (¥¢)ier and
defines the time vector 8; and the shift vector 3 of the spacetime coordinate system (z®) = (¢,z").

spacetime manifold M, which we have not done yet. Coordinates adapted to the foliation
(X4)ter are set in the following way. On each hypersurface 3; one introduces some coordinate
system (2') = (z!,22,23). If this coordinate system varies smoothly between neighbouring
hypersurfaces, then (%) = (¢, 2!, 2%, 23) constitutes a well-behaved coordinate system on M.
We shall call (z%) = (21,22, 2%) the spatial coordinates.

Let us denote by (0,) = (8¢, 8;) the natural basis of 7,,(M) associated with the coordinates

(z), i.e. the set of vectors

0
o= (4.23)
al' = %, 1€ {1,2,3} (424)

Notice that the vector 0y is tangent to the lines of constant spatial coordinates, i.e. the curves
of M defined by (2! = K, 22 = K2 23 = K3), where K!, K2 and K? are three constants (cf.
Fig. 4.1). We shall call 8; the time vector.

Remark : 8, is not necessarily a timelike vector. This will be discussed further below [Eqs. (4.33)-

(4.35).
For any i € {1,2,3}, the vector 8; is tangent to the lines t = K°, 2/ = K7 (j # i), where K°
and K7 (j # i) are three constants. Having ¢ constant, these lines belong to the hypersurfaces

3. This implies that 9; is tangent to 3;:

8 € T,(2), ie{1,2,3}. (4.25)
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4.2.2 Shift vector

The dual basis associated with (8,) is the gradient 1-form basis (dz®), which is a basis of the
space of linear forms 7,(M):
(dz®, 9g) = 6“3. (4.26)

In particular, the 1-form dt is dual to the vector 8;:
(dt, 0y) = 1. (4.27)

Hence the time vector 8; obeys to the same property as the normal evolution vector m, since
(dt,m) = 1 [Eq. (3.11)]. In particular, 8, Lie drags the hypersurfaces ¥;, as m does (cf.
Sec. 3.3.2). In general the two vectors @; and m differ. They coincide only if the coordinates
(x%) are such that the lines #° = const are orthogonal to the hypersurfaces ; (cf. Fig. 4.1). The
difference between 9; and m is called the shift vector and is denoted 3:

G =m 5] (129

As for the lapse, the name shift vector has been coined by Wheeler (1964) [267]. By combining
Egs. (4.27) and (3.11), we get

(dt, B) = (dt,8;) — (dt,m) =1 —1 =0, (4.29)

or equivalently, since dt = —N~'n [Eq. (3.7)],

m5=0) (30

Hence the vector 3 is tangent to the hypersurfaces ¥;.

The lapse function and the shift vector have been introduced for the first time explicitly,
although without their present names, by Y. Choquet-Bruhat in 1956 [128].

It usefull to rewrite Eq. (4.28) by means of the relation m = Nn [Eq. (3.8)]:

6=~ 5) (a1

Since the vector m is normal to ¥; and 3 tangent to ¥;, Eq. (4.31) can be seen as a 3+1
decomposition of the time vector 8.

The scalar square of 8; is deduced immediately from Eq. (4.31), taking into account n-n = —1
and Eq. (4.30):
8,-8,=—N*+p3-83. (4.32)
Hence we have the following:
9, is timelike <= (3-8 < N?, (4.33)
O, isnull <= B-8=N? (4.34)

8, is spacelike <= B-8 > N2 (4.35)
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Remark : A shift vector that fulfills the condition (4.35) is sometimes called a superluminal
shift. Notice that, since a priori the time vector 0y is a pure coordinate quantity and is not
associated with the 4-velocity of some observer (contrary to m, which is proportional to
the 4-velocity of the Eulerian observer), there is nothing unphysical in having 8; spacelike.

Since @ is tangent to X, let us introduce the components of 3 and the metric dual form 8
with respect to the spatial coordinates (z*) according to

B=:49 and B=:pd". (4.36)

Equation (4.31) then shows that the components of the unit normal vector n with respect to
the natural basis (8, ) are expressible in terms of N and (3") as

1 1 2 3
o (N’_%’_%’_%>' (4.37)

Notice that the covariant components (i.e. the components of n with respect to the basis (dz®)
of 7,7 (M)) are immediately deduced from the relation n = —Ndt [Eq. (3.7)] :

ne = (=N, 0,0,0). (4.38)

4.2.3 341 writing of the metric components

Let us introduce the components 7;; of the 3-metric - with respect to the coordinates (z%)
vy =:yijda’ @ da?, (4.39)

From the definition of 3, we have
Bi = i . (4.40)

The components g, of the metric g with respect to the coordinates (x) are defined by
g =: gopdz® @ da”. (4.41)

Each component can be computed as

9op = 9(0a, Op). (4.42)

Accordingly, thanks to Eq. (4.32),
900 =9(81,8) =8, 8 = —N*+ BB =—N*+ 3, (4.43)

and, thanks to Eq. (4.28)
goi = g(at, 82) = (m + ,8) . 82 (4.44)
Now, as noticed above [cf. Eq. (4.25)], the vector 9; is tangent to X, so that m - 9; = 0. Hence
goi = B 8; = (B,8;) = (B;da’, 8;) = B; (da?, 8;) = . (4.45)
———

=4’ i
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Besides, since 0; and 8; are tangent to ¥,
9ij = 9(0i, 9j) = v(9:, 05) = 7ij-

Collecting Eqs. (4.43), (4.45) and (4.46), we get the following expression of the metric compo-
nents in terms of 34+1 quantities:

(4.46)

. _N? + k )
g = (0 900 ) — (TN AAT ) (@47
gio  Gij Bz Vij
or, in terms of line elements [using Eq. (4.40)],
G Azt dz” = —N2?dt* + ~;;(da’ + Bldt)(dz? + f7dt)|. (4.48)
The components of the inverse metric are given by the matrix inverse of (4.47):
00 ;05 _L 8
gaﬁ = < gz‘o gz’j ) = ﬁjyg ii Ngﬁzﬂj . (4.49)

Indeed, it is easily checked that the matrix product g*#g,s is equal to the identity matrix 50‘5.
Remark : Notice that g;; = ~v;; but that in general g9 #~Y.

One can deduce from the above formulse a simple relation between the determinants of g
and ~. Let us first define the latter ones by

g := det(gagp) | (4.50)

v = det(vi5) | (4.51)

Notice that g and « depend upon the choice of the coordinates (z®). They are not scalar
quantities, but scalar densities. Using Cramer’s rule for expressing the inverse (g®° ) of the
matrix (go3), we have
_ G _ Cw
det(gas) 9
where Cyg is the element (0,0) of the cofactor matrix associated with (gn3). It is given by
Coo = (—1)" Moo = Mgy, where My is the minor (0,0) of the matrix (gap), i-e. the determinant
of the 3 x 3 matrix deduced from (g,3) by suppressing the first line and the first column. From
Eq. (4.47), we read

g (4.52)

Moo = det(vi5) = . (4.53)
Hence Eq. (4.52) becomes
g0 =72 (4.54)
g
Expressing g% from Eq. (4.49) yields then g = — N2, or equivalently,
Nl (4.55)
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4.2.4 Choice of coordinates via the lapse and the shift

We have seen above that giving a coordinate system (z%) on M such that the hypersurfaces
20 = const. are spacelike determines uniquely a lapse function N and a shift vector 3. The
converse is true in the following sense: setting on some hypersurface ¥y a scalar field N, a
vector field B and a coordinate system (z°) uniquely specifies a coordinate system (z%) in some
neighbourhood of ¥, such that the hypersurface 2 = 0 is ¥g. Indeed, the knowledge of the
lapse function a each point of ¥y determines a unique vector m = Nn and consequently the
location of the “next” hypersurface ¥s; by Lie transport along m (cf. Sec. 3.3.2). Graphically,
we may also say that for each point of ¥y the lapse function specifies how far is the point of g
located “above” it (“above” meaning perpendicularly to X, cf. Fig. 3.2). Then the shift vector
tells how to propagate the coordinate system (x?) from Yo to ¥ (cf. Fig. 4.1).

This way of choosing coordinates via the lapse function and the shift vector is one of the
main topics in 341 numerical relativity and will be discussed in detail in Chap. 9.

4.3 341 Einstein equation as a PDE system

4.3.1 Lie derivatives along m as partial derivatives

Let us consider the term L£,, K which occurs in the 3+1 Einstein equation (4.15). Thanks to
Eq. (4.28), we can write

LK =Ly K—-LgK. (4.56)
This implies that L, K is a tensor field tangent to ¥, since both £,, K and L3 K are tangent
to X, the former by the property (3.32) and the latter because 8 and K are tangent to ;.
Moreover, if one uses tensor components with respect to a coordinate system (z%) = (t,2°)
adapted to the foliation, the Lie derivative along 9; reduces simply to the partial derivative with
respect to ¢ [cf. Eq. (A.3)]:

OK
Lo, Kij = at” : (4.57)
By means of formula (A.6), one can also express L5 K in terms of partial derivatives:
0K;; opk gk
k
Similarly, the relation (3.24) between L, v and K becomes
[:at’y - Eﬁ'y = —QNK, (4.59)
with 5
i
Loy = 5 (4.60)

and, evaluating the Lie derivative with the connection D instead of partial derivatives [cf.
Eq. (A.8)]: . . .
Lgvij = B" Dyvij + v DiB” + v D 8", (4.61)
——
=0
i.e.
ﬁlg Yij = Diﬁj + Djﬁz (4.62)
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4.3.2 341 Einstein system

Using Egs. (4.56) and (4.57), as well as (4.59) and (4.60), we rewrite the 3+1 Einstein system
(4.17), (4.19) and (4.22) as

d
(a — Eﬁ) Wij == —2NKZ‘J‘ (463)
9 K
2 —Lp | Kij = —DiD;N +N {Rij + KKyj — 2K K", + 47 [(S — E)yiy — 25 -]}
4.64)
R+ K? - K;;K"Y =167E (4.65)
D;K’, — DK = 8mp; | (4.66)

In this system, the covariant derivatives D; can be expressed in terms of partial derivatives with
respect to the spatial coordinates (z*) by means of the Christoffel symbols I ik of D associated
with (z%):

0*N p ON

) : :
D;K’, = St I KR =T K (4.68)
0K
DiK = . (4.69)

The Lie derivatives along 3 can be expressed in terms of partial derivatives with respect to the
spatial coordinates (z%), via Eqgs. (4.58) and (4.62):

9B; | 0P, k
EB 71.7 8.%'-7 + amz zj/Bk ( 70)
[,g Kij = ﬁk axk] + Kkj% + Klka—ij (4.71)

Finally, the Ricci tensor and scalar curvature of ~ are expressible according to the standard
expressions:

k
oIy or%y,

R=~9Ry. (4.73)

For completeness, let us recall the expression of the Christoffel symbols in terms of partial
derivatives of the metric: . 5 5 3

L el Al A A 474

ii =97\ i + oxd  Oxt (4.74)

Assuming that matter “source terms” (E,p;, S;;) are given, the system (4.63)-(4.66), with
all the terms explicited according to Eqs. (4.67)-(4.74) constitutes a second-order non-linear
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PDE system for the unknowns (v;;, K;j;, N, ). It has been first derived by Darmois, as early as
1927 [105], in the special case N = 1 and B = 0 (Gaussian normal coordinates, to be discussed
in Sec. 4.4.2). The case N # 1, but still with 3 = 0, has been obtained by Lichnerowicz in
1939 [176, 177] and the general case (arbitrary lapse and shift) by Choquet-Bruhat in 1948
[126, 128]. A slightly different form, with Kj; replaced by the “momentum conjugate to 7;;”,
namely 7 := /5(K~" — K%), has been derived by Arnowitt, Deser and Misner (1962) [23]
from their Hamiltonian formulation of general relativity (to be discussed in Sec. 4.5).

Remark : In the numerical relativity literature, the 3+1 FEinstein equations (4.63)-(4.66) are
sometimes called the “ADM equations”, in reference of the above mentioned work by
Arnowitt, Deser and Misner [23]. However, the major contribution of ADM is an Hamil-
tonian formulation of general relativity (which we will discuss succinctly in Sec. 4.5). This
Hamiltonian approach is not used in numerical relativity, which proceeds by integrating the
system (4.63)-(4.66). The latter was known before ADM work. In particular, the recog-
nition of the extrinsic curvature K as a fundamental 3+1 variable was already achieved
by Darmois in 1927 [105]. Moreoever, as stressed by York [279] (see also Ref. [12]),
Eq. (4.64) is the spatial projection of the spacetime Ricci tensor [i.e. is derived from the
FEinstein equation in the form (4.2), cf. Sec. j.1.3] whereas the dynamical equation in the
ADM work [23] is instead the spatial projection of the Einstein tensor [i.e. is derived from
the Einstein equation in the form (4.1)].

4.4 The Cauchy problem

4.4.1 General relativity as a three-dimensional dynamical system

The system (4.63)-(4.74) involves only three-dimensional quantities, i.e. tensor fields defined
on the hypersurface ¥;, and their time derivatives. Consequently one may forget about the
four-dimensional origin of the system and consider that (4.63)-(4.74) describes time evolving
tensor fields on a single three-dimensional manifold ¥, without any reference to some ambient
four-dimensional spacetime. This constitutes the geometrodynamics point of view developed by
Wheeler [267] (see also Fischer and Marsden [122, 123] for a more formal treatment).

It is to be noticed that the system (4.63)-(4.74) does not contain any time derivative of
the lapse function N nor of the shift vector 8. This means that N and 3 are not dynamical
variables. This should not be surprising if one remembers that they are associated with the
choice of coordinates (t,z%) (cf. Sec. 4.2.4). Actually the coordinate freedom of general relativity
implies that we may choose the lapse and shift freely, without changing the physical solution
g of the Einstein equation. The only things to avoid are coordinate singularities, to which a
arbitrary choice of lapse and shift might lead.

4.4.2 Analysis within Gaussian normal coordinates

To gain some insight in the nature of the system (4.63)-(4.74), let us simplify it by using the
freedom in the choice of lapse and shift: we set

N =1 (4.75)
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B = 0, (4.76)

in some neighbourhood a given hypersurface g where the coordinates (2?) are specified arbitrar-
ily. This means that the lines of constant spatial coordinates are orthogonal to the hypersurfaces
Y (see Fig. 4.1). Moreover, with N = 1, the coordinate time ¢ coincides with the proper time
measured by the Eulerian observers between neighbouring hypersurfaces ; [cf. Eq. (3.15)].
Such coordinates are called Gaussian normal coordinates. The foliation away from g se-
lected by the choice (4.75) of the lapse function is called a geodesic slicing. This name stems
from the fact that the worldlines of the Eulerian observers are geodesics, the parameter ¢ being
then an affine parameter along them. This is immediate from Eq. (3.18), which, for N = 1,
implies the vanishing of the 4-accelerations of the Eulerian observers (free fall).

In Gaussian normal coordinates, the spacetime metric tensor takes a simple form [cf. Eq. (4.48)]:

G Az dz” = —dt? + ;; da’ da’. (4.77)

In general it is not possible to get a Gaussian normal coordinate system that covers all M.
This results from the well known tendencies of timelike geodesics without vorticity (such as the
worldlines of the Eulerian observers) to focus and eventually cross. This reflects the attractive
nature of gravity and is best seen on the Raychaudhuri equation (cf. Lemma 9.2.1 in [265]).
However, for the purpose of the present discussion it is sufficient to consider Gaussian normal
coordinates in some neighbourhood of the hypersurface ¥g; provided that the neighbourhood is
small enough, this is always possible. The 3+1 Einstein system (4.63)-(4.66) reduces then to

i

= —2K;; 4.78
ot g (4.78)

Oy _ KK;; — 2K, K" + 47 [(S— E S 4
o R;j + ij — 2Ky j tam (S — )%’j -2 ij] (4.79)
R+ K? - K;;K7 = 16nE (4.80)
D;K?, — D;K = 8mp;. (4.81)

Using the short-hand notation

dig = a;j (4.82)

and replacing everywhere Kj;; thanks to Eq. (4.78), we get

0% 1o .
— 25 = 2Rij + 574 — 29y + 8 (S — B)yyy — 28] (4.83)
1 .. 1. . .
R+ 2 (v795)* = 37" iy = 167 (4.84)
Di(v* i) = 5 <7klm) = —167p;. (4.85)

As far as the gravitational field is concerned, this equation contains only the 3-metric . In
particular the Ricci tensor can be explicited by plugging Eq. (4.74) into Eq. (4.72). We need
only the principal part for our analysis, that is the part containing the derivative of ~;; of
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kM

hightest degree (two in the present case). We get, denoting by “ - -
order derivative of ~;;:

everything but a second

k
oo Oy oty
K oxF oxd

L0 | (0w | Ova O 10 [ (O  Ova Ovik
- 20zk [W ((%Ji + or  Oxl 2017 v oxt + ozt Ox! +
L 9Py FPya Pyg P P i ik L

2 Oxkoxt  OxkOxi  OxkOx!  Oxidxt  OxidxF  Oxidx!

1 g ( 0%y Vil %, 0%l Ok
P LB B ’ i} 4
Hij 2 <3m’“3xl T 95007 ~ dzi0ck  dwiodk ) T Qi | dxm )’ (4.86)

where Q;;(Vri, Ovk/0x™) is a (non-linear) expression containing the components 7 and their
first spatial derivatives only. Taking the trace of (4.86) (i.e. contracting with "), we get

it 0™ okl O Okl
R— ,yzk,yjlaxkal;l EPNNG axkalicl +Q (%z, (%m) . (4.87)
Besides
ik - T i [ OV : :
Di(v*4i) = A Djdm = +* ((97; T, =T jﬂkz>
1 0% ki OV O
_ A jk ki A Vel Okl 4.88
Y ool T (’Ykl,—axm,—at >7 (4.88)

where Q; (g1, Ovk1/0x™, Oy /Ot) is some expression that does not contain any second order
derivative of 7. Substituting Eqs. (4.86), (4.87) and (4.88) in Eqs. (4.83)-(4.85) gives

Py o Py Py Py P
ot? Oxkdx!  Oxidxi  Oxidxk  OxIdxk

) =87 [(S — E)'Yij — QSZ‘ ]

0 15
+Qij <%z,ﬂ M) (4.89)

dz™’ Ot
ot g 9% Ok Okl
k l 1) kl 1 o
Ry kol iy ko 16nE + Q (’Ykl, D W) (4.90)
ik O L Nkt Ok
’Y]kaxja; _ 'Vklaxz‘at = —16mpi + Qi (Wt 5 5 |- (4.91)

Notice that we have incorporated the first order time derivatives into the Q terms.

Equations (4.89)-(4.91) constitute a system of PDEs for the unknowns ~;;. This system is of
second order and non linear, but quasi-linear, i.e. linear with respect to all the second order
derivatives. Let us recall that, in this system, the 4%’s are to be considered as functions of the
7ij’s, these functions being given by expressing the matrix (v;;) as the inverse of the matrix (v;;)
(e.g. via Cramer’s rule).

A key feature of the system (4.89)-(4.91) is that it contains 6 + 1 + 3 = 10 equations for
the 6 unknowns ~;;. Hence it is an over-determined system. Among the three sub-systems
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(4.89), (4.90) and (4.91), only the first one involves second-order time derivatives. Moreover the
sub-system (4.89) contains the same numbers of equations than unknowns (six) and it is in a
form tractable as a Cauchy problem, namely one could search for a solution, given some initial
data. More precisely, the sub-system (4.89) being of second order and in the form

iy _ I O 0w 0P
oz~ T\ Ggm "ot 9zmoan )

(4.92)

the Cauchy problem amounts to finding a solution +;; for ¢ > 0 given the knowledge of ~;;
and 0v;;/0t at t = 0, i.e. the values of v;; and 0v;;/0t on the hypersurface ¥y. Since Fj;
is a analytical function', we can invoke the Cauchy-Kovalevskaya theorem (see e.g. [100]) to
guarantee the existence and uniqueness of a solution +;; in a neighbourhood of ¥, for any initial
data (vij,07i;/0t) on X that are analytical functions of the coordinates (z?).

The complication arises because of the extra equations (4.90) and (4.91), which must be
fulfilled to ensure that the metric g reconstructed from ~;; via Eq. (4.77) is indeed a solution of
Einstein equation. Equations (4.90) and (4.91), which cannot be put in the form such that the
Cauchy-Kovalevskaya theorem applies, constitute constraints for the Cauchy problem (4.89).
In particular one has to make sure that the initial data (v;5,0vi;/0t) on ¥y satisfies these
constraints. A mnatural question which arises is then: suppose that we prepare initial data
(7ij, 0i;/Ot) which satisfy the constraints (4.90)-(4.91) and that we get a solution of the Cauchy
problem (4.89) from these initial data, are the constraints satisfied by the solution for ¢t > 0 ?
The answer is yes, thanks to the Bianchi identities, as we shall see in Sec. 10.3.2.

4.4.3 Constraint equations

The main conclusions of the above discussion remain valid for the general 341 Einstein system
as given by Eqs. (4.63)-(4.66): Eqs. (4.63)-(4.64) constitute a time evolution system tractable
as a Cauchy problem, whereas Eqgs. (4.65)-(4.66) constitute constraints. This partly justifies the
names Hamiltonian constraint and momentum constraint given respectively to Eq. (4.65) and
to Eq. (4.66).

The existence of constraints is not specific to general relativity. For instance the Maxwell
equations for the electromagnetic field can be treated as a Cauchy problem subject to the
constraints D - B =0 and D - E = p/ey (see Ref. [171] or Sec. 2.3 of Ref. [44] for details of the
electromagnetic analogy).

4.4.4 Existence and uniqueness of solutions to the Cauchy problem

In the general case of arbitrary lapse and shift, the time derivative +;; introduced in Sec. 4.4.2 has
to be replaced by the extrinsic curvature Kjj, so that the initial data on a given hypersurface
Yo is (v, K). The couple (v, K) has to satisfy the constraint equations (4.65)-(4.66) on .
One may then ask the question: given a set (29,7, K, E,p), where ¥ is a three-dimensional
manifold, v a Riemannian metric on ¥y, K a symmetric bilinear form field on ¥y, F a scalar

Lit is polynomial in the derivatives of 7x; and involves at most rational fractions in vx; (to get the inverse
metric y*!
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field on 3¢ and p a vector field on Xy, which obeys the constraint equations (4.65)-(4.66):
R+ K? - K;jK" = 167E (4.93)
D;K7, — D;K = 8p;, (4.94)

does there exist a spacetime (M, g, T') such that (g, T") fulfills the Einstein equation and ¥y can
be embedded as an hypersurface of M with induced metric v and extrinsic curvature K 7

Darmois (1927) [105] and Lichnerowicz (1939) [176] have shown that the answer is yes for
the vacuum case (E = 0 and p; = 0), when the initial data (v, K) are analytical functions
of the coordinates (z') on Xg. Their analysis is based on the Cauchy-Kovalevskaya theorem
mentioned in Sec. 4.4.2 (cf. Chap. 10 of Wald’s textbook [265] for details). However, on physical
grounds, the analytical case is too restricted. One would like to deal instead with smooth (i.e.
differentiable) initial data. There are at least two reasons for this:

e The smooth manifold structure of M imposes only that the change of coordinates are
differentiable, not necessarily analytical. Consequently if (v, K) are analytical functions
of the coordinates, they might not be analytical functions of another coordinate system

("),

e An analytical function is fully determined by its value and those of all its derivatives at a
single point. Equivalently an analytical function is fully determined by its value in some
small open domain D. This fits badly with causality requirements, because a small change
to the initial data, localized in a small region, should not change the whole solution at all

points of M. The change should take place only in the so-called domain of dependence of
D.

This is why the major breakthrough in the Cauchy problem of general relativity has been
achieved by Choquet-Bruhat in 1952 [127] when she showed existence and uniqueness of the
solution in a small neighbourhood of X for smooth (at least C®) initial data (v, K). We shall
not give any sketch on the proof (beside the original publication [127], see the review articles
[39] and [88]) but simply mentioned that it is based on harmonic coordinates.

A major improvement has been then the global existence and uniqueness theorem by Choquet-
Bruhat and Geroch (1969) [87]. The latter tells that among all the spacetimes (M, g) solution
of the Einstein equation and such that (3,4, K) is an embedded Cauchy surface, there exists
a maximal spacetime (M*, g*) and it is unique. Mazimal means that any spacetime (M, g) so-
lution of the Cauchy problem is isometric to a subpart of (M*, g*). For more details about the
existence and uniqueness of solutions to the Cauchy problem, see the reviews by Choquet-Bruhat
and York [88], Klainerman and Nicolo [169], Andersson [15] and Rendall [212].

4.5 ADM Hamiltonian formulation

Further insight in the 341 Einstein equations is provided by the Hamiltonian formulation of
general relativity. Indeed the latter makes use of the 3+1 formalism, since any Hamiltonian
approach involves the concept of a physical state “at a certain time”, which is translated in
general relativity by the state on a spacelike hypersurface ;. The Hamiltonian formulation
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of general relativity has been developed notably by Dirac in the late fifties [115, 116] (see also
Ref. [109]), by Arnowitt, Deser and Misner (ADM) in the early sixties [23] and by Regge and
Teitelboim in the seventies [209]. Pedagogical presentations are given in Chap. 21 of MTW
[189], in Chap. 4 of Poisson’s book [205], in M. Henneaux’s lectures [157] and in G. Schéfer’s
ones [218]. Here we focuss on the ADM approach, which makes a direct use of the lapse function
and shift vector (contrary to Dirac’s one). For simplicity, we consider only the vacuum Einstein
equation in this section. Also we shall disregard any boundary term in the action integrals.
Such terms will be restored in Chap. 7 in order to discuss total energy and momentum.

4.5.1 341 form of the Hilbert action

Let us consider the standard Hilbert action for general relativity (see N. Deruelle’s lecture [108]):
S = / ‘R —gdz, (4.95)

v
where V is a part of M delimited by two hypersurfaces ¥y, and 3, (t1 < t2) of the foliation

(Et)te]Ri

t=t1

Thanks to the 341 decomposition of “R provided by Eq. (3.51) and to the relation \/—g = N~
[Eq. (4.55)] we can write

S = / [N (R+ K? + K;jKY) — 2Ly, K — 2D;D'N| /7 d*z. (4.97)
Vv

Now

LK = mtV,K=Nn'V,K=N[V,(Kn')—-KV,n"|
~——
——K

= N[V.(Kn")+ K?. (4.98)
Hence Eq. (4.97) becomes
S = /v [N (R+ KijK" — K*) — 2NV ,(Kn") — 2D;D'N] /7y d'=. (4.99)
But
/v NV, (Knt)\/yd*z = /V V. (Knt)/—gd'z = /v a%u (V=gKn") d*z (4.100)

is the integral of a pure divergence and we can disregard this term in the action. Accordingly,
the latter becomes
to

S = {/ [N (R+ K;jK" — K*) — 2D;D'N| ﬁd%} dt, (4.101)
P

t1
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where we have used (4.96) to split the four-dimensional integral into a time integral and a
three-dimensional one. Again we have a divergence term:

D;D'N \/yd*z = / aai (VAD'N) d*z, (4.102)
¥, OF

3t

which we can disregard. Hence the 341 writing of the Hilbert action is

to

S = {/ N (R+ K;;K" — K?) ﬁd%} dt|. (4.103)
p3

t1

4.5.2 Hamiltonian approach

The action (4.103) is to be considered as a functional of the “configuration” variables ¢ =
(vij, N, 8) [which describe the full spacetime metric components gos, cf. Eq. (4.47)] and their
time derivatives® ¢ = (¥, N, ﬁz) S = S[g,q]. In particular K;; in Eq. (4.103) is the function of
Yij» Yij» N and 3¢ given by Eqgs. (4.63) and (4.62):

1 :
Kij = N (’mDyﬂk +yDifB* — ’m) : (4.104)

From Eq. (4.103), we read that the gravitational field Lagrangian density is

L(q,4) = N\(R+ Kij K" — K*) = N\/y [R + (70 — vijvkl)Kinm] ; (4.105)

with K;; and Kj; expressed as (4.104). Notice that this Lagrangian does not depend upon
the time derivatives of N and (3%: this shows that the lapse function and the shift vector are
not dynamical variables. Consequently the only dynamical variable is «;;. The momentum
canonically conjugate to it is

y oL
= = (4.106)
ij
From Egs. (4.105) and (4.104), we get
™ = N/ [(WMVJZ — VI Ky + (YFiAH - W%”)Kkz} X <_ﬁ> : (4.107)
i.e.
™ = /4 (Ky7 — KY) | (4.108)
The Hamiltonian density is given by the Legendre transform
H =74 — L. (4.109)

%we use the same notation as that defined by Eq. (4.82)
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Using Eqs. (4.104), (4.108) and (4.105), we have
H = (K47 — K9)(=2NK;j + D;3; + D;3;) — N\/3(R + Ki; K" — K?)
= VA |-NR+ K2 - KK+ 2 (K - K7 ,) D
- -7 [N(R + K2 — K K) + 20 (D,K - DjKjl.)]
+2y7D; (K - K ,5). (4.110)

The corresponding Hamiltonian is

H= [ Hd. (4.111)
P

Noticing that the last term in Eq. (4.110) is a divergence and therefore does not contribute to
the integral, we get

H= —/ (NCy — 28°C;) JAd’z | (4.112)
3¢
where
Cy = R+K?*-K;K", (4.113)
C; = D;K’, - D;K (4.114)

are the left-hand sides of the constraint equations (4.65) and (4.66) respectively.
The Hamiltonian H is a functional of the configuration variables (v;;, IV, (%) and their con-

jugate momenta (7%, 7V, 7'('? ), the last two ones being identically zero since
oL oL
V= 2 = and 7T%8 =—=0 (4.115)
ON o)oK

The scalar curvature R which appears in H via Cj is a function of +;; and its spatial derivatives,
via Eqs. (4.72)-(4.74), whereas K;; which appears in both Cy and Cj is a function of 7;; and 7/,
obtained by “inverting” relation (4.108):

Kij = Kijlvy,w] = % (

The minimization of the Hilbert action is equivalent to the Hamilton equations

1

5%17TM%7' - %’k'YjﬂTkl> . (4.116)

=4 (4.117)
:;Z = 7 (4.118)
?—ﬁ =V =0 (4.119)
OH _ ) (4.120)

53
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Computing the functional derivatives from the expression (4.112) of H leads the equations

o0H .
o = —QNKZ']' + Dzﬁ] + D]ﬂz = Yij (4121)
E—— ] 4.122
0%ij ( )
o0H
—=—-Cy = 4.123
sy — Co=0 ( )
oH
- =2C; = 0. 4.124

Equation (4.121) is nothing but the first equation of the 341 Einstein system (4.63)-(4.66).
We do not perform the computation of the variation (4.122) but the explicit calculation (see
e.g. Sec. 4.2.7 of Ref. [205]) yields an equation which is equivalent to the dynamical Einstein
equation (4.64). Finally, Eq. (4.123) is the Hamiltonian constraint (4.65) with £ = 0 (vacuum)
and Eq. (4.124) is the momentum constraint (4.66) with p; = 0.

Equations (4.123) and (4.124) show that in the ADM Hamiltonian approach, the lapse func-
tion and the shift vector turn out to be Lagrange multipliers to enforce respectively the Hamil-
tonian constraint and the momentum constraint, the true dynamical variables being 7;; and
.
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Chapter 5

3+1 equations for matter and
electromagnetic field
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5.1 Introduction

After having considered mostly the left-hand side of Einstein equation, in this chapter we focus
on the right-hand side, namely on the matter represented by its stress-energy tensor T'. By
“matter”, we actually mean any kind of non-gravitational field, which is minimally coupled to
gravity. This includes the electromagnetic field, which we shall treat in Sec. 5.4. The matter
obeys two types of equations. The first one is the vanishing of the spacetime divergence of the
stress-energy tensor:

—

V.T=0| (5.1)

which, thanks to the contracted Bianchi identities, is a consequence of Einstein equation (4.1)
(see N. Deruelle’s lectures [108]). The second type of equations is the field equations that must
be satisfied independently of the Einstein equation, for instance the baryon number conservation
law or the Maxwell equations for the electromagnetic field.
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5.2 Energy and momentum conservation

5.2.1 3+1 decomposition of the 4-dimensional equation

Let us replace T in Eq. (5.1) by its 341 expression (4.10) in terms of the energy density E, the
momentum density p and the stress tensor S, all of them as measured by the Eulerian observer.
We get, successively,

V,T", =0
Vi (S*, +n*pa + pi'ng + Enfng) =0
VSt — Kpa + 1MV ypo +Vup' ng — pH' Ko — KEng + EDyIn N
+nt'V, Eng =0, (5.2)

where we have used Eq. (3.20) to express the Vn in terms of K and DIn N.

5.2.2 Energy conservation

Let us project Eq. (5.2) along the normal to the hypersurfaces ¥, i.e. contract Eq. (5.2) with
n®. We get, since p, K and DIn N are all orthogonal to n:

n’Vv,S*, +ntn"V,p, -V, p' + KE —n*V,E = 0. (5.3)
Now, since n - S =0,
n'v,Ss*, = =S, v,n" = " (K", + D"InNn,) = K,,S". (5.4)

Similarly
ntn"V,p, = —p,n'V,n” = —p,D"In N. (5.5)

Besides, let us express the 4-dimensional divergence V,pt is terms of the 3-dimensional one,
D, p#. For any vector v tangent to ¥, like p, Eq. (2.79) gives

Dyt =P ANV 07 = 4P V07 = (67, + 10 ng)V 7 = V0P —07nfVn, = Vo =07 Dy In N

Hence the usefull relation between the two divergences )
VweT(3), Vw=Dwv+v - DnN| (5.7)

or in terms of components,
Yo € T(%), V=D +v'D;InN. (5.8)

Applying this relation to v = p and taking into account Egs. (5.4) and (5.5), Eq. (5.3) becomes

Lo,E+D -p+2p-DInN —- KE — K;;SY =0. (5.9)
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Remark : We have written the derivative of E along n as a Lie derivative. E being a scalar
field, we have of course the alternative expressions

E
LoE=V,E=n-VE=n"V,E = n“% = (dE,n). (5.10)
xXr

L, F is the derivative of E with respect to the proper time of the Eulerian observers: L,, E =
dE/dr, for n is the 4-velocity of these observers. It is easy to let appear the derivative with
respect to the coordinate time t instead, thanks to the relation n = N=1(8; — 3) [cf. Eq. (4.31)]:

Lnk = % (% - ﬁﬁ) E. (5.11)
Then
(%‘48)E‘i‘N(D'ﬁ—KE—KijSij)+213-DN:0, (5.12)
in components:
0 ;0 : g ,
<E —F axi> E+N (D' - KE - KijS”) +2p'DiN = 0. (5.13)

This equation has been obtained by York (1979) in his seminal article [276].

5.2.3 Newtonian limit

As a check, let us consider the Newtonian limit of Eq. (5.12). For this purpose let us assume
that the gravitational field is weak and static. It is then always possible to find a coordinate
system (2%) = (2° = ct,2') such that the metric components take the form (cf. N. Deruelle’s
lectures [108])

Gudatds” = — (1 +2®) dt* + (1 — 29) fi; da'da?, (5.14)

where @ is the Newtonian gravitational potential (solution of Poisson equation A® = 47Gp)
and f;; are the components the flat Euclidean metric f in the 3-dimensional space. For a weak
gravitational field (Newtonian limit), |®| < 1 (in units where the light velocity is not one, this
should read |®|/c? < 1). Comparing Eq. (5.14) with (4.48), we get N = v/1+2® ~ 1 + ®,
B =0and v = (1 —2®)f. From Eq. (4.63), we then obtain immediately that K = 0. To
summarize:

Newtonian limit: N=1+®, #g=0, v=(1-29)f, K=0, |? <1 (5.15)

Notice that the Eulerian observer becomes a Galilean (inertial) observer for he is non-rotating
(cf. remark page 44).
Taking into account the limits (5.15), Eq. (5.12) reduces to

oE

5 tD-p=-2p Do (5.16)
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Let us denote by D the Levi-Civita connection associated with the flat metric f. Obviously
D® = D®. On the other side, let us express the divergence D - p in terms of the divergence
’D p. From Eq. ( 5 15) we have ¥ = (1 — 20)71fU ~ (1 + 2®)f¥ as well as the relation

= /(1 —29)3 (1 — 3®)\/f between the determinants v and f of respectively (v;;) and
( flj) Therefore

T (V)

—— |(1 = 30)V/F(1 +20) fp, ]

0 oo
3 A<\/?fw ) f”p]({“)’
-p—p-DD. (5.17)

D-p = —== (V)=

12

T (=07

12

2
9

Consequently Eq. (5.16) becomes

1D
%—t +D-p=-p - D>. (5.18)

This is the standard energy conservation relation in a Galilean frame with the source term
—p-D®. The latter constitutes the density of power provided to the system by the gravitational
field (this will be clear in the perfect fluid case, to be discussed below).

Remark : In the left-hand side of Eq. (5.18), the quantity p plays the role of an energy flux,
whereas it had been defined in Sec. 4.1.2 as ¢ momentum density. [t is well known that
both aspects are equivalent (see e.g. Chap. 22 of [155]).

5.2.4 Momentum conservation
Let us now project Eq. (5.2) onto X;:
VaVuSt, — Kpo + 7" 0"V upy, — Koup' + EDyIn N = 0. (5.19)

Now, from relation (2.79),

Dﬂsﬂa = ,ypﬂ,y,uo,yl/avpsoy = ,}/PU,}/VQVPSUV
= 767, + 1y )V 587, =47 (V,S?, — 5%, nPV ng )
————
=DsIn N
= ’y”avuS"y — SMaDu In N. (5.20)
Besides
’VVanuvupu = N—l,yVavaﬂpy = N_l’VVa (L py — pﬂvym“)

= N 'Lpmpa + Koup”, (5.21)
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where use has been made of Eqs. (3.22) and (3.22) to get the second line. In view of Egs. (5.19)
and (5.20), Eq. (5.21) becomes

1
~Lmpa+ DSy + 5", Dy N = Kpo + EDaIn N =0 (5.22)

Writing L, = 0/0t — Lz, we obtain

8 — —
<a—£5>p+ND-S’—|—S-DN—NKp—|—EDN:0, (5.23)
or in components
0 _r ND;S’. + S;;D’N — NKp; + ED;N
9t LB | Pi + iS7; + Sij - pi + ED;N = 0. (5.24)

Again, this equation appears in York’s article [276]. Actually York’s version [his Eq. (41)]
contains an additional term, for it is written for the vector p dual to the linear form p, and since
Ly # 0, this generates the extra term p; Ly, yY = 2NK%p;.

To take the Newtonian limit of Eq. (5.23), we shall consider not only Eq. (5.15), which
provides the Newtonian limit of the gravitational field, by in addition the relation

Newtonian limit: \Sij\ < E, (5.25)

which expresses that the matter is not relativistic. Then the Newtonian limit of (5.23) is

15) -

P D .§=-EDS. (5.26)
ot

Note that in relating D - StoD- S’l there should appear derivatives of ®, as in Eq. (5.17), but
thanks to property (5.25), these terms are negligible in front of ED®. Equation (5.26) is the
standard momentum conservation law, with —ED® being the gravitational force density.

5.3 Perfect fluid

5.3.1 kinematics

The perfect fluid model of matter relies on a vector field u of 4-velocities, giving at each point
the 4-velocity of a fluid particle. In addition the perfect fluid is characterized by an isotropic
pressure in the fluid frame. More precisely, the perfect fluid model is entirely defined by the
following stress-energy tensor:

\TZ(p+P)u®y+Pg, (5.27)

where p and P are two scalar fields, representing respectively the matter energy density and the
pressure, both measured in the fluid frame (i.e. by an observer who is comoving with the fluid),
and w is the 1-form associated to the 4-velocity w by the metric tensor g [cf. Eq. (2.9)].
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I'm - — — — —

n

| dl ‘
/ It i \Z'de
dr

_— r v 1y
s

Figure 5.1: Worldline £ of a fluid element crossing the spacetime foliation (¥¢)icr. u is the fluid 4-velocity
and U = d¢/dr the relative velocity of the fluid with respect to the Eulerian observer, whose 4-velocity is n. U
is tangent to 3; and enters in the orthogonal decomposition of u with respect to X, via w = I'(n + U). NB:
contrary to what the figure might suggest, dr > dro (conflict between the figure’s underlying Euclidean geometry
and the actual Lorentzian geometry of spacetime).

Let us consider a fluid element at point p € ¥4 (cf. Fig. 5.1). Let 7 be the Eulerian observer’s
proper time at p. At the coordinate time ¢t + dt, the fluid element has moved to the point
q € Xyrq- The date 7+ dr attributed to the event ¢ by the Eulerian observer moving through
p is given by the orthogonal projection ¢’ of ¢ onto the wordline of that observer. Indeed, let us
recall that the space of simultaneous events (local rest frame) for the Eulerian observer is the
space orthogonal to his 4-velocity u, i.e. locally ¥; (cf. Sec. 3.3.3). Let d€ be the infinitesimal
vector connecting ¢’ to q. Let dry be the increment of the fluid proper time between the events
p and ¢q. The Lorentz factor of the fluid with respect to the Eulerian observer is defined as
being the proportionality factor I' between the proper times dry and dr:

T =) 529
One has the triangle identity (cf. Fig. 5.1):
drou = drn + de. (5.29)

Taking the scalar product with n yields

dron-u=drn-n+n-de, (5.30)
-1 =0

hence, using relation (5.28),
=l 5a)

From a pure geometrical point of view, the Lorentz factor is thus nothing but minus the scalar
product of the two 4-velocities, the fluid’s one and the Eulerian observer’s one.
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Remark : Whereas I' has been defined in an asymmetric way as the “Lorentz factor of the fluid
observer with respect to the FEulerian observer”, the above formula shows that the Lorentz
factor is actually a symmetric quantity in terms of the two observers.

Using the components n,, of n given by Eq. (4.38), Eq. (5.31) gives an expression of the Lorentz
factor in terms of the component u® of u with respect to the coordinates (¢, z):

I = Nu®. (5.32)

The fluid velocity relative to the Eulerian observer is defined as the quotient of the
displacement d€ by the proper time dr, both quantities being relative to the FEulerian observer
(cf. Fig. 5.1):

e

U:=—|
dr

(5.33)

Notice that by construction, U is tangent to ¥;. Dividing the identity (5.29) by dr and making
use of Eq. (5.28) results in

lu=T(n+0U)]| (5.34)

Since n - U = 0, the above writting constitutes the orthogonal 3+1 decomposition of the fluid
4-velocity w. The normalization relation of the fluid 4-velocity, i.e. w-u = —1, combined with
Eq. (5.34), results in

J— f— 2 . . .
1=T ('ri :L+2n70U+U U), (5.35)
hence
r=1-uv-u) % (5.36)

Thus, in terms of the velocity U, the Lorentz factor is expressed by a formula identical of that
of special relativity, except of course that the scalar product in Eq. (5.36) is to be taken with
the (curved) metric v, whereas in special relativity it is taken with a flat metric.

It is worth to introduce another type of fluid velocity, namely the fluid coordinate velocity
defined by

Voo dx

= — 5.37
=4 (537)

where dx is the displacement of the fluid worldline with respect to the line of constant spatial
coordinates (cf. Fig. 5.2). More precisely, if the fluid moves from the point p of coordinates
(t,2%) to the point ¢ of coordinates (t + dt,x" + dx?), the fluid coordinate velocity is defined as
the vector tangent to ¥, the components of which are

B dzt

Vi : 5.38

o (5.38)

Noticing that the components of the fluid 4-velocity are u® = dx®/dry, the above formula can
be written A
. ut

V= —. (5.39)

u0
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u
n A at
dl
/7
)
N
/71:1 B t+dt
—)
dt
L .
X' = const.

Figure 5.2: Coordinate velocity V of the fluid defined as the ratio of the fluid displacement with respect to the
line of constant spatial coordinates to the coordinate time increment dt.

From the very definition of the shift vector (cf. Sec. 4.2.2), the drift of the coordinate line
x* = const from the Eulerian observer worldline between ¢ and ¢ + dt is the vector dt 3. Hence
we have (cf. Fig. 5.2)

dé = dt 3+ dx. (5.40)

Dividing this relation by dr, using Eqs. (5.33), (3.15) and (5.37) yields

U=~ (V+0)| (5.41)

On this expression, it is clear that at the Newtonian limit as given by (5.15), U = V.

5.3.2 Baryon number conservation

In addition to V - T = 0, the perfect fluid must obey to the fundamental law of baryon number

conservation:
v 5 =0) (542

where jp is the baryon number 4-current, expressible in terms of the fluid 4-velocity and
the fluid proper baryon number density ng as

|42 = npu] (5.4

The baryon number density measured by the Eulerian observer is

Ng = —jp - n. (5.44)
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Combining Egs. (5.31) and (5.43), we get

W =T 549

This relation is easily interpretable by remembering that Mg and ng are volume densities and
invoking the Lorentz-FitzGerald “length contraction” in the direction of motion.

The baryon number current measured by the Eulerian observer is given by the
orthogonal projection of jg onto >:

Ji = 7(jn). (5.46)
Taking into account that ¥(u) = TU [Eq. (5.34)], we get the simple relation

[T = W0 a0

Using the above formulae, as well as the orthogonal decomposition (5.34) of u, the baryon
number conservation law (5.42) can be written

V. (TLBU) =0
V. [ngl(n+U)] =0
V [Ngn+NsgU] =0

VN + NV -n+V - (NgU)=0 (5.48)
- K

Since NgU € T (X;), we may use the divergence formula (5.7) and obtain
L. Ng—KNg+D- (./\/BU)—i-./\/BU-DlnN:O, (5.49)

where we have written n- VAN = £, V. Since n = N~1(8; — 8) [Eq. (4.31)], we may rewrite
the above equation as

(% - c5> N+ D - (NNgU) — NKNg =0/ (5.50)

Using Eq. (5.41), we can put this equation in an alternative form
0
aNg%—D-(NBV)%—NB(D-B—NK):0. (5.51)

5.3.3 Dynamical quantities

The fluid energy density as measured by the Eulerian observer is given by formula (4.3): E =
T(n,n), with the stress-energy tensor (5.27). Hence E = (p + P)(u - n)? + Pg(n,n). Since
u-n = —I"[Eq. (5.31)] and g(n,n) = —1, we get

E=T%p+P)-P| (5.52)
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Remark : For pressureless matter (dust), the above formula reduces to E = I'?p. The reader
familiar with the formula E = I'mc® may then be puzzled by the T'? factor in (5.52).
However he should remind that E is not an energy, but an energy per unit volume: the
extra I factor arises from “length contraction” in the direction of motion.

Introducing the proper baryon density ng, one may decompose the proper energy density p
in terms of a proper rest-mass energy density py and an proper internal energy ciy as

P = po + Eint, with  pg := mpng, (5.53)

mp being a constant, namely the mean baryon rest mass (mp ~ 1.66 x 10727 kg). Inserting
the above relation into Eq. (5.52) and writting I'2p = I'p + (I' — 1)I'p leads to the following
decomposition of E:

E = Ey + Exin + Eint, (5.54)
with the rest-mass energy density
Ey := mpNp, (5.55)
the kinetic energy density
Ey,:= (T —1)Ey = (' — 1)mpANp, (5.56)
the internal energy density
Bt :=T?(gny + P) — P. (5.57)

The three quantities Fy, Fyin, and Ej, are relative to the Eulerian observer.
At the Newtonian limit, we shall suppose that the fluid is not relativistic [cf. (5.25)]:

P < po, || <po, U?:=U-U<1. (5.58)

Then we get
L U? Lo
Newtonian limit: IT'~ 1+ 5 E~FE+P~FEy~py, E—-FEy~ §p0U + Eint- (5.59)

The fluid momentum density as measured by the Eulerian observer is obtained by applying
formula (4.4):

p = -T(n,7() = —(p+P){u,n) (u,3()) —Pg(n,3())
N e’ N’
=T =I'U =0
= T*(p+P)U, (5.60)

where Egs. (5.31) and (5.34) have been used to get the second line. Taking into account
Eq. (5.52), the above relation becomes

p=(E+PU| (5.61)
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Finally, by applying formula (4.7), we get the fluid stress tensor with respect to the Eulerian
observer:

§ = AT =(p+P)Ju0yu+Pyg
- =~ =2
=I't =I'u =
= Py+T?(p+PUU, (5.62)
or, taking into account Eq. (5.52),
|S=Py+(E+P)UU| (5.63)

5.3.4 Energy conservation law

By means of Egs. (5.61) and (5.63), the energy conservation law (5.12) becomes

(% - c5> E+N{D[(E+P)U] - (E+ P)(K + K;U'U’)} +2(E+P)U-DN =0 (5.64)

To take the Newtonian limit, we may combine the Newtonian limit of the baryon number
conservation law (5.50) with Eq. (5.18) to get

83—? +D-[(E'+ P)U] = -U - (pyD®), (5.65)

where ' := F — Ey = E, + Eing and we clearly recognize in the right-hand side the power
provided to a unit volume fluid element by the gravitational force.

5.3.5 Relativistic Euler equation

Injecting the expressions (5.61) and (5.63) into the momentum conservation law (5.23), we get

0 A . ,
(— - £5> [(E + P)U;] + ND, [Péji + (E+ P)U’U;| + [Prij + (E + P)UU;] D’ N

ot
~NK(E + P)U; + ED;N = 0. (5.66)
Expanding and making use of Eq. (5.64) yields
0 , ,
(E - £g> U; + NUID;U; — U'D;N U; + D;N + N K U*U'U;
+ NDP+U (2P| =0 (5.67)
E+p |7 T e TP)T T '

Now, from Eq. (5.41), NUijUZ‘ = VijUZ‘ —i—ﬁijUi, so that —ﬁlg U; —i—NUijUZ‘ = VijUZ‘ —
U;D;3 [cf. Eq. (A.7)]. Hence the above equation can be written

U , , 1 oP ;OP
'+ VIDU; + NKyUrU'U; —U; D7 = — ND;P4+U; | — — FF ——
5 +V'D;U; + U U U; — U; D8 E—{—P[ ‘ +U<8t ﬁax1>]
—DZN—I—UZUJD]N

(5.68)
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=

The Newtonian limit of this equation is [cf. Egs. (5.15) and (5.59)]

oU; , 1
L+ U'D;U; = ——D; P — D;®, 5.69
at + J PO ( )

i.e. the standard Euler equation in presence of a gravitational field of potential ®.

5.3.6 Further developments

For further developments in 341 relativistic hydrodynamics, we refer to the review article by
Font [124]. Let us also point out that the 3+1 decomposition presented above is not very
convenient for discussing conservation laws, such as the relativistic generalizations of Bernoulli’s
theorem or Kelvin’s circulation theorem. For this purpose the Carter-Lichnerowicz approach,
which is based on exterior calculus, is much more powerfull, as discussed in Ref. [113].

5.4 Electromagnetic field

not written up yet; see Ref. [258].

5.5 341 magnetohydrodynamics

not written up yet; see Refs. [15, 235, 22].
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6.1 Introduction

Historically, conformal decompositions in 3+1 general relativity have been introduced in two
contexts. First of all, Lichnerowicz [177] ' has introduced in 1944 a decomposition of the
induced metric 7 of the hypersurfaces ¥; of the type

¥ =03, (6.1)

where W is some strictly positive scalar field and 4 an auxiliary metric on ¢, which is necessarily
Riemannian (i.e. positive definite), as v is. The relation (6.1) is called a conformal trans-
formation and 4 will be called hereafter the conformal metric. Lichnerowicz has shown
that the conformal decomposition of «, along with some specific conformal decomposition of the
extrinsic curvature provides a fruitful tool for the resolution of the constraint equations to get
valid initial data for the Cauchy problem. This will be discussed in Chap. 8.

Then, in 1971-72, York [271, 272] has shown that conformal decompositions are also impor-
tant for the time evolution problem, by demonstrating that the two degrees of freedom of the
gravitational field are carried by the conformal equivalence classes of 3-metrics. A conformal

Isee also Ref. [178] which is freely accessible on the web
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equivalence class is defined as the set of all metrics that can be related to a given metric v
by a transform like (6.1). The argument of York is based on the Cotton tensor [99], which is
a rank-3 covariant tensor defined from the covariant derivative of the Ricci tensor R of v by

1 1
Cijk == Dy, <Rij - ZR%]) - D; <Rik - ZR%‘k> : (6.2)

The Cotton tensor is conformally invariant and shows the same property with respect to 3-
dimensional metric manifolds than the Weyl tensor [cf. Eq. (2.18)] for metric manifolds of
dimension strictly greater than 3, namely its vanishing is a necessary and sufficient condition for
the metric to be conformally flat, i.e. to be expressible as v = U4 f, where ¥ is some scalar
field and f a flat metric. Let us recall that in dimension 3, the Weyl tensor vanishes identically.
More precisely, York [271] constructed from the Cotton tensor the following rank-2 tensor

g 1. . . A 1 .
C .= _ielklcmmmﬂ = klpy (R] = ZRaﬂ l) , (6.3)

where € is the Levi-Civita alternating tensor associated with the metric «. This tensor is called
the Cotton-York tensor and exhibits the following properties:

e symmetric: C7* = C%
e traceless: %J-Cij =0
e divergence-free (one says also transverse): D;C% =0

Moreover, if one consider, instead of C, the following tensor density of weight 5/3,

Cli = AP/5C (6.4)
where 7 := det(v;;), then one gets a conformally invariant quantity. Indeed, under a conformal
transformation of the type (6.1), €*! = W=6¢*l ¢ . = C,.p1 (conformal invariance of the Cotton

tensor), v = ¥~43™ and A5/6 = W1035/6 56 that CY = C¥. The traceless and transverse
(TT) properties being characteristic of the pure spin 2 representations of the gravitational field
(cf. T. Damour’s lectures [103]), the conformal invariance of C% shows that the true degrees of
freedom of the gravitational field are carried by the conformal equivalence class.

Remark : The remarkable feature of the Cotton-York tensor is to be a TT object constructed
from the physical metric v alone, without the need of some extra-structure on the manifold
Y. Usually, TT objects are defined with respect to some extra-structure, such as privileged
Cartesian coordinates or a flat background metric, as in the post-Newtonian approach to
general relativity (see L. Blanchet’s lectures [55]).

Remark : The Cotton and Cotton-York tensors involve third derivatives of the metric tensor.
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6.2 Conformal decomposition of the 3-metric

6.2.1 Unit-determinant conformal “metric”

A somewhat natural representative of a conformal equivalence class is the unit-determinant
conformal “metric”

et (6.5)
where v := det(7;;). This would correspond to the choice ¥ = /12 in Eq. (6.1). All the metrics
~ in the same conformal equivalence class lead to the same value of 4. However, since the
determinant v depends upon the choice of coordinates to express the components v;;, ¥ = 71/ 12
would not be a scalar field. Actually, the quantity 4 is not a tensor field, but a tensor density,
of weight —2/3.

Let us recall that a tensor density of weight n € QQ is a quantity 7T such that

¥ =

T =~"2T, (6.6)
where T is a tensor field.

Remark : The conformal “metric” (6.5) has been used notably in the BSSN formulation [233,

/5] for the time evolution of 3+1 Einstein system, to be discussed in Chap. 9. An “associ-

ated” connection D has been introduced, such that D’y = 0. However, since 7 is a tensor

density and not a tensor field, there is not a unique connection associated with it (Levi-

Civita connection). In particular one has Dy = 0, so that the connection D associated

with the metric v is “associated” with 4, in addition to D. As a consequence, some of

the formule presented in the original references [233, /3] for the BSSN formalism have a
meaning only for Cartesian coordinates.

6.2.2 Background metric

To clarify the meaning of D (i.e. to avoid to work with tensor densities) and to allow for the
use of spherical coordinates, we introduce an extra structure on the hypersurfaces ¥;, namely
a background metric f [63]. It is asked that the signature of f is (+,+,+), i.e. that f isa
Riemannian metric, as . Moreover, we tight f to the coordinates (z°) by demanding that the
components f;; of f with respect to (%) obey to

A fij
=0. 6.7
pr (6.7)
An equivalent writing of this is
Ly f=0, (6.8)

i.e. the metric f is Lie-dragged along the coordinate time evolution vector 9.

If the topology of ¥; enables it, it is quite natural to choose f to be flat, i.e. such that its
Riemann tensor vanishes. However, in this chapter, we shall not make such hypothesis, except
in Sec. 6.6.
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As an example of background metric, let us consider a coordinate system (x') = (x,, 2)
on Y; and define the metric f as the bilinear form whose components with respect to that
coordinate system are f;; = diag(1,1,1) (in this example, f is flat).

The inverse metric is denoted by f%:

¥ fej =05, (6.9)
In particular note that, except for the very special case v;; = f;;, one has
FI# A (6.10)

We denote by D the Levi-Civita connection associated with f:
Dy fij =0, (6.11)

and define A -

D' = fYD;. (6.12)
The Christoffel symbols of the connection D with respect to the coordinates (x?) are denoted
by T'*. ; they are given by the standard expression:

50
~k 1 ki aflj afil . afij
T = 2f ox? + oxi  Oxl )’ (6.13)

6.2.3 Conformal metric

Thanks to f, we define

7= Uy (6.14)

where

5 1/12
U= <?> .y i=det(yyy), f = det(fij). (6.15)

The key point is that, contrary to v, ¥ is a tensor field on ¥;. Indeed a change of coordinates
(') — (z') induces the following changes in the determinants:

v = (det.J)?y 16)
1= (detJ)*f, (6.17)
where J denotes the Jacobian matrix
- ox’
JZ = . 618
7 8.7]7/ ( )

From Egs. (6.16)-(6.17) it is obvious that 4'/f" = ~/f, which shows that v/ f, and hence ¥, is
a scalar field. Of course, this scalar field depends upon the choice of the background metric f.
U being a scalar field, the quantity 4 defined by (6.14) is a tensor field on ;. Moreover, it is a
Riemannian metric on ;. We shall call it the conformal metric. By construction, it satisfies

det(yiy) = f | (6.19)
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This is the “unit-determinant” condition fulfilled by 4. Indeed, if one uses for (z%) Cartesian-
type coordinates, then f = 1. But the condition (6.19) is more flexible and allows for the use of
e.g. spherical type coordinates (2') = (r,0, ), for which f = r*sin?#.

We define the inverse conformal metric ¥ by the requirement

e A = 6,7, (6.20)
which is equivalent to N B
5 — A, (6.21)
Hence, combining with Eq. (6.14),
v =945 and |y =015 (6.22)

Note also that although we are using the same notation 7 for both ¥;; and A4 one has
79 £ A" A, (6.23)
except in the special case ¥ = 1.

Example : A simple example of a conformal decomposition is provided by the Schwarzschild
spacetime described with isotropic coordinates (x®) = (t,r,0,p); the latter are related to
the standard Schwarzschild coordinates (¢, R,0,¢) by R =r (1 + %)2 The components of
the spacetime metric tensor in the isotropic coordinates are given by (see e.g.

1—\?2 4

gudatde?’ = — (=20 ) @2 + (1 + ﬂ) [dr? + r2(d62 + sin2 di?)] , (6.24)
1+ 2r

where the constant m is the mass of the Schwarzschild solution. If we define the background

metric to be f;; = diag(1, 72,72 sin? @), we read on this line element that v = W45 with

m
U =1+ — 6.25
* 2r ( )
and v = f. Notice that in this example, the background metric f is flat and that the
conformal metric coincides with the background metric.

Example : Another example is provided by the weak field metric introduced in Sec. 5.2.3 to
take Newtonian limits. We read on the line element (5.14) that the conformal metric is
~ = f and that the conformal factor is

1
U= (1-20)/*~1— 52 (6.26)

where || < 1 and ® reduces to the gravitational potential at the Newtonian limit. As
a side remark, notice that if we identify expressions (6.25) and (6.26), we recover the
standard expression ® = —m/r (remember G = 1 !) for the Newtonian gravitational
potential outside a spherical distribution of mass.
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6.2.4 Conformal connection

4 being a well defined metric on ¥, let D be the Levi-Civita connection associated to it:
D7 =0. (6.27)

Let us denote by fkl-j the Christoffel symbols of D with respect to the coordinates (z°):

Given a tensor field T of type <Z ) on Y, the covariant derivatives DT and DT are related
by the formula

p
i1...0p I 11...0p i 1.0y . Z 1 i1...0p
DT = DTy + ) O T fromda Cog T gy (6:29)
r=1

where?

k. pk Sk
C%j =17 =T,

(6.30)

Fkij being the Christoffel symbols of the connection D. The formula (6.29) follows immediately
from the expressions of DT and DT in terms of respectively the Christoffel symbols Fkl-j and

f’kij. Since DkT“”'Z”jl.“jq —DkT“”'Z"jl___jq are the components of a tensor field, namely DT—ET7
it follows from Eq. (6.29) that the Cki ; are also the components of a tensor field. Hence we recover
a well known property: although the Christoffel symbols are not the components of any tensor
field, the difference between two sets of them represents the components of a tensor field. We

may express the tensor C’kij in terms of the D-derivatives of the metric ~, by the same formula
than the one for the Christoffel symbols I‘kij, except that the partial derivatives are replaced by
D-derivatives:

1 ~ - -
C’kij = 57“ <ij + Djvi — Dl%-j) . (6.31)

It is easy to establish this relation by evaluating the right-hand side, expressing the D-derivatives
of ~v in terms of the Christoffel symbols Fkij:

1 ~ ~ ~ 1 8"}/[' ~ ~ 8"}/'1 ~ ~
57’“1 (ij + Djvir — Dzw) = 57“ < 8965 = T"vmg — T m + 8—9;] — D"irvmi — T vim

Oves - s
azjll] + Iiymg + Fnﬁj%’m)

1 .
= Fkij + §’Ykl(—2)rmzﬂlm

k kT
= I ="

_ o (6.32)

159

2The Ckij are not to be confused with the components of the Cotton tensor discussed in Sec. 6.1. Since we
shall no longer make use of the latter, no confusion may arise.
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where we have used the symmetry with respect to (7,7) of the Christoffel symbols fkij to get
the second line.

Let us replace v;; and v in Eq. (6.31) by their expressions (6.22) in terms of 7;;, ¥/ and W:

Ck. = g {f)i(\lf“%) + Dj(Thyy) — Dz(‘1’4%j)]

@
Ly
— N =

= ST (5, D0 + 5Dy 0 - 5, D,94)

[l W)

= —\1174 <5kJDZ\I’4 + 5kibj\1’4 — ’ﬁ/zjbkllfél)

\)

Hence

Ch =2 (5’3[% I + 6% D;In W — D 1n\1/fy,~j> . (6.33)

A usefull application of this formula is to derive the relation between the two covariant
derivatives Dv and Dwv of a vector field v € 7(%;). From Eq. (6.29), we have

Djv' = Djvi + Cijkvk, (6.34)
so that expression (6.33) yields
Djvt = Djvl +2 (uka MW +0'D; I — D' In W fyjkv’“) . (6.35)
Taking the trace, we get a relation between the two divergences:
Div' = Div' + 60'D; In 0, (6.36)

or equivalently,

Div' = 0 °D; (¥%7) | (6.37)

Remark : The above formula could have been obtained directly from the standard expression of
the divergence of a vector field in terms of partial derivatives and the determinant v of =y,
both with respect to some coordinate system (z'):

VY Ox'

Noticing that v;; = \I/47y,~j implies /Y = Uo\/7, we get immediately Eq. (6.37).

(V') (6.38)

6.3 Expression of the Ricci tensor

In this section, we express the Ricci tensor R which appears in the 3+1 Einstein system (4.63)-
(4.66), in terms of the Ricci tensor R associated with the metric 4 and derivatives of the
conformal factor W.
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6.3.1 General formula relating the two Ricci tensors

The starting point of the calculation is the Ricci identity (2.34) applied to a generic vector field
v E T(Et)
(D;D; — D;D;)v* = RF;; 0 (6.39)

Contracting this relation on the indices i and k (and relabelling ¢ < j) let appear the Ricci
tensor: ' ' '
Rl-jv] == DjDiU] - DZ‘D]'U]. (640)

Expressing the D-derivatives in term of the D-derivatives via formula (6.29), we get

Riyv! = Dj(Dp?) = C*;Dpv? + 7, Div® — Di(Dj0)
= Dj(Dp’ + C7yh) = CF(Drv? + €7 of) + €7 (Div® + CRypl) — Di(Djv? + €7, 0F)
= D;Di’ + D;C7 vk + C7y Djnk — ¥ Dpd — CF,07 ol + €7 Dk + €7 CF !
—Dif?jvj — [)iijk oF — ijk[)ivk
= DD’ — D;iDjv’ + D;C7 y oF — CF,07 ot + €0 Ryt — DY ok, (6.41)

We can replace the first two terms in the right-hand side via the contracted Ricci identity similar
to Eq. (6.40) but regarding the connection D:

ﬁjﬁivj - ]_N?if)jvj == Rijvj (642)
Then, after some relabelling j < k or j < [ of dumb indices, Eq. (6.41) becomes

This relation being valid for any vector field v, we conclude that

where we have used the symmetry of Ckij in its two last indices.

Remark : Eq. (6.44) is the general formula relating the Ricci tensors of two connections, with
the Ckij 's being the differences of their Christoffel symbols [Eq. (6.30)]. This formula
does not rely on the fact that the metrics v and 7 associated with the two connections are
conformally related.

6.3.2 Expression in terms of the conformal factor

Let now replace Ckij in Eq. (6.44) by its expression in terms of the derivatives of U, i.e.
Eq. (6.33). First of all, by contracting Eq. (6.33) on the indices j and k, we have

ch. =2 (Di W+ 3D;In ¥ — D;In \I/) , (6.45)

i.e.

O =6D;InV, (6.46)
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whence [?Z-Ckkj = Gﬁiﬁj In ¥. Besides,
ﬁkC’kij = 2 ([)ZD] InW¥ + D]EZ In¥ — [)k[)k InWw ’%J>
= 4D;D;InW¥ — 2D, DF In ¥ 7;;. (6.47)
Consequently, Eq. (6.44) becomes
Rij = Rij + 4EZEJ In¥ — QDka Inw ’?ij — GDZD] Inw
+2 (85,0 @ + 6", Dy In W — DI W5 ) x 6D In W
—4 <5’3.D, W + 65 D;In W — DFIn ¥ %l) (51 WDy 48 . DyIn ¥ — D'n W fykj> .

Expanding and simplifying, we get

Rij - Rij - QDZD] In¥ — QDka InW ’Nyij + 4[)2 In¥ Dj In¥ — 4Dk In¥ Dk In¥ :Yij . (648)

6.3.3 Formula for the scalar curvature

The relation between the scalar curvatures is obtained by taking the trace of Eq. (6.48) with
respect to «:

= v (W”sz — 9D, D W — 2D, DF In W x 3+ 4D; In U Diln W — 4D, In ¥ D*In ¥ x 3)
R = 7 R-8(D;D' v+ Dilnw D'l w)|, (6.49)

where

R:=79R;; (6.50)

is the scalar curvature associated with the conformal metric. Noticing that
D;D'In¥ =¥ 'D, D'V — D;InV D' In T, (6.51)

we can rewrite the above formula as

R=V"1R -8V 5D;D'W |, (6.52)

6.4 Conformal decomposition of the extrinsic curvature

6.4.1 Traceless decomposition
The first step is to decompose the extrinsic curvature K of the hypersurface 3; into a trace part

and a traceless one, the trace being taken with the metric «, i.e. we define

1
A=K - K7, (6.53)
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where K = try K = Kil- = 'yinij is the trace of K with respect to =, i.e. (minus three
times) the mean curvature of ¥; embedded in (M, g) (cf. Sec. 2.3.4). The bilinear form A is by
construction traceless:

try A =774, =0. (6.54)

In what follows, we shall work occasionally with the twice contravariant version of K, i.e.

the tensor I_é , the components of which are?

K'Y =" K. (6.55)
Similarly, we define Z as the twice contravariant tensor, the components of which are

AY =" A, (6.56)

Hence the traceless decomposition of K and K:

1 y 1
K;; = Aijj + §K%'j and KY =AY+ §K7” . (6.57)

6.4.2 Conformal decomposition of the traceless part

Let us now perform the conformal decomposition of the traceless part of K, namely, let us write

AT =y AV (6.58)
for some power a to be determined. Actually there are two natural choices: o = —4 and
a = —10, as we discuss hereafter:

1) “Time-evolution” scaling: o = —4

Let us consider Eq. (3.24) which express the time evolution of the « in terms of K:

| Linij = —2NK; | (6.59)

By means of Egs. (6.22) and (6.57), this equation becomes
- 2
Lo (U19;5) = —2NA;; — gNK%, (6.60)

i.e.
2
LonAij = —2NU 44, — 3 (NK + 6Ly, In W) 7;;. (6.61)

The trace of this relation with respect to 4 is, since A;; is traceless,

Y9 Lo Aij = —2(NK + 6Ly, In W), (6.62)

3The double arrow is extension of the single arrow notation introduced in Sec. 2.2.2 [cf. Eq. (2.11)].



6.4 Conformal decomposition of the extrinsic curvature 93
Now A
’S/Z]Em ﬁ/ij == ﬁm In det(%]’). (663)
This follows from the general law of variation of the determinant of any invertible matrix A:
S(Indet A) = tr(A™! x 6A)|, (6.64)

where ¢ denotes any variation (derivative) that fulfills the Leibniz rule, tr stands for the trace
and x for the matrix product. Applying Eq. (6.64) to A = (%;;) and 0 = L,, gives Eq. (6.63).
By construction, det(¥;;) = f [Eq. (6.19)], so that, replacing m by 8, — 3, we get

[,m In det(’yij) = <% - EB) lnf (6.65)

But, as a consequence of Eq. (6.7), 9f/0t = 0, so that
L Indet(3;5) = —Lg In f = —Lg Indet(7;;). (6.66)
Applying again formula (6.64) to A = (3;5) and § = Lg, we get
Ly Indet(3i5) = —77Lp%
= -4V <5k Diij +3k; Di* + ’%kbgﬂk>
=0
_ _5ZszBk _ 5jkbjﬁk
= —2D,f". (6.67)

Hence Eq. (6.63) becomes
Y L Yij = —2D; 3", (6.68)

so that, after substitution into Eq. (6.62), we get
NK + 6Ly In¥ = D;3°, (6.69)

i.e. the following evolution equation for the conformal factor:

0 L=
(5 . zﬁ> Inw = - <Dlﬂ - NK) . (6.70)

Finally, substituting Eq. (6.69) into Eq. (6.61) yields an evolution equation for the conformal
metric:

0 - _ 2~ ok~
(a - Eﬁ) Yij = —2NU 4Aij - ngﬂk Yig - (671)

This suggests to introduce the quantity

Aij = \I’_4Aij (672)
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to write
0 . ~ 2~ L
5~ Lo | Vg = —2NAy — S DB i | (6.73)

Notice that, as an immediate consequence of Eq. (6.54), A;; is traceless:

A9 Ay =0] (6.74)

Let us rise the indices of fll-j with the conformal metric, defining

AV = FRAILAL (6.75)

A7 = wiav] (6.76)
This corresponds to the scaling factor « = —4 in Eq. (6.58). This choice of scaling has been first
considered by Nakamura in 1994 [192].

We can deduce from Eq. (6.73) an evolution equation for the inverse conformal metric 7%.
Indeed, raising the indices of Eq. (6.73) with 4, we get

Since 749 = Wty we get

_ 2 y
V3 LA = —2NAY — 2Dyt Y
» e ~ » 2 o
T Lo (') = WLmd] = —2NAY — 2Dy 57
—— 3
=5
k
, : 2. y
— 3% Lm ¥ = —2NAY — DY, (6.77)
—— 3
=&,
hence
9 ~ij Tii 27 gk sid
2) “Momentum-constraint” scaling: o = —10

Whereas the scaling o = —4 was suggested by the evolution equation (6.59) (or equivalently
Eq. (4.63) of the 3+1 Einstein system), another scaling arises when contemplating the mo-
mentum constraint equation (4.66). In this equation appears the divergence of the extrinsic
curvature, that we can write using the twice contravariant version of K and Eq. (6.57):

DK = D;AY 4 SD'K. (6.79)
Now, from Egs. (6.29), (6.33) and (6.46),
DAY = DjAY +C' AN 4+ ¢ A
— DAY 12 (5ijDk W +6",D;In ¥ — D' In ¥ m) AR 4 6D, In T A
= DAY +10AYD;In¥ — 2D" In ¥ 5, A7, (6.80)
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Since A is traceless, :ijAjk = ﬁ/*4yjkAjk = 0. Then the above equation reduces to D;AY =
D;AY 4+ 10AY D;In ¥, which can be rewritten as

DjAT = gD, (w104%) . (6.81)

Notice that this identity is valid only because A% is symmetric and traceless.
Equation (6.81) suggests to introduce the quantity*

Al = w1047 | (6.82)

This corresponds to the scaling factor &« = —10 in Eq. (6.58). It has been first introduced by
Lichnerowicz in 1944 [177]. Thanks to it and Eq. (6.79), the momentum constraint equation
(4.66) can be rewritten as

- a2 - )
D;AY — §\I/6DZK = 8rwiopi|. (6.83)

As for /L‘j, we define Aij as the tensor field deduced from A% by lowering the indices with
the conformal metric:
Ay = A AP (6.84)

Taking into account Eq. (6.82) and 7;; = ¥~ %y;;, we get

Ay = W2A; | (6.85)

6.5 Conformal form of the 341 Einstein system

Having performed a conformal decomposition of 4 and of the traceless part of K, we are now
in position to rewrite the 341 Einstein system (4.63)-(4.66) in terms of conformal quantities.

6.5.1 Dynamical part of Einstein equation

Let us consider Eq. (4.64), i.e. the so-called dynamical equation in the 3+1 Einstein system:
LmKi; = —DiD;N + N {Rij + KKij — 2K K, + 47 [(S — E)yyy — 2Sij]} . (6.86)

Let us substitute A;; + (K/3)v;; for K;; [Eq. (6.57)]. The left-hand side of the above equation
becomes

1 1
L Kij =L Aij + sLn K7vij + K L vij - (6.87)
3 33—
=—2NK;j
In this equation appears L, K. We may express it by taking the trace of Eq. (6.86) and making

use of Eq. (3.49):
Lo K =~4"Lopm Kij + 2NKZ']'K”, (688)

“notice that we have used a hat, instead of a tilde, to distinguish this quantity from that defined by (6.76)
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hence '
Lm K =—D;D'N + N [R+ K? + 4x(S — 3E)] . (6.89)

Let use the Hamiltonian constraint (4.65) to replace R + K? by 167E + Kl-jKij. Then, writing
LK =(0/0t—Lg)K,

(% - Eﬂ) K =-D;D'N + N [4n(E + S) + Ky KV] | (6.90)

Remark : At the Newtonian limit, as defined by Egs. (5.15), (5.25) and (5.59), Eq. (6.90)
reduces to the Poisson equation for the gravitational potential ®:

D;D'® = 4rpy. (6.91)
Substituting Eq. (6.89) for £,, K and Eq. (6.86) for L., K;; into Eq. (6.87) yields
5 . 1
ﬁm Aij = —DiDjN + N Rij + gKKij — QKZ'kK i 8 Sz‘j — gS’)’ij
1
+3 [DkaN ~ N(R+ KQ)] ij- (6.92)

Let us replace Kj; by its expression in terms of A;; and K [Eq. (6.57)]: the terms in the
right-hand side of the above equation which involve K are then written

%KU — 2K K*; — K?Z%‘j = % (Aij + %%’j) —2 (Aik + §%k> <Akj + §5Rj> - K?QWU
= %Aij + 5Tff2%'j -2 <AikAkj + %Azj + %2%‘;) - %2%‘]‘
= %KAZ-]» — 24,,A% ;. (6.93)
Accordingly Eq. (6.92) becomes
LmAyj = —D;D;N+N [Rij + éKAij — 24,4, — 87 <5ij - és%jﬂ
% <DkaN . NR) Yis- (6.94)

Remark : Regarding the matter terms, this equation involves only the stress tensor S (more

precisely its traceless part) and not the energy density E, contrary to the evolution equation
(6.86) for K%, which involves both.

At this stage, we may say that we have split the dynamical Einstein equation (6.86) in
two parts: a trace part: Eq. (6.90) and a traceless part: Eq. (6.94). Let us now perform the
conformal decomposition of these relations, by introducing /L‘j. We consider /L‘j and not Aij,
i.e. the scaling & = —4 and not o = —10, since we are discussing time evolution equations.
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Let us first transform Eq. (6.90). We can express the Laplacian of the lapse by applying the
divergence relation (6.37) to the vector v = D'N =49 D;N = =430 D;N = V4DIN

D,D'N = W°D; (¥°D'N) = wOD; (W2D'N)

— oyt <DiDiN +2D;In ¥ D’N) . (6.95)

Besides, from Egs. (6.57), (6.72) and (6.76),

. K K. K2 - ... K?
In view of Egs. (6.95) and (6.96), Eq. (6.90) becomes
9 4 (p pi ~ M i K2
= Lp | K =V (D,D N +2D;In¥ D N) + N |4n(B +8) + Ay AT + =] | (6.97)

Let us now consider the traceless part, Eq. (6.94). We have, writing A;; = \11421”» and using
Eq. (6.70),

. . . 2 /. .
Lon Aij = VL Ay + 403 L, U Ay = T? [Lm A+ = (Dkﬁk — NK) Aij] . (6.98)

w

Besides, from formulee (6.29) and (6.33),
D;,D;N = D;D;N = D;D;N —C*;;DyN
= DiD;N =2 (3" D; W + 6, D;ln @ — D InW5,;) DyN
— DiD;N —2(Diln W D;N + D;nW DiN = D W DN 55) . (6.99)

In Eq. (6.94), we can now substitute expression (6.98) for L, A;;, (6.99) for D;D;N, (6.48) for
R;j, (6.95) for D, D*N and (6.49) for R. After some slight rearrangements, we get

) . 2~ o = i 7 1
<a — LB) Aij = —ngﬂk Aij + N |:KAZJ — Q’S/klAikAjl — 87 <‘I’4Sij — 35’%]>:|

+qf—4{ — DuD;N + 2D, InW D;N + 2D, In W D,N

Wl =

+ [ﬁa

1 . - .
N |Rij — 3R = 2D:D; @ +4D; In ¥ D; In @

9, . . _
+3 (Dka InW — 2D, In ¥ DFIn \I/) fm} }

(6.100)
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6.5.2 Hamiltonian constraint

Substituting Eq. (6.52) for R and Eq. (6.96) into the Hamiltonian constraint equation (4.65)
yields

RU + (1&

D;D'¥ — <A

o 1
Al — EK2 + 27TE> T =0 (6.101)

Let us consider the alternative scaling & = —10 to re-express the term flijflij . By combining
Egs. (6.76), (6.72), (6.82) and (6.85), we get the following relations

Hence flijflij = \11*12121@121” and Eq. (6.101) becomes

-~ - 1~ ... 1
D;D'V — —RU + gAZ-jA” T4 <27TE - EK2> T =0 (6.103)

1
8

This is the Lichnerowicz equation. It has been obtained by Lichnerowicz in 1944 [177] in the
special case K = 0 (maximal hypersurface) (cf. also Eq. (11.7) in Ref. [178]).

Remark : If one regards Eqs. (6.101) and (6.103) as non-linear elliptic equations for ¥, the
negative power (—7) of W in the flijflij term in Eq. (6.103), as compared to the positive
power (+5) in Eq. (6.101), makes a big difference about the mathematical properties of
these two equations. This will be discussed in detail in Chap. 8.

6.5.3 Momentum constraint

The momentum constraint has been already written in terms of glij : it is Eq. (6.83). Taking
into account relation (6.102), we can easily rewrite it in terms of A":

- e e 2 .. .
DAY +6A7D;In W — =D'K = 8rUp’ |, (6.104)

6.5.4 Summary: conformal 3+1 Einstein system

Let us gather Egs. (6.70), (6.73), (6.97), (6.100), (6.101) and (6.104):

P) v

<§—£Q>Q:E(Dzﬂ—NK) (6.105)
P) ] 2

a — ﬁlg 'Yij = —QNAZ']‘ — ngﬁ ’yij (6106)
9 4 (7 7 ~ 7 i K2
= Lp ) K =—v (D:D'N +2Di ¥ D'N) + N 4n(E + ) + Ay AV + =

(6.107)
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9 2~ kg 1 ~kl 77 —4 Los
875 ﬁlg A = —ngﬂ Aij + N KAij — 2’)/ AikAjl — &7 | ¥ Sz‘j — 55%‘]‘
+x114{ — D;DjN +2D;n ¥ D;N +2D; In ¥ D;N
1 - -
+3 < DeD*N — 4D, In W D’“N) s
1 -~ - - -
N|: —R’%j — 2DZDJ In¥ +4Dz ID\I/Dj Inw
2 k B k
—i—3 DiDFIn® — 2D, In ¥ DFIn ¥ Yij
(6.108)
DD — L Rw 1[1 A L2 yorp) w5 =0 (6.109)
' 8 8 12 i - ‘
o L 92 .. .
D;AY +6A7D;In W — SD'K = 8rUp’ |, (6.110)

For the last two equations, which are the constraints, we have the alternative forms (6.103) and
(6.101) in terms of AY (instead of A¥):

-~ 1 ~ 1~ ... 1

D, D'V gR + gA,jAU U4 (%E — EK2> U° =0| (6.111)
- a2 - )

D;AY — §\IJ6DZK = 8ruilp| (6.112)

Equations (6.105)-(6.110) constitute the conformal 3+1 Einstein system. An alternative
form is constituted by Egs. (6.105)-(6.108) and (6.111)-(6.112). In terms of the original 3+1
Einstein system (4.63)-(4.66), Eq. (6.105) corresponds to the trace of the kinematical equation
(4.63) and Eq. (6.106) to its traceless part, Eq. (6.107) corresponds to the trace of the dynamical
Einstein equation (4.64) and Eq. (6.108) to its traceless part, Eq. (6.109) or Eq. (6.111) is the
Hamiltonian constraint (4.65), whereas Eq. (6.110) or Eq. (6.112) is the momentum constraint.

If the system (6.105)-(6.110) is solved in terms of 7;;, A;; (or A;;), ¥ and K, then the
physical metric v and the extrinsic curvature K are recovered by

= 05,5 (6.113)

~ 1.
Kij = v (Aij + gK%‘j) =02 A; + 3K\If4%] (6.114)

6.6 Isenberg-Wilson-Mathews approximation to General Rela-
tivity
In 1978, J. Isenberg [160] was looking for some approximation to general relativity without any

gravitational wave, beyond the Newtonian theory. The simplest of the approximations that
he found amounts to impose that the 3-metric ~ is conformally flat. In the framework of the
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discussion of Sec. 6.1, this is very natural since this means that « belongs to the conformal
equivalence class of a flat metric and there are no gravitational waves in a flat spacetime. This
approximation has been reintroduced by Wilson and Mathews in 1989 [268], who were not aware
of Isenberg’s work [160] (unpublished, except for the proceeding [163]). It is now designed as
the Isenberg-Wilson-Mathews approximation (IWM) to General Relativity, or sometimes
the conformal flatness approximation.

In our notations, the IWM approximation amounts to set

=7 (6.115)

and to demand that the background metric f is flat. Moreover the foliation (3;);cg must be
chosen so that

K =0, (6.116)

i.e. the hypersurfaces ¥; have a vanishing mean curvature. Equivalently >; is a hypersurface of
maximal volume, as it will be explained in Chap. 9. For this reason, foliations with K = 0 are
called maximal slicings.

Notice that while the condition (6.116) can always be satisfied by selecting a maximal slicing
for the foliation (X;)er, the requirement (6.115) is possible only if the Cotton tensor of (3;,7)
vanishes identically, as we have seen in Sec. 6.1. Otherwise, one deviates from general relativity.

Immediate consequences of (6.115) are that the connection D is simply D and that the Ricci
tensor R vanishes identically, since f is flat. The conformal 341 Einstein system (6.105)-(6.110)
then reduces to

0 G <
— —L v =—-D,3 6.117
<6t B) g Dif (6.117)
) 2
0=—0"*(DD'N +2D;In U D'N) + N [47T(E +9)+ /Ljfxij] (6.119)
9 i 25 6% A M A 4 1
o Lo | A = —3gDpf" Ay + N | —2f" Ay Ay — 8m | U705 — 25
+x114{ —D;DjN 4 2D; In U D;N + 2D, In ¥ D; N
1
+3 (DkaN — 4Dy In U D’W) fi (6.120)
—|—N|: — 2DZD]111\I’ +4D11H\I’DJ1H\I’
+3 DD InU — 2D, In U DF In T ) f;;
3 k k ij
4 1. .
D, D'V + <§AijAU + 27TE> Uo =0 (6.121)
D;AY + 6AD; In ¥ = 87Uy (6.122)
Let us consider Eq. (6.118). By hypothesis df;;/0t = 0 [Eq. (6.7)]. Moreover,
Lg fij = B Dy fij + friDiB* + fuD; 8% = fi; D" + fuD; B, (6.123)

=0
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so that Eq. (6.118) can be rewritten as
7 K k205 ok
2N Aij = fe;DiB” + fiD;B" — 3Dib” fij- (6.124)
Using A = fik fil A, we may rewrite this equation as
o 1 ,
AY = —(LB)Y 6.125
where 5
(LB)Y .= D'l + DIt — ngﬁk [ (6.126)
is the conformal Killing operator associated with the metric f (cf. Appendix B). Conse-
quently, the term Dinj which appears in Eq. (6.122) is expressible in terms of 3 as
D AT = D, | Lrgyi| = Lo, (Digi+Dig— 2pu8F fi) — —L (13)iDN
! 712N 2N 3 2N? !
1 1 . .
= 5N (DijﬁZ + gDZD]ﬂJ — 2A”DJ-N> , (6.127)

where we have used D; D37 = D'D;37 since f is flat. Inserting Eq. (6.127) into Eq. (6.122)
yields

T . oy )
DD’ + 3D'D; 3 + 247 (6ND; In W — D;N) = 16T N p'. (6.128)

The IWM system is formed by Eqgs. (6.119), (6.121) and (6.128), which we rewrite as

AN +2D;In DN = N |:47T(E +8)+ /Ljflij] (6.129)
AV + (%Aijflij + 27TE> WS =0 (6.130)
AB'+ éDiDjﬁj +2AY (6ND;In ¥ — D;N) = 167 NT*p’ | (6.131)
where ‘
A := D;D" (6.132)

is the flat-space Laplacian. In the above equations, A” is to be understood, not as an indepen-
dent variable, but as the function of N and 3° defined by Eq. (6.125).

The IWM system (6.129)-(6.131) is a system of three elliptic equations (two scalar equations
and one vector equation) for the three unknowns N, ¥ and 3°. The physical 3-metric is fully
determined by ¥

Yij = Ut fis, (6.133)

so that, once the IWM system is solved, the full spacetime metric g can be reconstructed via
Eq. (4.47).
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Remark : In the original article [100], Isenberg has derived the system (6.129)-(6.131) from a
variational principle based on the Hilbert action (4.95), by restricting v;j to take the form
(6.133) and requiring that the momentum conjugate to W vanishes.

That the IWM scheme constitutes some approximation to general relativity is clear because the
solutions (N, ¥, 3) to the IWM system (6.129)-(6.131) do not in general satisfy the remaining
equations of the full conformal 3+1 Einstein system, i.e. Egs. (6.117) and (6.120). However, the
IWM approximation

e is exact for spherically symmetric spacetimes (the Cotton tensor vanishes for any spheri-
cally symmetric (X¢,7)), as shown for the Schwarzschild spacetime in the example given
in Sec. 6.2.3;

e is very accurate for axisymmetric rotating neutron stars; [97]
e is correct at the 1-PN order in the post-Newtonian expansion of general relativity.

The IWM approximation has been widely used in relativistic astrophysics, to compute binary
neutron star mergers [186, 121, 198] gravitational collapses of stellar cores [112, 113, 114, 215,
216], as well as quasi-equilibrium configurations of binary neutron stars or binary black holes
(cf. Sec. 8.4).
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7.1 Introduction

In this Chapter, we review the global quantities that one may associate to the spacetime (M, g)
or to each slice ¥ of the 3+1 foliation. This encompasses various notions of mass, linear
momentum and angular momentum. In the absence of any symmetry, all these global quantities
are defined only for asymptotically flat spacetimes. So we shall start by defining the notion of
asymptotic flatness.

7.2 Asymptotic flatness
The concept of asymptotic flatness applies to stellar type objects, modeled as if they were alone

in an otherwise empty universe (the so-called isolated bodies). Of course, most cosmological
spacetimes are not asymptotically flat.
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7.2.1 Definition

We consider a globally hyperbolic spacetime (M, g) foliated by a family (X¢)er of spacelike
hypersurfaces. Let v and K be respectively the induced metric and extrinsic curvature of the
hypersurfaces ;. One says that the spacetime is asymptotically flat iff there exists, on each
slice ¥;, a Riemannian “background” metric f such that [276, 277, 251]

e fisflat (Riem(f) = 0), except possibly on a compact domain B of ¥; (the “strong field
region”);

e there exists a coordinate system (z') = (z,y,2) on ¥; such that outside B, the compo-
nents of f are f;; = diag(1,1,1) (“Cartesian-type coordinates”) and the variable r :=

V22 + y2 + 22 can take arbitrarily large values on X;

e when 7 — 400, the components of v with respect to the coordinates (x') satisfy

vig = fig + O™, (7.1)
Mij N
%,g =0(r™?); (7.2)

e when 7 — +00, the components of K with respect to the coordinates (°) satisfy

Kij == O(T’_Q), (73)
%I;Zj = O0(r ). (7.4)

The “region” r — +oo is called spatial infinity and is denoted °.

Remark : There exist other definitions of asymptotic flatness which are not based on any coor-
dinate system nor background flat metric (see e.g. Ref. [2/] or Chap. 11 in Wald’s textbook
[265]). In particular, the spatial infinity i° can be rigorously defined as a single point in
some “extended” spacetime (M, §) in which (M,g) can be embedded with g conformal to
g. However the present definition is perfectly adequate for our purposes.

Remark : The requirement (7.2) excludes the presence of gravitational waves at spatial infinity.
Indeed for gravitational waves propagating in the radial direction:

Fij(t —r _
Yij = fij + 73(70 ) +0(r?). (7.5)
This fulfills condition (7.1) but

B (4 k L (f — k
a%] _ _FZJ(t T’):C_ —M%+O(T2) (7.6)

oxk r r r2

is O(r~1) since F';; # 0 (otherwise F;j would be a constant function and there would be no
radiation). This violates condition (7.2). Notice that the absence of gravitational waves
at spatial infinity is not a serious physical restriction, since one may consider that any
isolated system has started to emit gravitational waves at a finite time “in the past” and
that these waves have not reached the spatial infinity yet.
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7.2.2 Asymptotic coordinate freedom

Obviously the above definition of asymptotic flatness depends both on the foliation (3;);er and
on the coordinates (x%) chosen on each leaf ;. It is of course important to assess whether this
dependence is strong or not. In other words, we would like to determine the class of coordinate
changes (z) = (¢,2%) — (2'*) = (¢/,2"") which preserve the asymptotic properties (7.1)-(7.4).
The answer is that the coordinates (z') must be related to the coordinates (z%) by [157]

' = A2t + (0, 0) + o(r™h (7.7)
where A%; is a Lorentz matrix and the ¢*’s are four functions of the angles (0, ) related to the
coordinates (z') = (z,vy, 2) by the standard formulze:

x=rsinflcosp, y=rsinfsiny, z=rcosb. (7.8)

The group of transformations generated by (7.7) is related to the Spi group (for Spatial infinity)
introduced by Ashtekar and Hansen [25, 24]. However the precise relation is not clear because
the definition of asymptotic flatness used by these authors is not expressed as decay conditions
for v;; and Kjj;, as in Egs. (7.1)-(7.4).

Notice that Poincaré transformations are contained in transformation group defined
by (7.7): they simply correspond to the case ¢*(6,p) = const. The transformations with
c*(0,¢) # const and A5 = 6 constitute “angle-dependent translations” and are called su-
pertranslations.

Note that if the Lorentz matrix A%, involves a boost, the transformation (7.7) implies a
change of the 3+1 foliation (¥;)¢cr, whereas if Aaﬁ corresponds only to some spatial rotation
and the ¢*’s are constant, the transformation (7.7) describes some change of Cartesian-type
coordinates (z') (rotation -+ translation) within the same hypersurface %;.

7.3 ADM mass

7.3.1 Definition from the Hamiltonian formulation of GR

In the short introduction to the Hamiltonian formulation of general relativity given in Sec. 4.5,
we have for simplicity discarded any boundary term in the action. However, because the grav-
itational Lagrangian density (the scalar curvature ‘R) contains second order derivatives of the
metric tensor (and not only first order ones, which is a particularity of general relativity with
respect to other field theories), the precise action should be [209, 205, 265, 157]

S = / Ry =gdiz + 2]4 (Y = Yo)\Whdy, (7.9)
1% )%

where 9V is the boundary of the domain V (9V is assumed to be a timelike hypersurface), Y the

trace of the extrinsic curvature (i.e. three times the mean curvature) of 9V embedded in (M, g)

and Yj the trace of the extrinsic curvature of 9V embedded in (M, n), where 7 is a Lorentzian

metric on M which is flat in the region of V. Finally v/hd%y is the volume element induced

by g on the hypersurface 9V, h being the induced metric on dV and h its determinant with
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respect to the coordinates (y') used on dV. The boundary term in (7.9) guarantees that the
variation of S with the values of g (and not its derivatives) held fixed at 9V leads to the Einstein
equation. Otherwise, from the volume term alone (Hilbert action), one has to held fixed g and
all its derivatives at 0V.
Let
S =0V N3 (7.10)

We assume that S; has the topology of a sphere. The gravitational Hamiltonian which can be
derived from the action (7.9) (see [205] for details) contains an additional boundary term with
respect to the Hamiltonian (4.112) obtained in Sec. 4.5 :

H=- /Eint (NCO — 2ﬁlCl) ﬁd‘%ﬂ - Qf‘; [N(I{ — Iio) + ﬂZ(KZ] — K%j)sj] \/§d2y, (711)

where Y™ is the part of ¥; bounded by S;, s is the trace of the extrinsic curvature of S;
embedded in (3;,7), and ko the trace of the extrinsic curvature of §; embedded in (X4, f) (f
being the metric introduced in Sec. 7.2), s is the unit normal to S; in 3, oriented towards the
asymptotic region, and /q d?y denotes the surface element induced by the spacetime metric on
St, q being the induced metric, 3% = (y',y?) some coordinates on S; [for instance y® = (6, ¢)]
and ¢ := det(qup).

For solutions of Einstein equation, the constraints are satisfied: Cy = 0 and C; = 0, so that
the value of the Hamiltonian reduces to

Hsolution = _2%5' [N(’{ - ’{0) + ﬁZ(KZ] - K'Yij)sj] \/adZy (712)
t

The total energy contained in the ¥; is then defined as the numerical value of the Hamiltonian
for solutions, taken on a surface S; at spatial infinity (i.e. for » — +o00) and for coordinates
(t,2%) that could be associated with some asymptotically inertial observer, i.e. such that N = 1
and B = 0. From Eq. (7.12), we get (after restoration of some (167)~! factor)

1.
Mapn = —— lim (k — K0)\/qd%y | (7.13)
8T S—o0 Si

This energy is called the ADM mass of the slice ¥;. By evaluating the extrinsic curvature
traces £ and kg, it can be shown that Eq. (7.13) can be written

1 , .
Mapm = — lim [Dj%'j —Di(fM )| s'/ad?y|, (7.14)
16T Si—oo S

where D stands for the connection associated with the metric f and, as above, s stands for the
components of unit normal to S; within >; and oriented towards the exterior of S;. In particular,
if one uses the Cartesian-type coordinates (z°) involved in the definition of asymptotic flatness
(Sec. 7.2), then D; = 9/9z" and f* = ¥ and the above formula becomes

Lo Mij 0
Mapy = —— | e N T ! 7.15
ADM = e Stlinoo %St <8xJ oz ) ° Vadiy (7.15)
Notice that thanks to the asymptotic flatness requirement (7.2), this integral takes a finite value:
the O(r?) part of \/(_Jde is compensated by the O(r~?2) parts of dv;;/0x7 and 9v;;/0".
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Example : Let us consider Schwarzschild spacetime and use the standard Schwarzschild coor-
dinates (z®) = (t,r,0,¢):

2 om\
gudatds” = — (1 - 7m> dt? + <1 - Tm> dr? + r2(d6? + sin® 0dy?).  (7.16)

Let us take for 3, the hypersurface of constant Schwarzschild coordinate time t. Then we
read on (7.16) the components of the induced metric in the coordinates (x%) = (r,0,¢):

92 —1
i = diag [(1 - 7m> 12, r2gin? 9] . (7.17)

On the other side, the components of the flat metric in the same coordinates are
fi; = diag (1, 2, r% sin? 9) and f9 = diag (1, =2 r2sin 2 9). (7.18)

Let us now evaluate Mapm by means of the integral (7.14) (we cannot use formula (7.15)
because the coordinates (x°) are not Cartesian-like). It is quite natural to take for S; the
sphere r = const in the hypersurface ;. Then y* = (0,¢), \/q = r2sinf and, at spatial
nfinity, si\/a d*y = r?sin0df dy (8,), where 8, is the natural basis vector associated the
coordinate r: (0,)" = (1,0,0). Consequently, Eq. (7.14) becomes

1 .
Mapy = — lim {DJ%]' — Dr(fklwkl)] r?sin 6 df de, (7.19)
167 r—oo r=const
with )
1 1 2m\
kl _ —
T = e + ﬁ’Y@G + m%&w = <1 - T) +2, (7.20)
and since fFyi is a scalar field,
0 om\ "2 2m
r(f Vkl) or (f ’Ykl) r r2 (7 )
There remains to evaluate Dj%j. One has
DIy, = f*Dyyj =D Lp ' _p 7.22
Vrj = f & Yri = DrYrr + 2 07Yro + m ©Yres (7.22)

with the covariant derivatives given by (taking into account the form (7.17) of ;)

0 _ 0 _

Dyyy = gr Ty = gr 2T Ay (7.23)
g = _ _ _

Dyvro = % —I" orVi0 — I 06 Vri = —Pger’)’ee - Pree%r (7-24)
0ry

Dtpr)/ﬁp — 880 - fz W%ip - fl W;’Ym’ — —f¢¢r7<p4p - f?‘ @@77’1‘, (725)
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where the f’kij ’s are the Christoffel symbols of the connection D with respect to the coor-

dinates (x"). The non-vanishing ones are

[y =—r and  T7,, =—r sin” 0 (7.26)
_ _ 1 _
r,=1%, = . and FGW, = —cosfsinf (7.27)
- _ 1 - - 1
_ _ ¢ Y
%.,=1%,= . and  I%y =17 = on’ (7.28)

Hence

-1 -1
Diny; = 2[(1_22) ]+i2[_1w2+m<1_2_m> ]
or r r T r

1 1 o2m\
_ [—— x r2sin® 0 + rsin® 6 x (1——m> ]

r2sin?6 | r r
, p) om\ 2 4
Diyy = (1 - —m> (1 - —m> . (7.29)
T T T

Combining Eqs. (7.21) and (7.29), we get

' 2m om\ 2 4m 4m om\
i = () () )

r2 r r r2 r
4

~ _T2n when r — 00, (7.30)
,

so that the integral (7.19) results in
MADM =m. (731)
We conclude that the ADM mass of any hypersurface t = const of Schwarzschild spacetime
s nothing but the mass parameter m of the Schwarzschild solution.
7.3.2 Expression in terms of the conformal decomposition

Let us introduce the conformal metric 4 and conformal factor ¥ associated to < according to
the prescription given in Sec. 6.2.3, taking for the background metric f the same metric as that
involved in the definition of asymptotic flatness and ADM mass:

v =043, (7.32)
with, in the Cartesian-type coordinates (') = (z,v, 2) introduced in Sec. 7.2:

This is the property (6.19) since f = det(fi;) =1 (fi; = diag(1,1,1)). The asymptotic flatness
conditions (7.1)-(7.2) impose

T=1+0(r"" and Z— =02 (7.34)
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and

- _ 09 _
Yij = fij + O(r 1) and ax]z =O(r 2). (7.35)

Thanks to the decomposition (7.32), the integrand of the ADM mass formula (7.14) is
Dj"yij —Di(fkl’ykl) =4 \113 D]\I/ :Yij + \If4 Dj:yij —4 \113 DZ\I/ fkl:)/kl_ \IJ4 Di(fklﬁ’kl)y (736)
~1 y ~1 ~1 ~1
~fij ~3
where the ~’s denote values when r — oo, taking into account (7.34) and (7.35). Thus we have
Dj’yij — Dl(fkl’ykl) ~ —8D,;¥ + Dj:)/ij — Dz(fkl’?kl) (737)

From (7.34) and (7.35), D;¥ = O(r—2) and D?7;; = O(r~2). Let us show that the unit determi-
nant condition (7.33) implies D;(f*74;) = O(r~?) so that this term actually does not contribute
to the ADM mass integral. Let us write

Nij =: fij + €ijs (7.38)
with according to Eq. (7.35), g;; = O(r~1). Then

fkl’?kl =3+ gzt Eyy T €2z (7.39)

and 5 5

ki~ ki~
Dl(f r)/kl) = Ot (f ’Wcl) = Oz (511 + Eyy + 5,2,2) . (740)
Now the determinant of 7;; is
1+ Exx Exy Exz
det(%]’) = det Exy 1+ Eyy Eyz
Exz Eyz 1+ €2z

= 1+ can + Eyy + Eax + Canlyy + Canfaz + EyyEas — €2y — E2y — £y

+EraEyyEzz T 260yExzEyz — Emszz — Eyye’:‘iz — EZZEiy. (7.41)

Requiring det(%;;) = 1 implies then
Eva +Eyy T 62z = —Esafyy — Eafrz — Eyyfaz + Eay + Eay T Eny
—EqnCyy€rr — 2€qyErzEyz + amazz + Eyye’:‘iz + €zz€§y. (7.42)
Since according to (7.35), £;; = O(r~!) and 9e;;/0x* = O(r~2), we conclude that
0 -3

pye (€za +Eyy +€22) =0(r™), (7.43)
i.e. in view of (7.40),

Dy(f'5,) = O(+~3). (7.44)

Thus in Eq. (7.37), only the first two terms in the right-hand side contribute to the ADM mass
integral, so that formula (7.14) becomes

1 ) 1 .
St

27(' St—o00
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Example : Let us return to the example considered in Sec. 6.2.3, namely Schwarzschild space-
time in isotropic coordinates (t,r,0,p) '. The conformal factor was found to be ¥ =
L+m/(2r) [Eq. (6.25)] and the conformal metric to be ¥ = f. Then DI%;; = 0 and only
the first term remains in the integral (7.45):

1 R4
Mapwm = “or }g& j{:mnst (?9_7“702 sin 6 df dy, (7.46)
with ow 5
m m
— =1+t )=- A4
or (97"( * 2r> 272’ (7.47)
so that we get
Mapm = m, (7.48)

i.e. we recover the result (7.31), which was obtained by means of different coordinates
(Schwarzschild coordinates).

7.3.3 Newtonian limit

To check that at the Newtonian limit, the ADM mass reduces to the usual definition of mass,
let us consider the weak field metric given by Eq. (5.14). We have found in Sec. 6.2.3 that the
corresponding conformal metric is 4 = f and the conformal factor ¥ =1 — ®/2 [Eq. (6.26)],
where ® reduces to the gravitational potential at the Newtonian limit. Accordingly, D’ Yij =0
and D;¥ = —%Difb, so that Eq. (7.45) becomes

1 .
Mapy = — lim ¢ s'D;® /g d%y. (7.49)
471 S—o0 S

To take Newtonian limit, we may assume that 3; has the topology of R? and transform the
above surface integral to a volume one by means of the Gauss-Ostrogradsky theorem:

1 A
Mapym= - | DiD'® Vfdie. (7.50)
P

Now, at the Newtonian limit, ® is a solution of the Poisson equation
D;D'® = 4xp, (7.51)

where p is the mass density (remember we are using units in which Newton’s gravitational
constant G is unity). Hence Eq. (7.50) becomes

Mxpy = /Z o\ f dx, (7.52)

which shows that at the Newtonian limit, the ADM mass is nothing but the total mass of the
considered system.

lalthough we use the same symbol, the r used here is different from the Schwarzschild coordinate r of the
example in Sec. 7.3.1.
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7.3.4 Positive energy theorem

Since the ADM mass represents the total energy of a gravitational system, it is important to show
that it is always positive, at least for “reasonable” models of matter (take p < 0 in Eq. (7.52)
and you will get Mapym < 0 ...). If negative values of the energy would be possible, then a
gravitational system could decay to lower and lower values and thereby emit an unbounded
energy via gravitational radiation.

The positivity of the ADM mass has been hard to establish. The complete proof was even-
tually given in 1981 by Schoen and Yau [220]. A simplified proof has been found shortly after
by Witten [270]. More precisely, Schoen, Yau and Witten have shown that if the matter content
of spacetime obeys the dominant energy condition, then Mapyn > 0. Furthermore, Mapy = 0
if and only if 3 is a hypersurface of Minkowski spacetime.

The dominant energy condition is the following requirement on the matter stress-energy
tensor T for any timelike and future-directed vector v, the vector —T'(v) defined by Eq. (2.11)
2 must be a future-directed timelike or null vector. If v is the 4-velocity of some observer, —T(v)
is the energy-momentum density 4-vector as measured by the observer and the dominant energy
condition means that this vector must be causal. In particular, the dominant energy condition
implies the weak energy condition, namely that for any timelike and future-directed vector v,
T(v,v) > 0. If again v is the 4-velocity of some observer, the quantity T'(v,v) is nothing but the
energy density as measured by that observer [cf. Eq. (4.3)], and the the weak energy condition
simply stipulates that this energy density must be non-negative. In short, the dominant energy
condition means that the matter energy must be positive and that it must not travel faster than
light.

The dominant energy condition is easily expressible in terms of the matter energy density F
and momentum density p, both measured by the Eulerian observer and introduced in Sec. 4.1.2.
Indeed, from the 3+1 split (4.10) of T, the energy-momentum density 4-vector relative to the
Eulerian observer is found to be

J = —T(n) = En +p. (7.53)
Then, since n-p=0, J-J = —E? 4+ p-p. Requiring that J is timelike or null means J - J < 0
and that it is future-oriented amounts to £ > 0 (since m is itself future-oriented). Hence the

dominant energy condition is equivalent to the two conditions E? > p'- p and E > 0. Since p'is
always a spacelike vector, these two conditions are actually equivalent to the single requirement

E>\p p| (7.54)

This justifies the term dominant energy condition.

7.3.5 Constancy of the ADM mass

Since the Hamiltonian H given by Eq. (7.11) depends on the configuration variables (v;;, N, 3%)
and their conjugate momenta (7%, 7% = 0,77 = 0), but not explicitly on the time ¢, the

%in index notation, —T'(v) is the vector —Te,v"
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associated energy is a constant of motion:

d
—M =0]. 7.55
7 Mabu (7.55)

Note that this property is not obvious when contemplating formula (7.14), which expresses
Mapwm as an integral over S;.

7.4 ADM momentum

7.4.1 Definition

As the ADM mass is associated with time translations at infinity [taking N = 1 and 8 = 0
in Eq. (7.12)], the ADM momentum is defined as the conserved quantity associated with the
invariance of the action with respect to spatial translations. With respect to the Cartesian-type
coordinates (z') introduced in Sec. 7.2, three privileged directions for translations at spatial
infinity are given by the three vectors (8;)c(12,3}- The three conserved quantities are then

obtained by setting N =0 and ' = 1 in Eq. (7.12) [157, 209]:
1 .
P;:= — lim (Kji — K1) (8;) s*\/qd*y |, ie{1,2,3}. (7.56)
8T Si—oo S

Remark : The index i in the above formula is not the index of some tensor component, contrary
to the indices j and k. It is used to label the three vectors 01, 82 and 83 and the quantities
Py, Py and P3 corresponding to each of these vectors.

Notice that the asymptotic flatness condition (7.3) ensures that P; is a finite quantity. The
three numbers (Py, P, P3) define the ADM momentum of the hypersurface ;. The values
P; depend upon the choice of the coordinates (z°) but the set (Pi, P, P3) transforms as the
components of a linear form under a change of Cartesian coordinates (z?) — (2’ 2) which asymp-
totically corresponds to rotation and/or a translation. Therefore (P;, Py, P3) can be regarded
as a linear form which “lives” at the “edge” of 3;. It can be regarded as well as a vector since
the duality vector/linear forms is trivial in the asymptotically Euclidean space.

Example : For foliations associated with the standard coordinates of Schwarzschild spacetime
(e.g. Schwarzschild coordinates (7.16) or isotropic coordinates (6.24)), the extrinsic cur-
vature vanishes identically: K =0, so that Eq. (7.56) yields

P, =0. (7.57)
For a non trivial ezample based on a “boosted” Schwarzschild solution, see Ref. [277].

7.4.2 ADM 4-momentum

Not only (Py, P», P3) behaves as the components of a linear form, but the set of four numbers

PAPM . — (_Mapy, Py, Po, P3) (7.58)
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behaves as the components of a 4-dimensional linear form any under coordinate change (2%) =
(t,2") — (2'*) = (¢, 2"") which preserves the asymptotic conditions (7.1)-(7.4), i.e. any coordi-
nate change of the form (7.7). In particular, PAPM
Poincaré group:

is transformed in the proper way under the

/ADM -1 ADM
P, = (A )“a Pu . (7.59)

This last property has been shown first by Arnowitt, Deser and Misner [23]. For this reason,
PAPM g considered as a linear form which “lives” at spatial infinity and is called the ADM
4-momentum.

7.5 Angular momentum

7.5.1 The supertranslation ambiguity

Generically, the angular momentum is the conserved quantity associated with the invariance of
the action with respect to rotations, in the same manner as the linear momentum is associated
with the invariance with respect to translations. Then one might naively define the total angular
momentum of a given slice ¥; by an integral of the type (7.56) but with 8; being replaced by
a rotational Killing vector ¢ of the flat metric f. More precisely, in terms of the Cartesian
coordinates (z') = (z,y,z) introduced in Sec. 7.2, the three vectors (¢;);eq1,2,3) defined by

¢ = _Zay +y0. (7.60)
¢y = —x0, + 20, (7.61)
¢ = —yOy + 10y (7.62)

are three independent Killing vectors of f, corresponding to a rotation about respectively the
r-axis, y-axis and the z-axis. Then one may defined the three numbers

1 .
Ji=— lim ¢ (K — Kvjr) (¢i) s*/qdy, i€ {1,2,3}. (7.63)

8T St—o0 S
The problem is that the quantities J; hence defined depend upon the choice of the coordinates
and, contrary to PO/?DM, do not transform as a the components of a vector under a change
(%) = (t,2") — (/%) = (¥,2"") that preserves the asymptotic properties (7.1)-(7.4), i.e. a
transformation of the type (7.7). As discussed by York [276, 277], the problem arises because

of the existence of the supertranslations (cf. Sec. 7.2.2) in the permissible coordinate changes
(7.7).

Remark : Independently of the above coordinate ambiguity, one may notice that the asymptotic
flatness conditions (7.1)-(7.4) are not sufficient, by themselves, to guarantee that the inte-
gral (7.63) takes a finite value when S — oo, i.e. whenr — oco. Indeed, Eqs. (7.60)-(7.62)
show that the Cartesian components of the rotational vectors behave like (¢;) ~ O(r), so
that Eq. (7.3) implies only (K — Kv;i) (¢i)7 = O(r~'). It is the contraction with the
unit normal vector s* which ensures (K — Kvjk) (¢:)7s* = O(r=2) and hence that J; is
finite. This is clear for the Kv;,(¢i)?s® part because the vectors ¢; given by Egs. (7.60)-
(7.62) are all orthogonal to s ~ x/r 8y + y/r 8y, + z/r 8,. For the Kjx(¢:)7s* part, this
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turns out to be true in practice, as we shall see on the specific example of Kerr spacetime
i Sec. 7.0.5.

7.5.2 The “cure”

In view of the above coordinate dependence problem, one may define the angular momentum
as a quantity which remains invariant only with respect to a subclass of the coordinate changes
(7.7). This is made by imposing decay conditions stronger than (7.1)-(7.4). For instance, York
[276] has proposed the following conditions® on the flat divergence of the conformal metric and
the trace of the extrinsic curvature:

D5 _ o), (764
K =0(r3). (7.65)

Clearly these conditions are stronger than respectively (7.35) and (7.3). Actually they are so
severe that they exclude some well known coordinates that one would like to use to describe
asymptotically flat spacetimes, for instance the standard Schwarzschild coordinates (7.16) for the
Schwarzschild solution. For this reason, conditions (7.64) and (7.65) are considered as asymptotic
gauge conditions, i.e. conditions restricting the choice of coordinates, rather than conditions on
the nature of spacetime at spatial infinity. Condition (7.64) is called the quasi-isotropic gauge.
The isotropic coordinates (6.24) of the Schwarzschild solution trivially belong to this gauge (since
¥ij = fi; for them). Condition (7.65) is called the asymptotically maximal gauge, since for
maximal hypersurfaces K vanishes identically. York has shown that in the gauge (7.64)-(7.65),
the angular momentum as defined by the integral (7.63) is carried by the O(r~3) piece of K
(the O(r~2) piece carrying the linear momentum P;) and is invariant (i.e. behaves as a vector)
for any coordinate change within this gauge.

Alternative decay requirements have been proposed by other authors to fix the ambiguities
in the angular momentum definition (see e.g. [92] and references therein). For instance, Regge
and Teitelboim [209] impose a specific form and some parity conditions on the coefficient of the
O(r~1) term in Eq. (7.1) and on the coefficient of the O(r~2) term in Eq. (7.3) (cf. also M.
Henneaux’ lecture [157]).

As we shall see in Sec. 7.6.3, in the particular case of an axisymmetric spacetime, there exists
a unique definition of the angular momentum, which is independent of any coordinate system.

Remark : In the literature, there is often mention of the “ADM angular momentum”, on the
same footing as the ADM mass and ADM linear momentum. But as discussed above,
there is no such thing as the “ADM angular momentum”. One has to specify a gauge first
and define the angular momentum within that gauge. In particular, there is no mention
whatsoever of angular momentum in the original ADM article [25].

3 Actually the first condition proposed by York, Eq. (90) of Ref. [276], is not exactly (7.64) but can be shown
to be equivalent to it; see also Sec. V of Ref. [246].
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=

Figure 7.1: Hypersurface ¥; with a hole defining an inner boundary H.

7.5.3 ADM mass in the quasi-isotropic gauge

In the quasi-isotropic gauge, the ADM mass can be expressed entirely in terms of the flux at
infinity of the gradient of the conformal factor W. Indeed, thanks to (7.64), the term D’7;;
Eq. (7.45) does not contribute to the integral and we get

1 .
Mapm = —— lim "DV \Jqd*y (quasi-isotropic gauge). (7.66)
2T Si—o0 S:

Thanks to the Gauss-Ostrogradsky theorem, we may transform this formula into a volume
integral. More precisely, let us assume that ¥; is diffeomorphic to either R? or R? minus a ball.
In the latter case, ¥; has an inner boundary, that we may call a hole and denote by H; (cf.
Fig. 7.1). We assume that H; has the topology of a sphere. Actually this case is relevant for
black hole spacetimes when black holes are treated via the so-called excision technique. The
Gauss-Ostrogradsky formula enables to transform expression (7.66) into

1 I
Mapy = =5~ | DD /7 d’x + My, (7.67)
3t
where My, is defined by
1 .
My = —— ¢ §D;0\/Gd%y. (7.68)
27T He

In this last equation, ¢ := det(qup), ¢ being the metric induced on H; by 4, and § is the unit

vector with respect to 4 (5(§,8) = 1) tangent to 3;, normal to H; and oriented towards the

exterior of the hole (cf. Fig. 7.1). If ¥, is diffeomorphic to R?, we use formula (7.67) with Mp.
Let now use the Lichnerowicz equation (6.103) to express D;D'W in Eq. (7.67). We get

1 I - 92
Mapy = / [\1/5E + Tom (AijA” U - RO — §K2\1/5>} VA &Pz + My (QI gauge).
>t

(7.69)
For the computation of the ADM mass in a numerical code, this formula may be result in a
greater precision that the surface integral at infinity (7.66).

Remark : On the formula (7.69), we get immediately the Newtonian limit (7.52) by making
V-1, E—p A9 -0, R—0, K —0,7— f and My = 0.
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For the IWM approximation of general relativity considered in Sec. 6.6, the coordinates
belong to the quasi-isotropic gauge (since 4 = f), so we may apply (7.69). Moreover, as a
consequence of ¥ = f, R = 0 and in the IWM approximation, K = 0. Therefore Eq. (7.69)
simplifies to

1 ~ ...
MapMm = / <\I’5E + 16—71_141']‘141] \IJ7> \/;yd?’m + My. (7.70)
P

Within the framework of exact general relativity, the above formula is valid for any maximal
slice ¥y with a conformally flat metric.

7.6 Komar mass and angular momentum

In the case where the spacetime (M, g) has some symmetries, one may define global quantities
in a coordinate-independent way by means of a general technique introduced by Komar (1959)
[172]. Tt consists in taking flux integrals of the derivative of the Killing vector associated with the
symmetry over closed 2-surfaces surrounding the matter sources. The quantities thus obtained
are conserved in the sense that they do not depend upon the choice of the integration 2-surface,
as long as the latter stays outside the matter. We discuss here two important cases: the Komar
mass resulting from time symmetry (stationarity) and the Komar angular momentum resulting
from axisymmetry.

7.6.1 Komar mass

Let us assume that the spacetime (M, g) is stationary. This means that the metric tensor g is
invariant by Lie transport along the field lines of a timelike vector field k. The latter is called a
Killing vector. Provided that it is normalized so that k- k = —1 at spatial infinity, it is then
unique. Given a 3+1 foliation (X¢)er of M, and a closed 2-surface S; in 3, with the topology
of a sphere, the Komar mass is defined by

1
Mg = —— VHEY dS,. |, 7.71
K 87 s, K ( )
with the 2-surface element
dS,, = (sun, — nﬂs,,)\/(_]de, (7.72)

where n is the unit timelike normal to 3, s is the unit normal to S; within 3; oriented towards
the exterior of S;, (y?) = (y',y?) are coordinates spanning S;, and ¢ := det(qqp), the gqp’s being
the components with respect to (y®) of the metric g induced by = (or equivalently by g) on S;.
Actually the Komar mass can be defined over any closed 2-surface, but in the present context
it is quite natural to consider only 2-surfaces lying in the hypersurfaces of the 341 foliation.

A priori the quantity Mk as defined by (7.71) should depend on the choice of the 2-surface S;.
However, thanks to the fact that k is a Killing vector, this is not the case, as long as S; is located
outside any matter content of spacetime. In order to show this, let us transform the surface
integral (7.71) into a volume integral. As in Sec. 7.5.3, we suppose that 3; is diffeomorphic to
either R3 or R3 minus one hole, the results being easily generalized to an arbitrary number of
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2z

Figure 7.2: Integration surface S; for the computation of Komar mass. S; is the external boundary of a part
V; of 3 which contains all the matter sources (T # 0). V; has possibly some inner boundary, in the form of one
(or more) hole H:.

holes (see Fig. 7.2). The hole, the surface of which is denoted by H; as in Sec. 7.5.3, must be
totally enclosed within the surface S;. Let us then denote by V; the part of 3; delimited by H;
and S;.

The starting point is to notice that since k is a Killing vector the V#k"’s in the integrand
of Eq. (7.71) are the components of an antisymmetric tensor. Indeed, k obeys to Killing’s
equation?:

Vakg + Vgka = 0. (7.73)

Now for any antisymmetric tensor A of type (g), the following identity holds:

2 [ V, A" aV, = 7{ AP dS,, + ¢ AFdSTE (7.74)
St

uvs
Vi Ht

with dV), is the volume element on ¥;:
dV, = —n,/q d’z (7.75)

and dSZfV is the surface element on H; and is given by a formula similar to Eq. (7.72), using the
same notation for the coordinates and the induced metric on H;:

dSZfV = (nus, — suny)\/c_]de. (7.76)

The change of sign with respect to Eq. (7.72) arises because we choose the unit vector s normal
to H; to be oriented towards the interior of V; (cf. Fig. 7.2). Let us establish Eq. (7.74). It is
well known that for the divergence of an antisymmetric tensor is given by

124 1 8 v
VVAM = \/——_gaxl/ (\/ —gAM ) (777)

4Killing’s equation follows immediately from the requirement of invariance of the metric along the field lines
of k, i.e. L g =0, along with the use of Eq. (A.8) to express L g.
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Using this property, as well as expression (7.75) of dV,, with the components n, = (—N,0,0,0)
given by Eq. (4.38), we get

VA" dV, = V=gA") n VI e /

Vi B 8 ) H /_ oxrv
where we have also invoked the relation (4.55) between the determinants of g and ~: /—g =
N,/y. Now, since AP is antisymmetric, A = 0 and we can write 9/9z" (ﬁN AW ) =
9/0z' (\/7V") where V' = NA” are the components of the vector V' € T(%;) defined by
V := —4(n - A). The above integral then becomes

YNA™) d*z, (7.78)

1 0 , .
V, A" AV, = / —— (VAV) A= | D,Vi/ydix. (7.79)
Vt 1 Vt \/,._Yaxz (\/_ ) \/_ Vt \/_
We can now use the Gauss-Ostrogradsky theorem to get
V, AW 4V, = 7{ Vs /qd®y. (7.80)
Vi [9)%%

Noticing that 0V, = H; US; (cf. Fig. 7.2) and (from the antisymmetry of A*)
7 v jn% 1 1%
Vis; =V's, = —n,As, = 514 (suny — nyusy), (7.81)

we get the identity (7.74).

Remark : Equation (7.7/) can also be derived by applying Stokes’ theorem to the 2-form
4ea5WAW, where 4ea5W is the Levi-Civita alternating tensor (volume element) associated
with the spacetime metric g (see e.g. derivation of Eq. (11.2.10) in Wald’s book [265]).

Applying formula (7.74) to A¥ = VHk¥ we get, in view of the definition (7.71),

1
My = -~ v VHEY V), + MY, (7.82)

where

1
M} = ) V“k:”dSZj,‘, (7.83)

will be called the Komar mass of the hole. Now, from the Ricci identity
V, VY — VAV EY =R K, (7.84)
=0
where the “= 0” is a consequence of Killing’s equation (7.73). Equation (7.82) becomes then

1
My = —1— 4R“ K dV, + M} = — / Ry k0t Ay dPe 4+ M (7.85)
v
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At this point, we can use Einstein equation in the form (4.2) to express the Ricci tensor ‘R in
terms of the matter stress-energy tensor T'. We obtain

1
Mg =2 / (TW — 5TgW> ntkY /v dx 4+ M. (7.86)
Vi

The support of the integral over V; is reduced to the location of matter, i.e. the domain where
T # 0. It is then clear on formula (7.86) that Mk is independent of the choice of the 2-surface
St, provided all the matter is contained in &;. In particular, we may extend the integration to
all ¥; and write formula (7.86) as

1
My = 2/ [T(n,k) - 5Tn- k] A&z + M| (7.87)
p

The Komar mass then appears as a global quantity defined for stationary spacetimes.

Remark : One may have Mfé < 0, with Mg > 0, provided that the matter integral in Eq. (7.87)
compensates for the negative value of M;('[ Such spacetimes exist, as recently demonstrated
by Ansorg and Petroff [21]: these authors have numerically constructed spacetimes con-
taining a black hole with M;('[ < 0 surrounded by a ring of matter (incompressible perfect
fluid) such that the total Komar mass is positive.

7.6.2 3+1 expression of the Komar mass and link with the ADM mass

In stationary spacetimes, it is natural to use coordinates adapted to the symmetry, i.e. coordi-

nates (¢, %) such that
EEn (7.55)
Then we have the following 3+1 decomposition of the Killing vector in terms of the lapse and
shift [cf. Eq. (4.31)]:
k=Nn+p3. (7.89)

Let us inject this relation in the integrand of the definition (7.71) of the Komar mass :

VHEY dSp = Vuku(s"n” —nts”)/qd%y
= 2V,k, s"n"\/q d%y
= 2(V,Nn,+NV,n, +V,06,) s“n”\/&de
= 2(=s"V,N+0-s"8,V,n") /qd’y
= —2(s'D;N — K;;s'37) \Jqd*y, (7.90)
where we have used Killing’s equation (7.73) to get the second line, the orthogonality of n and

B to get the fourth one and expression (3.22) for V,n” to get the last line. Inserting Eq. (7.90)
into Eq. (7.71) yields the 341 expression of the Komar mass:

1 ) o
Mg = —7{ (s'D;N — K;;s'37) \Jqd®y|. (7.91)
471' St
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Ezxample : A simple prototype of a stationary spacetime is of course the Schwarzschild space-
time. Let us compute its Komar mass by means of the above formula and the folia-
tion (X¢)ier defined by the standard Schwarzschild coordinates (7.16). For this foliation,
K;; = 0, which reduces Eq. (7.91) to the fluz of the lapse’s gradient across Sy. Tak-

ing advantage of the spherical symmetry, we choose St to be a surface r = const. Then

y® = (0,¢). The unit normal s is read from the line element (7.16); its components with

respect to the Schwarzschild coordinates (r,0, ) are

. <<1 ~ 27m> v ,0,0) . (7.92)

N and \/g are also read on the line element (7.16): N = (1 —2m/r)Y/? and \/q = r?sin®,
so that Eq. (7.91) results in

1/2 1/2
My = ijf (1 _ 2_m> 9 [(1 _ 2—m> ] v sin 0dodep. (7.93)
4m r=const r 6r r

All the terms containing r simplify and we get
My = m. (7.94)

On this particular example, we have verified that the value of Myx does not depend upon
the choice of S;.

Let us now turn to the volume expression (7.87) of the Komar mass. By using the 3+1
decomposition (4.10) and (4.12) of respectively T and T, we get

T(n,k)—%Tn-k _ —(p,k)—E(@,k)—%(S—E)n-k
- —(p,ﬂ>+EN+%(S—E)N:%N(E+S)—<p,ﬁ>. (7.95)

Hence formula (7.87) becomes

(7.96)

MK:/Z [N(E +S) —2(p, B)] /7 &>z + M}

with the Komar mass of the hole given by an expression identical to Eq. (7.91), except for &;
replaced by H; [notice the double change of sign: first in Eq. (7.83) and secondly in Eq. (7.76),
so that at the end we have an expression identical to Eq. (7.91)]:

M= D~ k) iy o0

It is easy to take the Newtonian limit Eq. (7.96), by making N — 1, E — p, S < E
[Eq. (5.25)], B — 0, v — f and M}¥ = 0. We get

MK:/E p\f . (7.98)
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Hence at the Newtonian limit, the Komar mass reduces to the standard total mass. This, along
with the result (7.94) for Schwarzschild spacetime, justifies the name Komar mass.

A natural question which arises then is how does the Komar mass relate to the ADM mass
of ¥; 7 The answer is not obvious if one compares the defining formulee (7.13) and (7.71). It
is even not obvious if one compares the 341 expressions (7.45) and (7.91): Eq. (7.45) involves
the flux of the gradient of the conformal factor ¥ of the 3-metric, whereas Eq. (7.91) involves
the flux of the gradient of the lapse function N. Moreover, in Eq. (7.45) the integral must be
evaluated at spatial infinity, whereas in Eq. (7.45) it can be evaluated at any finite distance
(outside the matter sources). The answer has been obtained in 1978 by Beig [17], as well as by
Ashtekar and Magnon-Ashtekar the year after [20]: for any foliation (X;);cg whose unit normal
vector n coincides with the timelike Killing vector k at spatial infinity [i.e. N — 1 and 3 — 0

in Eq. (7.89)],
(= ] n

Remark : In the quasi-isotropic gauge, we have obtained a volume expression of the ADM
mass, Eq. (7.69), that we may compare to the volume expression (7.96) of the Komar
mass. Even when there is no hole, the two expressions are pretty different. In particular,
the Komar mass integral has a compact support (the matter domain), whereas the ADM
mass integral has not.

7.6.3 Komar angular momentum

If the spacetime (M, g) is axisymmetric, its Komar angular momentum is defined by a
surface integral similar that of the Komar mass, Eq. (7.71), but with the Killing vector k
replaced by the Killing vector ¢ associated with the axisymmetry:

1

JK = —
K 1671' St

VHEG” dS,u | (7.100)

Notice a factor —2 of difference with respect to formula (7.71) (the so-called Komar’s anomalous
factor [165]).

For the same reason as for Mk, Jk is actually independent of the surface S; as long as the
latter is outside all the possible matter sources and Jx can be expressed by a volume integral
over the matter by a formula similar to (7.87) (except for the factor —2):

1
Jic = - /2 [T(n, $)—5Tn- qb} VA da + I, (7.101)
with
1
H._ _ v dSH 102
JK 6 HtV 10} S;w (7.102)

Let us now establish the 3+1 expression of the Komar angular momentum. It is natural to
choose a foliation adapted to the axisymmetry in the sense that the Killing vector ¢ is tangent
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to the hypersurfaces ¥;. Then n - ¢ = 0 and the integrand in the definition (7.100) is

VHe" dS,, = VM¢,,(3“n”—n“sy)\/(_1d2y

= 2V, s"'n"\/q d?y
= —23“¢VVMn”\/§d2y
= 2K;;s'¢’\/qd%y. (7.103)
Accordingly Eq. (7.100) becomes
1 o
Jk = —7{ Kiis'¢?\/qd®y | (7.104)
8w St

Remark : Contrary to the 3+1 expression of the Komar mass which turned out to be very
different from the expression of the ADM mass, the 3+1 expression of the Komar angular
momentum as given by Eq. (7.104) is very similar to the expression of the angular mo-
mentum deduced from the Hamiltonian formalism, i.e. Eq. (7.63). The only differences
are that it is no longer necessary to take the limit Sy — oo and that there is no trace term
K’yijsitbj in Eq. (7.104). Moreover, if one evaluates the Hamiltonian expression in the
asymptotically mazimal gauge (7.65) then K = O(r~2) and thanks to the asymptotic or-
thogonality of s and ¢, 'yijsitbj = O(1), so that K’yijs%j does not contribute to the integral
and expressions (7.104) and (7.63) are then identical.

Example : A trivial example is provided by Schwarzschild spacetime, which among other things
is axisymmetric. For the 3+1 foliation associated with the Schwarzschild coordinates
(7.16), the extrinsic curvature tensor K wvanishes identically, so that Eq. (7.104) yields
immediately Jx = 0. For other foliations, like that associated with Eddington-Finkelstein
coordinates, K 1is no longer zero but is such that Kijsiqu =0, yielding again Jx =0 (as it
should be since the Komar angular momentum is independent of the foliation). Explicitely
for Eddington-Finkelstein coordinates,

) 2m 1+ 2
K;js"' = <——2727", 0, 0) , (7.105)
e 1+ =0

(see e.g. Eq. (D.25) in Ref. [1/6]) and ¢’ = (0,0,1), so that obviously K;;s'¢’ = 0.

Example : The most natural non trivial example is certainly that of Kerr spacetime. Let us
use the 3+1 foliation associated with the standard Boyer-Lindquist coordinates (t,r,0,y)
and evaluate the integral (7.104) by choosing for Sy a sphere r = const. Then y* = (0, ¢).
The Boyer-Lindquist components of ¢ are ¢* = (0,0,1) and those of s are s* = (s",0,0)
since vy;; is diagonal is these coordinates. The formula (7.104) then reduces to

1

8 r=const

JK Kyps"\/qd do. (7.106)
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The extrinsic curvature component K, can be evaluated via formula (4.63), which reduces
to 2N K;j = Lg~;j since 0v;;/0t = 0. From the Boyer-Lindquist line element (see e.g.
Eq. (5.29) in Ref. [150]), we read the components of the shift:

2amr
r a0 e 0, 0, 7.107
(6,8, 5%) = < (124 a?)(r? + a2 cos? 0) + 2a2mr sin? 9) ’ ( )

where m and a are the two parameters of the Kerr solution. Then, using Eq. (A.6),

¢ ¢ ¢
Ky = %E,ﬂ Yro = : (ﬁgp O e aaﬁ + Yre %ﬁgp > = %W«Jaair' (7.108)
:o :O
Hence .
Jic = — > " Jadode. (7.109)

1677 r=const N%ﬂp 8
The values of s", N, v, and \/q can all be read on the Boyer-Lindquist line element.
Howewver this is a bit tedious. To simplify things, let us evaluate Jx only in the limit
r — o0o. Then s" ~ 1, N ~ 1, 7y,p ~ r2sin® 0, Va ~ r2sin@ and, from Eq. (7.107),
B¥ ~ —2am/r3, so that

1 6 3 "
T = — r2sin? 2 6 0 dh dp = 22 x o x / sind0do.  (7.110)
167 r4 8 0

r=const

Hence, as expected,
Jk = am. (7.111)

Let us now find the 341 expression of the volume version (7.101) of the Komar angular
momentum. We have n - ¢ = 0 and, from the 3+1 decomposition (4.10) of T

Hence formula (7.101) becomes
To= [ wohvads | (7.113)
)3
with
1 o
Jit=— ¢ Kys'¢d\/qdy| (7.114)
8m He

Example : Let us consider a perfect fluid. Then p = (E + P)U. [Eq. (5.61)], so that
Ji :/ (E+P)U - ¢ yd*z+ J. (7.115)
2t

Taking ¢ = —y8, + x0y (symmetry azxis = z-axis), the Newtonian limit of this expression
s then

Jk = / p(—yU?® + 2UY) dx dy dz, (7.116)
P

i.e. we recognize the standard expression for the angular momentum around the z-axis.
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Chapter 8

The initial data problem
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8.1 Introduction

8.1.1 The initial data problem

We have seen in Chap. 4 that thanks to the 341 decomposition, the resolution of Einstein
equation amounts to solving a Cauchy problem, namely to evolve “forward in time” some initial

data. However this is a Cauchy problem with constraints. This makes the set up of initial

data

a non trivial task, because these data must obey the constraints. Actually one may distinguish

two problems:

e The mathematical problem: given some hypersurface g, find a Riemannian metric -,
a symmetric bilinear form K and some matter distribution (E,p) on ¥ such that the

Hamiltonian constraint (4.65) and the momentum constraint (4.66) are satisfied:

R+ K? - K;;K"7 = 167E

D;K?, — DiK = 8mp; |

In addition, the matter distribution (F,p) may have some constraints from its own.

shall not discuss them here.

(8.1)
(8.2)

We

o The astrophysical problem: make sure that the solution to the constraint equations has

something to do with the physical system that one wish to study.
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Notice that Eqs. (8.1)-(8.2) involve a single hypersurface ¥¢, not a foliation (¥;),cp. In partic-
ular, neither the lapse function nor the shift vector appear in these equations. Facing them, a
naive way to proceed would be to choose freely the metric -y, thereby fixing the connection D
and the scalar curvature R, and to solve Egs. (8.1)-(8.2) for K. Indeed, for fixed «, F, and p,
Egs. (8.1)-(8.2) form a quasi-linear system of first order for the components K;;. However, as
discussed by Choquet-Bruhat [128], this approach is not satisfactory because we have only four
equations for six unknowns K;; and there is no natural prescription for choosing arbitrarily two
among the six components K;.

Lichnerowicz (1944) [177] has shown that a much more satisfactory split of the initial data
(7, K) between freely choosable parts and parts obtained by solving Eqs. (8.1)-(8.2) is provided
by the conformal decomposition introduced in Chap. 6. Lichnerowicz method has been extended
by Choquet-Bruhat (1956, 1971) [128, 86], by York and O Murchadha (1972, 1974, 1979) [273,
274,196, 276] and more recently by York and Pfeiffer (1999, 2003) [278, 202]. Actually, conformal
decompositions are by far the most widely spread techniques to get initial data for the 3+1
Cauchy problem. Alternative methods exist, such as the quasi-spherical ansatz introduced by
Bartnik in 1993 [37] or a procedure developed by Corvino (2000) [98] and by Isenberg, Mazzeo
and Pollack (2002) [162] for gluing together known solutions of the constraints, thereby producing
new ones. Here we shall limit ourselves to the conformal methods. Standard reviews on this
subject are the articles by York (1979) [276] and Choquet-Bruhat and York (1980) [88]. Recent
reviews are the articles by Cook (2000) [94], Pfeiffer (2004) [201] and Bartnik and Isenberg
(2004) [39].

8.1.2 Conformal decomposition of the constraints

The conformal form of the constraint equations has been derived in Chap. 6. We have introduced
there the conformal metric 4 and the conformal factor ¥ such that the metric v induced by the
spacetime metric on some hypersurface Xy is [cf. Eq. (6.22)]

vij = %5, (8.3)

and have decomposed the traceless part A% of the extrinsic curvature K% according to [cf.
Eq. (6.82)] - -
AT = g0 44 (8.4)

We consider here the decomposition involving A% [o = —10 in Eq. (6.58)] and not the alter-
native one, which uses A% (a = —4), because we have seen in Sec. 6.4.2 that the former is
well adapted to the momentum constraint. Using the decompositions (8.3) and (8.4), we have
rewritten the Hamiltonian constraint (8.1) and the momentum constraint (8.2) as respectively
the Lichnerowicz equation [Eq. (6.111)] and an equation involving the divergence of A% with
respect to the conformal metric [Eq. (6.112)] :

1. ~ 1
R + 2 Ay AV (VARE V1 A EKZ\IJE’ =0} (8.5)

- a2 - )
D;AY — §\IJ6DZK = 8np' |, (8.6)
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where we have introduce the rescaled matter quantities
E:=0°E (8.7)
and ‘ ‘
pli= Wil (8.8)

The definition of ' is clearly motivated by Eq. (6.112). On the contrary the power 8 in the
definition of E is not the only possible choice. As we shall see in § 8.2.4, it is chosen (i)
to guarantee a negative power of ¥ in the E term in Eq. (8.5), resulting in some uniqueness
property of the solution and (ii) to allow for an easy implementation of the dominant energy
condition.

8.2 Conformal transverse-traceless method

8.2.1 Longitudinal/transverse decomposition of A%

In order to solve the system (8.5)-(8.6), York (1973,1979) [274, 275, 276] has decomposed A%
into a longitudinal part and a transverse one, by setting

AV = (LX) + Al |, (8.9)

where A%ZT is both traceless and transverse (i.e. divergence-free) with respect to the metric 4:
FijA%. =0 and DAY =0, (8.10)

and (LX)¥ is the conformal Killing operator associated with the metric 4 and acting on
the vector field X:

- - - 2. -
(LX)Y := D'X7 + DI X" — gpkxk 74|, (8.11)

The properties of this linear differential operator are detailed in Appendix B. Let us retain here
that (LX)" is by construction traceless:

Fi; (LX) =0 (8.12)

(it must be so because in Eq. (8.9) both A” and Afij are traceless) and the kernel of L is
made of the conformal Killing vectors of the metric 7, i.e. the generators of the conformal
isometries (cf. Sec. B.1.3). The symmetric tensor (LX)" is called the longitudinal part of
Al whereas A%T is called the transverse part.

Given A", the vector X is determined by taking the divergence of Eq. (8.9): taking into
account property (8.10), we get

Dj(LX)¥ = D;AY. (8.13)

The second order operator [)j(le )¥ acting on the vector X is the conformal vector Lapla-
cian Ay

AL X' :=Dj(LX)7 = D;D'X" + -D'D; X7 + R' ;X7 | (8.14)

W=




128 The initial data problem

where the second equality follows from Eq. (B.10). The basic properties of Ay are investigated
in Appendix B, where it is shown that this operator is elliptic and that its kernel is, in practice,
reduced to the conformal Killing vectors of 4, if any. We rewrite Eq. (8.13) as

AL X' = DjAY. (8.15)

The existence and uniqueness of the longitudinal /transverse decomposition (8.9) depend on the
existence and uniqueness of solutions X to Eq. (8.15). We shall consider two cases:

e Y is a closed manifold, i.e. is compact without boundary;
e (Xo,7) is an asymptotically flat manifold, in the sense made precise in Sec. 7.2.

In the first case, it is shown in Appendix B that solutions to Eq. (8.15) exist provided that the
source D;j A% is orthogonal to all conformal Killing vectors of 7, in the sense that [cf. Eq. (B.27)]:

VC € ker L, ;0 DR AR\ /3 d3a = 0. (8.16)
b))

But this is easy to verify: using the fact that the source is a pure divergence and that g is
closed, we may integrate by parts and get, for any vector field C,

N 1 o
/ 5iiC* Dy A5 &P = —5/ i (LOYF AT /5 de. (8.17)
>o Yo

Then, obviously, when C' is a conformal Killing vector, the right-hand side of the above equation
vanishes. So there exists a solution to Eq. (8.15) and this solution is unique up to the addition
of a conformal Killing vector. However, given a solution X, for any conformal Killing vector C,
the solution X + C yields to the same value of LX, since C is by definition in the kernel of
L. Therefore we conclude that the decomposition (8.9) of A is unique, although the vector X
may not be if (X, %) admits some conformal isometries.

In the case of an asymptotically flat manifold, the existence and uniqueness is guaranteed
by the Cantor theorem mentioned in Sec. B.2.4. We shall then require the decay condition

%%,

oL = O(r=3) (8.18)

in addition to the asymptotic flatness conditions (7.35) introduced in Chap. 7. This guarantees
that [cf. Eq. (B.31)] .
Rij=O(r 3). (8.19)

In addition, we notice that A% obeys the decay condition Aii = O(r~2) which is inherited
from the asymptotic flatness condition (7.3). Then D;AY = O(r—?) so that condition (B.29) is
satisfied. Then all conditions are fulfilled to conclude that Eq. (8.15) admits a unique solution
X which vanishes at infinity.

To summarize, for all considered cases (asymptotic flatness and closed manifold), any sym-
metric and traceless tensor A% (decaying as O(r~2) in the asymptotically flat case) admits a
unique longitudinal /transverse decomposition of the form (8.9).
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8.2.2 Conformal transverse-traceless form of the constraints

Inserting the longitudinal /transverse decomposition (8.9) into the constraint equations (8.5) and
(8.6) and making use of Eq. (8.15) yields to the system

DD — éﬁa\p + % (LX) + AiTjT] [(ZX)U + AQZT] S Dl %quﬁ =0
(8.20)
Ap X' — gxpﬁbiK = 8mp' |, (8.21)
where
(LX)ij = FurAj (LX) (8.22)
ALT = A AR (8.23)

With the constraint equations written as (8.20) and (8.21), we see clearly which part of the
initial data on Y can be freely chosen and which part is “constrained”:

e free data:

conformal metric 4;

symmetric traceless and transverse tensor A%’gT (traceless and transverse are meant
with respect to 7: %J-AZTJT =0 and DJ-AZ%T =0);
— scalar field K;

— conformal matter variables: (E,p);
e constrained data (or “determined data”):

— conformal factor ¥, obeying the non-linear elliptic equation (8.20) (Lichnerowicz
equation)

— vector X, obeying the linear elliptic equation (8.21) .
Accordingly the general strategy to get valid initial data for the Cauchy problem is to choose

(:Yz‘j’AleT,K, E,p") on ¥y and solve the system (8.20)-(8.21) to get ¥ and X?. Then one con-
structs

vii = U4y (8.24)
g - 1 g

Kii = g0 <(LX)” +AE§T>+§\1/*4KW (8.25)
E = U %E (8.26)
pl o= w05 (8.27)

and obtains a set (v, K, E, p) which satisfies the constraint equations (8.1)-(8.2). This method
has been proposed by York (1979) [276] and is naturally called the conformal transverse
traceless (CTT) method.
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8.2.3 Decoupling on hypersurfaces of constant mean curvature

Equations (8.20) and (8.21) are coupled, but we notice that if, among the free data, we choose
K to be a constant field on X,
K = const, (8.28)

then they decouple partially : condition (8.28) implies D'K = 0, so that the momentum con-
straint (8.2) becomes independent of U:

Ap X' =8rp' (K = const). (8.29)

The condition (8.28) on the extrinsic curvature of ¥ defines what is called a constant mean
curvature (CMC) hypersurface. Indeed let us recall that K is nothing but minus three times
the mean curvature of (3g,) embedded in (M, g) [cf. Eq. (2.44)]. A maximal hypersurface,
having K = 0, is of course a special case of a CMC hypersurface. On a CMC hypersurface, the
task of obtaining initial data is greatly simplified: one has first to solve the linear elliptic equation
(8.29) to get X and plug the solution in Eq. (8.20) to form an equation for ¥. Equation (8.29)
is the conformal vector Poisson equation studied in Appendix B. It is shown in Sec. B.2.4 that
it always solvable for the two cases of interest mentioned in Sec. 8.2.1: closed or asymptotically
flat manifold. Moreover, the solutions X are such that the value of LX is unique.

8.2.4 Lichnerowicz equation

Taking into account the CMC decoupling, the difficult problem is to solve Eq. (8.20) for W. This
equation is elliptic and highly non-linear'. It has been first studied by Lichnerowicz [177, 178]
in the case K = 0 (X maximal) and £ = 0 (vacuum). Lichnerowicz has shown that given the
value of ¥ at the boundary of a bounded domain of ¥y (Dirichlet problem), there exists at most
one solution to Eq. (8.20). Besides, he showed the existence of a solution provided that Aijflij
is not too large. These early results have been much improved since then. In particular Cantor
[77] has shown that in the asymptotically flat case, still with K = 0 and E = 0, Eq. (8.20) is
solvable if and only if the metric 4 is conformal to a metric with vanishing scalar curvature (one
says then that 4 belongs to the positive Yamabe class) (see also Ref. [188]). In the case of
closed manifolds, the complete analysis of the CMC case has been achieved by Isenberg (1995)
[161].

For more details and further references, we recommend the review articles by Choquet-Bruhat
and York [38] and Bartnik and Isenberg [39]. Here we shall simply repeat the argument of York
[278] to justify the rescaling (8.7) of E. This rescaling is indeed related to the uniqueness of
solutions to the Lichnerowicz equation. Consider a solution ¥y to Eq. (8.20) in the case K = 0,
to which we restrict ourselves. Another solution close to Wy can be written ¥ = Wq + €, with
|E| < \I’QZ

o 1. 1. .. .
DiDZ(\IJO + 6) — gR(\IIO + 6) + gAijAU (\Ifo + 6)_7 + QWE(\IJO + 6)_3 = 0. (8.30)

Expanding to the first order in €/¥q leads to the following linear equation for e:

D;D'e — e = 0, (8.31)

Lalthough it is quasi-linear in the technical sense, i.e. linear with respect to the highest-order derivatives
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with

7
8
Now, if a > 0, one can show, by means of the maximum principle, that the solution of (8.31)
which vanishes at spatial infinity is necessarily ¢ = 0 (see Ref. [39] or § B.1 of Ref. [91]). We
therefore conclude that the solution ¥y to Eq. (8.20) is unique (at least locally) in this case. On
the contrary, if & < 0, non trivial oscillatory solutions of Eq. (8.31) exist, making the solution
Uy not unique. The key point is that the scaling (8.7) of E yields the term +67TE\I’54 in
Eq. (8.32), which contributes to make a positive. If we had not rescaled E, i.e. had considered
the original Hamiltonian constraint equation (6.111), the contribution to « would have been
instead —107TE\113, i.e. would have been negative. Actually, any rescaling F = USE with s > 5
would have work to make « positive. The choice s = 8 in Eq. (8.7) is motivated by the fact that
if the conformal data (E,p") obey the “conformal” dominant energy condition (cf. Sec. 7.3.4)

B> 355, (8.33)

then, via the scaling (8.8) of p, the reconstructed physical data (E,p’) will automatically obey
the dominant energy condition as stated by Eq. (7.54):

E >\ [ypipi. (8.34)

8.2.5 Conformally flat and momentarily static initial data

1 - o -
=R+ Ay AT R 4 6r BVt (8.32)

In this section we search for asymptotically flat initial data (X, ~, K). Let us then consider the
simplest case one may think of, namely choose the freely specifiable data (%5, Afp, K, E, 7') to
be a flat metric:

Yij = fijs (8.35)
a vanishing transverse-traceless part of the extrinsic curvature:

AL =0, (8.36)
a vanishing mean curvature (maximal hypersurface)

K =0, (8.37)

and a vacuum spacetime:

E=0, p'=0. (8.38)
Then D; = D;, R =0, L = L [cf. Eq. (6.126)] and the constraint equations (8.20)-(8.21) reduce
to
1 .
AW+ (LX) (LX) =0 (8.39)
ApX' =0, (8.40)
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where A and Aj are respectively the scalar Laplacian and the conformal vector Laplacian
associated with the flat metric f:
A :=D,D* (8.41)
and )
ALX':=D;DIX" + gpiz)ij. (8.42)

Equations (8.39)-(8.40) must be solved with the boundary conditions

U=1 when 7 — oo (8.43)
X =0 when 7 — oo, (8.44)

which follow from the asymptotic flatness requirement. The solution depends on the topology of
Y9, since the latter may introduce some inner boundary conditions in addition to (8.43)-(8.44)
Let us start with the simplest case: Y9 = R3. Then the solution of Eq. (8.40) subject to the

boundary condition (8.44) is
X =0 (8.45)

and there is no other solution (cf. Sec. B.2.4). Then obviously (LX)¥ = 0, so that Eq. (8.39)
reduces to Laplace equation for W:

AV = 0. (8.46)

With the boundary condition (8.43), there is a unique regular solution on R3:
U =1. (8.47)
The initial data reconstructed from Egs. (8.24)-(8.25) is then

v=f (8.48)
K =0. (8.49)

These data correspond to a spacelike hyperplane of Minkowski spacetime. Geometrically the
condition K = 0 is that of a totally geodesic hypersurface (cf. Sec. 2.4.3). Physically data with
K = 0 are said to be momentarily static or time symmetric. Indeed, from Eq. (3.22),

Lmg=-2NK -2V, Nn®n. (8.50)

So if K = 0 and if moreover one chooses a geodesic slicing around g (cf. Sec. 4.4.2), which
yields N =1 and V,,N = 0, then
Lyng=0. (8.51)

This means that, locally (i.e. on ), the normal evolution vector m is a spacetime Killing
vector. This vector being timelike, the configuration is then stationary. Moreover, the Killing
vector m being orthogonal to some hypersurface (i.e. ), the stationary configuration is called
static. Of course, this staticity properties holds a priori only on ¥ since there is no guarantee
that the time development of Cauchy data with K = 0 at ¢ = 0 maintains K = 0 at ¢t > 0.
Hence the qualifier ‘momentarily’ in the expression ‘momentarily static’ for data with K = 0.
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)y

Figure 8.1: Hypersurface $o as R® minus a ball, displayed via an embedding diagram based on the metric 7,
which coincides with the Euclidean metric on R®. Hence Yo appears to be flat. The unit normal of the inner
boundary S with respect to the metric 4 is §. Notice that D - § > 0.

0

To get something less trivial than a slice of Minkowski spacetime, let us consider a slightly
more complicated topology for ¥, namely R? minus a ball (cf. Fig. 8.1). The sphere S delimiting
the ball is then the inner boundary of ¥y and we must provide boundary conditions for ¥ and
X on S to solve Egs. (8.39)-(8.40). For simplicity, let us choose

X|g=0. (8.52)

Altogether with the outer boundary condition (8.44), this leads to X being identically zero as
the unique solution of Eq. (8.40). So, again, the Hamiltonian constraint reduces to Laplace
equation

AV = 0. (8.53)

If we choose the boundary condition ¥|g = 1, then the unique solution is ¥ = 1 and we are
back to the previous example (slice of Minkowski spacetime). In order to have something non
trivial, i.e. to ensure that the metric v will not be flat, let us demand that v admits a closed
manimal surface, that we will choose to be §. This will necessarily translate as a boundary
condition for ¥ since all the information on the metric is encoded in ¥ (let us recall that from
the choice (8.35), v = U f). S is a minimal surface of (¥g,~) iff its mean curvature vanishes,
or equivalently if its unit normal s is divergence-free (cf. Fig. 8.2):

D;s'| ¢ = 0. (8.54)

This is the analog of V-n = 0 for maximal hypersurfaces, the change from minimal to maximal
being due to the change of signature, from the Riemannian to the Lorentzian one. By means of
Eq. (6.37), condition (8.54) is equivalent to

D;(U%s")| ¢ =0, (8.55)

where we have used D; = D;, since ~ = f. Let us rewrite this expression in terms of the unit
vector § normal to S with respect to the metric 4 (cf. Fig. 8.1); we have

5=0"3s, (8.56)
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S

Figure 8.2: Same hypersurface ¥ as in Fig. 8.1 but displayed via an embedding diagram based on the metric
~ instead of 4. The unit normal of the inner boundary S with respect to that metric is s. Notice that D -s = 0,
which means that S is a minimal surface of (2o, 7).

since (8, 8) = V~*5(s,s) = ¥(s,s) = 1. Thus Eq. (8.55) becomes

= 0. (8.57)
S

. 9 .
D, (W45 = %% (\/qu‘ls)

Let us introduce on ¥y a coordinate system of spherical type, (z°) = (7,0, ), such that (i)
fij = diag(1,72,r%sin? 0) and (ii) S is the sphere 7 = a, where a is some positive constant. Since
in these coordinates /f = r?sinf and 5 = (1,0,0), the minimal surface condition (8.57) is

written as v
— = (py2 = .
2y (V)] =0, (8.58)
ie. P v
— 4+ — =0 8.59
(81" + 27") _ (8:59)

This is a boundary condition of mixed Newmann /Dirichlet type for W. The unique solution of
the Laplace equation (8.53) which satisfies boundary conditions (8.43) and (8.59) is

U=1+ g (8.60)

The parameter a is then easily related to the ADM mass m of the hypersurface ¥y. Indeed using
formula (7.66), m is evaluated as

1 ov 1 0 a
— i Sorsingdf dp = — lim 4m? = (14 %) = 2a. 61
m 5 Jim b 5, Sii 7 5 Jim dmr® o + a (8.61)
Hence a = m/2 and we may write
m
U=1+_—| .62
+3, (8.62)
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Figure 8.3: Extended hypersurface ¥f obtained by gluing a copy of ¥ at the minimal surface S and defining
an Einstein-Rosen bridge between two asymptotically flat regions.

Therefore, in terms of the coordinates (r, 6, ), the obtained initial data (v, K) are

m

4
o - 2 2.
Yij <1 + 2r> diag(1,r*,7%sin0) (8.63)
Kij = 0. (8.64)

So, as above, the initial data are momentarily static. Actually, we recognize on (8.63)-(8.64) a
slice t = const of Schwarzschild spacetime in isotropic coordinates [compare with Eq. (6.24)].
The isotropic coordinates (r,6, ) covering the manifold ¥y are such that the range of r
is [m/2,400). But thanks to the minimal character of the inner boundary S, we can extend
(X0,7) to a larger Riemannian manifold (¥,~') with +'|y,, =~ and 4" smooth at S. This is
made possible by gluing a copy of ¥y at S (cf. Fig. 8.3). The topology of 3j is S? x R and the
range of 7 in X is (0, +00). The extended metric 4’ keeps exactly the same form as (8.63):

S 4
i da’ da? = (1 + 2%) (alr2 + 72d6? + r*sin® 9d<,02) . (8.65)
By the change of variable
’ m?
rerl = (8.66)

it is easily shown that the region » — 0 does not correspond to some “center” but is actually
a second asymptotically flat region (the lower one in Fig. 8.3). Moreover the transformation
(8.66), with 6 and ¢ kept fixed, is an isometry of 4’. It maps a point p of Xy to the point located
at the vertical of p in Fig. 8.3. The minimal sphere § is invariant under this isometry. The
region around S is called an Einstein-Rosen bridge. (X(,~’) is still a slice of Schwarzschild
spacetime. It connects two asymptotically flat regions without entering below the event horizon,
as shown in the Kruskal-Szekeres diagram of Fig. 8.4.
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f = const

Figure 8.4: Extended hypersurface ¥ depicted in the Kruskal-Szekeres representation of Schwarzschild space-
time. R stands for Schwarzschild radial coordinate and r for the isotropic radial coordinate. R = 0 is the singular-
ity and R = 2m the event horizon. X is nothing but a hypersurface ¢t = const, where ¢ is the Schwarzschild time
coordinate. In this diagram, these hypersurfaces are straight lines and the Einstein-Rosen bridge S is reduced to
a point.

8.2.6 Bowen-York initial data

Let us select the same simple free data as above, namely
Yij = fij, Al,=0, K=0, E=0 and j =0. (8.67)
For the hypersurface ¥, instead of R3 minus a ball, we choose R3 minus a point:
Yo = R3\{0}. (8.68)

The removed point O is called a puncture [66]. The topology of g is S? x R; it differs from
the topology considered in Sec. 8.2.5 (R? minus a ball); actually it is the same topology as that
of the extended manifold ¥, (cf. Fig. 8.3).

Thanks to the choice (8.67), the system to be solved is still (8.39)-(8.40). If we choose
the trivial solution X = 0 for Eq. (8.40), we are back to the slice of Schwarzschild spacetime
considered in Sec. 8.2.5, except that now Xy is the extended manifold previously denoted Xj.

Bowen and York [05] have obtained a simple non-trivial solution of Eq. (8.40) (see also
Ref. [49]). Given a Cartesian coordinate system (x%) = (x,,2) on ¢ (i.e. a coordinate system
such that f;; = diag(1,1,1)) with respect to which the coordinates of the puncture O are (0,0, 0),
this solution writes
1

4r

Xt = o) - ﬁeij Sk, (8.69)

<7fZJPJ n ij1x2> 1
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where r := /22 + 2 + 22, €V . is the Levi-Civita alternating tensor associated with the flat
metric f and (F;,5;) = (Pi, P, P3,51,52,53) are six real numbers, which constitute the six
parameters of the Bowen-York solution. Notice that since r # 0 on g, the Bowen-York solution
is a regular and smooth solution on the entire .

Example : Choosing P; = (0, P,0) and S; = (0,0,S5), where P and S are two real numbers,
leads to the following expression of the Bowen-York solution:

( Py Y

Xt = ———=
47°3+Sr3
P y? x

Xvo= - <7+T—2>—Sﬁ (8.70)
Pxz

X = ———
4 r3

The conformal traceless extrinsic curvature corresponding to the solution (8.69) is deduced from
formula (8.9), which in the present case reduces to A% = (LX)%; one gets

. 3 o o J 3 /. A . .
AY = 5,3 [mZPJ + a? Pt — <f” — &> Pyx ] + = (e’lekxlx] + e]lekxlxl) A (8.71)
r r

where P' := f¥P;. The tensor Al given by Eq. (8.71) is called the Bowen-York extrinsic
curvature. Notice that the P; part of AY decays asymptotically as O(r~2), whereas the S;
part decays as O(r—3).

Remark : Actually the expression of Al given in the original Bowen-York article [65] contains
an additional term with respect to Eq. (8.71), but the role of this extra term is only to
ensure that the solution is isometric through an inversion across some sphere. We are
not interested by such a property here, so we have dropped this term. Therefore, strictly
speaking, we should name expression (8.71) the simplified Bowen-York extrinsic curvature.

Example : Choosing P; = (0,P,0) and S; = (0,0,5) as in the previous example [Eq. (8.70)],

we get
Jme _;’_Zy (1 ~ f_j) _ i_fxy (8.72)
A% = ;))P3 (1 - 2) + i—f(ﬂcz — %) (8.73)
AT = ;—Vixyz - i—fyz (8.74)
A — ;))—P:sy <1 + Z_z> + i_fxy (8.75)
Av: = ;%]Z (1 + 2) + i—fmz (8.76)

X 3P 22
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In particular we verify that AY is traceless: ’yijflij = fijflij = AT 4 AW 4 A% = (.

The Bowen-York extrinsic curvature provides an analytical solution of the momentum con-
straint (8.40) but there remains to solve the Hamiltonian constraint (8.39) for ¥, with the
asymptotic flatness boundary condition ¥ = 1 when r — oco. Since X # 0, Eq. (8.39) is no
longer a simple Laplace equation, as in Sec. 8.2.5, but a non-linear elliptic equation. There is
no hope to get any analytical solution and one must solve Eq. (8.39) numerically to get ¥ and
reconstruct the full initial data (v, K) via Eqgs. (8.24)-(8.25).

Let us now discuss the physical significance of the parameters (P;,.S;) of the Bowen-York
solution. First of all, the ADM momentum of the initial data (X¢, v, K) is computed via formula
(7.56). Taking into account that ¥ is asymptotically one and K vanishes, we can write

1 o
PAPM — — iy Ay 2Fr sin 6 do dep, ie{1,2,3}, (8.78)
81 r—oo r=const
where we have used the fact that, within the Cartesian coordinates (z) = (z,y, 2), (8;)7 = & ;

and s* = x¥ /r. If we insert expression (8.71) for Ajk in this formula, we notice that the S; part
decays too fast to contribute to the integral; there remains only

ADM L 3 j 2 z'r? k|
P; = — lim = |ziPjr? +r°P, — (@ — —5— | Ppa” | sin6db dyp

8 r—o0 r=const 2r r
=0

3 xlad . .

= — | P 5—sinfdf dp + P; sinfdf dy |. (8.79)
167 r=const I r=const
=4r

Now

@] . J)2 1 2 A1 ..
jé Ty sin@d@dgpzé’jjé (z7) sin@d@dgpzé”—j{ %sin@d@dgpz —7T<5”,
r=const

2 2 3
r=const r=const
(8.80)
so that Eq. (8.79) becomes
3 4
PAPM — = (2 4L 4x | P, 81
¢ 167T<3+7T> v (8.81)
ie.
PAPM — p| (8.82)

Hence the parameters P; of the Bowen-York solution are nothing but the three components of
the ADM linear momentum of the hypersurface .

Regarding the angular momentum, we notice that since 7;; = f;; in the present case, the
Cartesian coordinates (2') = (z,y, 2) belong to the quasi-isotropic gauge introduced in Sec. 7.5.2
(condition (7.64) is trivially fulfilled). We may then use formula (7.63) to define the angular
momentum of Bowen-York initial. Again, since ¥ — 1 at spatial infinity and K = 0, we can

write 1
Ji = — lim Aji(i)? atrsinfdodp, i€ {1,2,3}. (8.83)

8 r—o0 r=const
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Substituting expression (8.71) for A;; as well as expressions (7.60)-(7.62) for (¢;)7, we get that
only the S; part contribute to this integral. After some computation, we find

Ji = S; | (8.84)

Hence the parameters 5; of the Bowen-York solution are nothing but the three components of
the angular momentum of the hypersurface 3.

Remark : The Bowen-York solution with P* =0 and S* = 0 reduces to the momentarily static
solution found in Sec. 8.2.5, i.e. is a slice t = const of the Schwarzschild spacetime (t
being the Schwarzschild time coordinate). However Bowen-York initial data with P* = 0
and S* # 0 do not constitute a slice of Kerr spacetime. Indeed, it has been shown [155]
that there does not exist any foliation of Kerr spacetime by hypersurfaces which (i) are
azisymmetric, (i) smoothly reduce in the non-rotating limit to the hypersurfaces of constant
Schwarzschild time and (iii) are conformally flat, i.e. have induced metric 4 = f, as the
Bowen- York hypersurfaces have. This means that a Bowen- York solution with S* # 0 does
represent initial data for a rotating black hole, but this black hole is not stationary: it is
“surrounded” by gravitational radiation, as demonstrated by the time development of these
initial data [67, 1/2].

8.3 Conformal thin sandwich method

8.3.1 The original conformal thin sandwich method

An alternative to the conformal transverse-traceless method for computing initial data has been
introduced by York in 1999 [278]. It is motivated by expression (6.78) for the traceless part of
the extrinsic curvature scaled with o« = —4:

. 1 ) 9. g
g = ~ ~ij 2 k ~ij
A 5N [<6t £B> ol 3Dkﬁ A1 (8.85)
Noticing that [cf. Eq. (8.11)]
g .9
——ﬁﬁ&”::(LﬁYj+—§LMBk, (8.86)

and introducing the short-hand notation

i o ..
1] L ~ 1]
=577, (8.87)

we can rewrite Eq. (8.85) as

A= 57 1 (Bp)]. (8.88)

The relation between A% and A% is [cf. Eq. (6.102)]

AV = b AT (8.89)
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Accordingly, Eq. (8.88) yields

At — % 57+ @8] | (8.90)

where we have introduced the conformal lapse

N =wn| (8.91)

Equation (8.90) constitutes a decomposition of A" alternative to the longitudinal /transverse
decomposition (8.9). Instead of expressing A" in terms of a vector X and a TT tensor Ady, it

expresses it in terms of the shift vector 3, the time derivative of the conformal metric, 'Ly”, and
the conformal lapse V.

The Hamiltonian constraint, written as the Lichnerowicz equation (8.5), takes the same form
as before:

Wl L Aigg-7 a3 K
DiD'W — 2+ c Ay AT U 2 BU o

oo | B

T =0|, (8.92)

except that now AU is to be understood as the combination (8.90) of 3, ﬁ” and N. On the

other side, the momentum constraint (8.6) becomes, once expression (8.90) is substituted for
A,

A R _ (1 . 4 o= p

In view of the system (8.92)-(8.93), the method to compute initial data consists in choosing
freely 7;;, 37, K, N, E and ' on ¥ and solving (8.92)-(8.93) to get ¥ and . This method is
called conformal thin sandwich (CTS), because one input is the time derivative 4", which

can be obtained from the value of the conformal metric on two neighbouring hypersurfaces ¥
and Y5 (“thin sandwich” view point).

Remark : The term “thin sandwich” originates from a previous method devised in the early
sizties by Wheeler and his collaborators [27, 207]. Contrary to the methods exposed here,
the thin sandwich method was not based on a conformal decomposition: it considered the
constraint equations (8.1)-(8.2) as a system to be solved for the lapse N and the shift vector
B, given the metric ~v and its time derivative. The extrinsic curvature which appears in
(8.1)-(8.2) was then considered as the function of vy, dv/0t, N and 3 given by Eq. (4.63).
However, this method does not work in general [35]. On the contrary the conformal thin
sandwich method introduced by York [278] and exposed above was shown to work [91].

As for the conformal transverse-traceless method treated in Sec. 8.2, on CMC hypersurfaces,
Eq. (8.93) decouples from Eq. (8.92) and becomes an elliptic linear equation for 3.
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8.3.2 Extended conformal thin sandwich method

An input of the above method is the conformal lapse N. Considering the astrophysical problem
stated in Sec. 8.1.1, it is not clear how to pick a relevant value for N. Instead of choosing an
arbitrary value, Pfeiffer and York [202] have suggested to compute N from the Einstein equation
giving the time derivative of the trace K of the extrinsic curvature, i.e. Eq. (6.107):
0 Lg | K=—-0"*(D,D'N +2D; LAy

((% ﬁ> =~ (D;D'N +2D;n W D'N) + N [47T(E+S) + Ay Al 4 = ] . (8.94)
This amounts to add this equation to the initial data system. More precisely, Pfeiffer and York
[202] suggested to combine Eq. (8.94) with the Hamiltonian constraint to get an equation involv-
ing the quantity NW = NW¥7 and containing no scalar products of gradients as the D; In WD!N
term in Eq. (8.94), thanks to the identity

D;D'N + 2D; In W DN = o~ [DZI)"(N\I/) + NDZ-[)"\I/] . (8.95)

Expressing the left-hand side of the above equation in terms of Eq. (8.94) and substituting
D; D'V in the right-hand side by its expression deduced from Eq. (8.92), we get

R - 1- 5 T _ . . .
D;D'(NUT)—(NTT) Sh+ EK2\II4 + gAZ-]»AW*@ +2n(E + 25)\114} +<K — BzDiK) o =0,
(8.96)
where we have used the short-hand notation
. 0K
K :=— 8.97
5 (8.97)
and have set B
S .= uss. (8.98)
Adding Eq. (8.96) to Egs. (8.92) and (8.93), the initial data system becomes
A, i R i 5 K2 s
DD\I/——\IH— AA]\II + 27 BV~ ﬁllf =0 (8.99)
<— %, w) (i%“) _ A6 piK = 1605 (8.100)
N Pilw 3
D;D'(NU") — (N¥7) R L2 et DA At 2m(E +28)0*
! 8 12 8 , (8.101)
+ <K - ﬂif)z‘K) U5 =0

where A is the function of N, 3¢, 7ij and 3" defined by Eq. (8.90). Equations (8.99)-(8.101)
constitute the extended conformal thin sandwich (XCTS) system for the initial data
problem. The free data are the conformal metric 4, its coordinate time derivative 'Ly, the extrinsic
curvature trace K, its coordinate time derivative K, and the rescaled matter variables E, S and
p'. The constrained data are the conformal factor ¥, the conformal lapse N and the shift vector

3.
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Remark : The XCTS system (8.99)-(8.101) is a coupled system. Contrary to the CTT system
(8.20)-(8.21), the assumption of constant mean curvature, and in particular of mazximal
slicing, does mot allow to decouple it.

8.3.3 XCTS at work: static black hole example

Let us illustrate the extended conformal thin sandwich method on a simple example. Take for
the hypersurface Yy the punctured manifold considered in Sec. 8.2.6, namely

Yo = R3\{0}. (8.102)

For the free data, let us perform the simplest choice:

5= fy, 47 =0, K=0, K=0, E=0, §=0, and § =0, (8.103)
i.e. we are searching for vacuum initial data on a maximal and conformally flat hypersurface
with all the freely specifiable time derivatives set to zero. Thanks to (8.103), the XCTS system
(8.99)-(8.101) reduces to

AV + éAiinJ’ T =0 (8.104)
1 .
D (=(LR)Y ) =0 8.105
s (o) (5.109
- 7o . -
A(NUT) — gAl-jA”\If_lN =0. (8.106)

Aiming at finding the simplest solution, we notice that
B=0 (8.107)
is a solution of Eq. (8.105). Together with ﬁw =0, it leads to [cf. Eq. (8.90)]
AV = . (8.108)
The system (8.104)-(8.106) reduces then further:

AT =0 (8.109)
A(NTT) = 0. (8.110)

Hence we have only two Laplace equations to solve. Moreover Eq. (8.109) decouples from
Eq. (8.110). For simplicity, let us assume spherical symmetry around the puncture O. We
introduce an adapted spherical coordinate system (z) = (r,0,¢) on Xg. The puncture O is
then at » = 0. The simplest non-trivial solution of (8.109) which obeys the asymptotic flatness

condition ¥ — 1 as r — +o0 is m

2r’
where as in Sec. 8.2.5, the constant m is the ADM mass of ¥y [cf. Eq. (8.61)]. Notice that since
r = 0 is excluded from ¥y, ¥ is a perfectly regular solution on the entire manifold >y. Let us

U=1+ (8.111)
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recall that the Riemannian manifold (3g,) corresponding to this value of ¥ via v = W4f is
the Riemannian manifold denoted (Xf),7) in Sec. 8.2.5 and depicted in Fig. 8.3. In particular it
has two asymptotically flat ends: » — +oo and r — 0 (the puncture).

As for Eq. (8.109), the simplest solution of Eq. (8.110) obeying the asymptotic flatness
requirement NU7 — 1 asr — +oo is

N =1+2, (8.112)
T

where a is some constant. Let us determine a from the value othhe lapse function at the second
asymptotically flat end » — 0. The lapse being related to N via Eq. (8.91), Eq. (8.112) is
equivalent to

a a my —1 r+a
N = <1 —) gl = (1 —) (1 —) __rrae 8.113
+ 7 + r + 2r r+m/2 ( )
Hence 5
lim N = ==, (8.114)
r—0 m

There are two natural choices for lim,_,qg N. The first one is

lim N = 1, (8.115)
r—0
yielding a = m/2. Then, from Eq. (8.113) N = 1 everywhere on 3. This value of N corresponds
to a geodesic slicing (cf. Sec. 4.4.2). The second choice is

lim N = —1. (8.116)

r—0
This choice is compatible with asymptotic flatness: it simply means that the coordinate time
t is running “backward” near the asymptotic flat end » — 0. This contradicts the assumption
N > 0 in the definition of the lapse function given in Sec. 3.3.1. However, we shall generalize
here the definition of the lapse to allow for negative values: whereas the unit vector n is always
future-oriented, the scalar field ¢ is allowed to decrease towards the future. Such a situation has
already been encountered for the part of the slices ¢ = const located on the left side of Fig. 8.4.
Once reported into Eq. (8.114), the choice (8.116) yields a = —m/2, so that

N = (1 - %) (1 + 2%)_1 . (8.117)

Gathering relations (8.107), (8.111) and (8.117), we arrive at the following expression of the
spacetime metric components:

1 - m\?2 ma 4
v 2r 2 2 2 2 : 2 2

We recognize the line element of Schwarzschild spacetime in isotropic coordinates [cf. Eq. (6.24)].
Hence we recover the same initial data as in Sec. 8.2.5 and depicted in Figs. 8.3 and 8.4. The
bonus is that we have the complete expression of the metric g on g, and not only the induced
metric .
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Remark : The choices (8.115) and (8.116) for the asymptotic value of the lapse both lead to a
momentarily static initial slice in Schwarzschild spacetime. The difference is that the time
development corresponding to choice (8.115) (geodesic slicing) will depend on t, whereas
the time development corresponding to choice (8.116) will not, since in the latter case
t coincides with the standard Schwarzschild time coordinate, which makes 8y a Killing
vector.

8.3.4 Uniqueness of solutions

Recently, Pfeiffer and York [203] have exhibited a choice of vacuum free data (’yij,fyij,K K )
for which the solution (¥, N, 3) to the XCTS system (8.99)-(8.101) is not unique (actually two
solutions are found). The conformal metric 4 is the flat metric plus a linearized quadrupolar

gravitational wave, as obtained by Teukolsky [256], with a tunable amplitude. %Z] corresponds
to the time derivative of this wave, and both K and K are chosen to zero. On the contrary, for
the same free data, with K = 0 substituted by N = 1, Pfeiffer and York have shown that the
original conformal thin sandwich method as described in Sec. 8.3.1 leads to a unique solution
(or no solution at all if the amplitude of the wave is two large).

Baumgarte, O Murchadha and Pfeiffer [16] have argued that the lack of uniqueness for the
XCTS system may be due to the term

~ 7~ Y7 R 7 - <17 ~ id ~kl ~ ~ _
— (V) g A ATe S = — 205,45, [§7 + (Lo | |3 + (LB)M| (v~ (3.119)

in Eq. (8.101). Indeed, if we proceed as for the analysis of Lichnerowicz equation in Sec. 8.2.4,
we notice that this term, with the minus sign and the negative power of (N U7)~! makes the
linearization of Eq. (8.101) of the type D;De + ae = o, with & > 0. This “wrong” sign of a
prevents the application of the maximum principle to guarantee the uniqueness of the solution.

The non-uniqueness of solution of the XCTS system for certain choice of free data has been
confirmed by Walsh [266] by means of bifurcation theory.

8.3.5 Comparing CTT, CTS and XCTS

The conformal transverse traceless (CTT) method exposed in Sec. 8.2 and the (extended) con-
formal thin sandwich (XCTS) method considered here differ by the choice of free data: whereas
both methods use the conformal metric 4 and the trace of the extrinsic curvature K as free data,
CTT employs in addition AZET, whereas for CTS (resp. XCTS) the additional free data is 7,
as well as N (resp. K). Since AZTJT is directly related to the extrinsic curvature and the latter is
linked to the canonical momentum of the gravitational field in the Hamiltonian formulation of
general relativity (cf. Sec. 4.5), the CTT method can be considered as the approach to the initial
data problem in the Hamiltonian representation. On the other side, 'Ly” being the “velocity” of
74, the (X)CTS method constitutes the approach in the Lagrangian representation [279].

Remark : The (X)CTS method assumes that the conformal metric is unimodular: det(%;;) = f
[Eq. (6.19)] (since Eq. (8.90) follows from this assumption), whereas the CTT method can
be applied with any conformal metric.
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f\ ST (P)

L

Figure 8.5: Action of the helical symmetry group, with Killing vector £. x(P) is the displacement of the point
P by the member of the symmetry group of parameter 7. N and (3 are respectively the lapse function and the
shift vector associated with coordinates adapted to the symmetry, i.e. coordinates (¢, z") such that 8; = £.

The advantage of CTT is that its mathematical theory is well developed, yielding existence
and uniqueness theorems, at least for constant mean curvature (CMC) slices. The mathematical
theory of CTS is very close to CTT. In particular, the momentum constraint decouples from
the Hamiltonian constraint on CMC slices. On the contrary, XCTS has a much more involved
mathematical structure. In particular the CMC condition does not yield to any decoupling. The
advantage of XCTS is then to be better suited to the description of quasi-stationary spacetimes,
since %Z] = 0 and K = 0 are necessary conditions for 8 to be a Killing vector. This makes
XCTS the method to be used in order to prepare initial data in quasi-equilibrium. For instance,
it has been shown [149, 104] that XCTS yields orbiting binary black hole configurations in
much better agreement with post-Newtonian computations than the CTT treatment based on
a superposition of two Bowen-York solutions.

A detailed comparison of CTT and XCTS for a single spinning or boosted black hole has
been performed by Laguna [173].

8.4 Initial data for binary systems

A major topic of contemporary numerical relativity is the computation of the merger of a binary
system of black holes or neutron stars, for such systems are among the most promising sources
of gravitational radiation for the interferometric detectors either groundbased (LIGO, VIRGO,
GEO600, TAMA) or in space (LISA). The problem of preparing initial data for these systems
has therefore received a lot of attention in the past decade.
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8.4.1 Helical symmetry

Due to the gravitational-radiation reaction, a relativistic binary system has an inspiral motion,
leading to the merger of the two components. However, when the two bodies are are sufficiently
far apart, one may approximate the spiraling orbits by closed ones. Moreover, it is well known
that gravitational radiation circularizes the orbits very efficiently, at least for comparable mass
systems [57]. We may then consider that the motion is described by a sequence of closed circular
orbits.

The geometrical translation of this physical assumption is that the spacetime (M,g) is
endowed with some symmetry, called helical symmetry. Indeed exactly circular orbits imply
the existence of a one-parameter symmetry group such that the associated Killing vector £ obeys
the following properties [132]: (i) £ is timelike near the system, (ii) far from it, £ is spacelike
but there exists a smaller number 7" > 0 such that the separation between any point P and its
image x7(P) under the symmetry group is timelike (cf. Fig. 8.5). £ is called a helical Killing
vector, its field lines in a spacetime diagram being helices (cf. Fig. 8.5).

Helical symmetry is exact in theories of gravity where gravitational radiation does not exist,
namely:

e in Newtonian gravity,
e in post-Newtonian gravity, up to the second order,
e in the Isenberg-Wilson-Mathews approximation to general relativity discussed in Sec. 6.6.

Moreover helical symmetry can be exact in full general relativity for a non-axisymmetric system
(such as a binary) with standing gravitational waves [110]. But notice that a spacetime with
helical symmetry and standing gravitational waves cannot be asymptotically flat [141].

To treat helically symmetric spacetimes, it is natural to choose coordinates (¢,z’) that are
adapted to the symmetry, i.e. such that

& = 2. (8.120)

Then all the fields are independent of the coordinate t. In particular,

3920  and K =0 (8.121)
If we employ the XCTS formalism to compute initial data, we therefore get some definite pre-

scription for the free data %Z] and K. On the contrary, the requirements (8.121) do not have
any immediate translation in the CTT formalism.

Remark : Helical symmetry can also be usefull to treat binary black holes outside the scope of
the 3+1 formalism, as shown by Klein [170], who developed a quotient space formalism to
reduce the problem to a three dimensional SL(2,R)/SO(1,1) sigma model.

Taking into account (8.121) and choosing maximal slicing (K = 0), the XCT'S system (8.99)-
(8.101) becomes

oo | B

-~ 1~ ... -
D;D'U — =0 + gAijAW U T4+ 2rEU 3 =0 (8.122)
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D; (N(Lﬁ)”> —167p' =0 (8.123)
. 7y N T ~7R7A%'78 7 Sy —4
D;D'(NUT) = (NWT) | = + 2 A AVU8 4 2m(E + 25)071 | =0, (8.124)
where [cf. Eq. (8.90)]
Ny 1 - ..
AT = —(Lp)4. 8.125
2N( 3) (8.125)

8.4.2 Helical symmetry and IWM approximation

If we choose, as part of the free data, the conformal metric to be flat,
Yij = fijs (8.126)

then the helically symmetric XCTS system (8.122)-(8.124) reduces to

AV + éAiinj T4 27 B0 =0 (8.127)
AB' + éDiDjﬂj —(LB)YDjIn N = 167 N* (8.128)
ANTT) — (NT7) gAiinﬂ'\r?? +2m(E +2S)v~*| =0, (8.129)
where N 1 B
AV = ﬁ(Lﬁ)” (8.130)

and D is the connection associated with the flat metric f, A := D;D! is the flat Laplacian
[Eq. (8.41)], and (LB)Y := D3I + DI — 2Dy, 8% f [Eq. (6.126)).

We remark that the system (8.127)-(8.129) is identical to the Isenberg-Wilson-Mathews
(IWM) system (6.129)-(6.131) presented in Sec. 6.6: given that E =U8E, §' = wilpi N =

UON, A = WO AY and A;; A = W2 A,;AY | Eq. (8.127) coincides with Eq. (6 130), Eq. (8.128)
comCldes with Eq. (6.131) and Eq. (8. 129) is a combination of Egs. (6.129) and (6.130). Hence,
within helical symmetry, the XCTS system with the choice K = 0 and 4 = f is equivalent to
the IWM system.

Remark : Contrary to IWM, XCTS is not some approximation to general relativity: it provides
exact initial data. The only thing that may be questioned is the astrophysical relevance of
the XCTS data with v = f.

8.4.3 Initial data for orbiting binary black holes

The concept of helical symmetry for generating orbiting binary black hole initial data has been
introduced in 2002 by Gourgoulhon, Grandclément and Bonazzola [144, 119]. The system of
equations that these authors have derived is equivalent to the XCTS system with 4 = f, their
work being previous to the formulation of the XCTS method by Pfeiffer and York (2003) [202].
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Since then other groups have combined XCTS with helical symmetry to compute binary black
hole initial data [95, 18, 19, 83]. Since all these studies are using a flat conformal metric [choice
(8.126)], the PDE system to be solved is (8.127)-(8.129), with the additional simplification £ = 0
and p' = 0 (vacuum). The initial data manifold ¥ is chosen to be R? minus two balls:

Yo = R3\(B; UBy). (8.131)

In addition to the asymptotic flatness conditions, some boundary conditions must be provided
on the surfaces &1 and Sy of By and By. One choose boundary conditions corresponding to a
non-expanding horizon, since this concept characterizes black holes in equilibrium. We shall not
detail these boundary conditions here; they can be found in Refs. [95, 146]. The condition of non-
expanding horizon provides 3 among the 5 required boundary conditions [for the 5 components
(U, N, 3)]. The two remaining boundary conditions are given by (i) the choice of the foliation
(choice of the value of N at & and Ss) and (ii) the choice of the rotation state of each black
hole (“individual spin”), as explained in Ref. [33].
Numerical codes for solving the above system have been constructed by

e Grandclément, Gourgoulhon and Bonazzola (2002) [149] for corotating binary black holes;

e Cook, Pfeiffer, Caudill and Grigsby (2004, 2006) [95, 83] for corotating and irrotational
binary black holes;

e Ansorg (2005, 2007) [18, 19] for corotating binary black holes.

Detailed comparisons with post-Newtonian initial data (either from the standard post-Newtonian
formalism [56] or from the Effective One-Body approach [71, 102]) have revealed a very good
agreement, as shown in Refs. [104, 83].
An alternative to (8.131) for the initial data manifold would be to consider the twice-
punctured R3:
Yo = R3\{0y, 05}, (8.132)

where O; and Oy are two points of R?. This would constitute some extension to the two bodies
case of the punctured initial data discussed in Sec. 8.3.3. However, as shown by Hannam,
Evans, Cook and Baumgarte in 2003 [154], it is not possible to find a solution of the helically
symmetric XCTS system with a regular lapse in this case?. For this reason, initial data based on
the puncture manifold (8.132) are computed within the CTT framework discussed in Sec. 8.2.
As already mentioned, there is no natural way to implement helical symmetry in this framework.
One instead selects the free data A%T to vanish identically, as in the single black hole case treated
in Secs. 8.2.5 and 8.2.6. Then

AV = (LX), (8.133)

The vector X must obey Eq. (8.40), which arises from the momentum constraint. Since this
equation is linear, one may choose for X a linear superposition of two Bowen-York solutions
(Sec. 8.2.6):

X = Xpo sy + X (p@ s2), (8.134)

2see however Ref. [153] for some attempt to circumvent this
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where X p() g() (@ = 1,2) is the Bowen-York solution (8.69) centered on O,. This method
has been first implemented by Baumgarte in 2000 [10]. It has been since then used by Baker,
Campanelli, Lousto and Takashi (2002) [31] and Ansorg, Briigmann and Tichy (2004) [20].
The initial data hence obtained are closed from helically symmetric XCTS initial data at large
separation but deviate significantly from them, as well as from post-Newtonian initial data,
when the two black holes are very close. This means that the Bowen-York extrinsic curvature
is bad for close binary systems in quasi-equilibrium (see discussion in Ref. [104]).

Remark : Despite of this, CTT Bowen-York configurations have been used as initial data for
the recent binary black hole inspiral and merger computations by Baker et al. [32, 55, 20/]
and Campanelli et al. [75, 7/, 75, 70]. Fortunately, these initial data had a relative large
separation, so that they differed only slightly from the helically symmetric XCTS ones.

Instead of choosing somewhat arbitrarily the free data of the CTT and XCTS methods,
notably setting 4 = f, one may deduce them from post-Newtonian results. This has been done
for the binary black hole problem by Tichy, Briigmann, Campanelli and Diener (2003) [259],
who have used the CTT method with the free data (7,5, A%T) given by the second order post-
Newtonian (2PN) metric. In the same spirit, Nissanke (2006) [195] has provided 2PN free data

for both the CTT and XCTS methods.

8.4.4 Initial data for orbiting binary neutron stars

For computing initial data corresponding to orbiting binary neutron stars, one must solve equa-
tions for the fluid motion in addition to the Einstein constraints. Basically this amounts to
solving V - T = 0 [Eq. (5.1)] in the context of helical symmetry. One can then show that a
first integral of motion exists in two cases: (i) the stars are corotating, i.e. the fluid 4-velocity
is colinear to the helical Killing vector (rigid motion), (ii) the stars are irrotational, i.e. the
fluid vorticity vanishes. The most straightforward way to get the first integral of motion is by
means of the Carter-Lichnerowicz formulation of relativistic hydrodynamics, as shown in Sec. 7
of Ref. [143]. Other derivations have been obtained in 1998 by Teukolsky [257] and Shibata
[223].

From the astrophysical point of view, the irrotational motion is much more interesting than
the corotating one, because the viscosity of neutron star matter is far too low to ensure the
synchronization of the stellar spins with the orbital motion. On the other side, the irrotational
state is a very good approximation for neutron stars that are not millisecond rotators. Indeed,
for these stars the spin frequency is much lower than the orbital frequency at the late stages of
the inspiral and thus can be neglected.

The first initial data for binary neutron stars on circular orbits have been computed by
Baumgarte, Cook, Scheel, Shapiro and Teukolsky in 1997 [11, 42] in the corotating case, and
by Bonazzola, Gourgoulhon and Marck in 1999 [64] in the irrotational case. These results were
based on a polytropic equation of state. Since then configurations in the irrotational regime
have been obtained

e for a polytropic equation of state [183, 261, 262, 145, 254, 255];

e for nuclear matter equations of state issued from recent nuclear physics computations
[51, 197];
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e for strange quark matter [198, 179].

All these computation are based on a flat conformal metric [choice (8.126)], by solving the
helically symmetric XCTS system (8.127)-(8.129), supplemented by an elliptic equation for the
velocity potential. Only very recently, configurations based on a non flat conformal metric have
been obtained by Uryu, Limousin, Friedman, Gourgoulhon and Shibata [263]. The conformal
metric is then deduced from a waveless approximation developed by Shibata, Uryu and Friedman
[241] and which goes beyond the IWM approximation.

8.4.5 Initial data for black hole - neutron star binaries

Let us mention briefly that initial data for a mixed binary system, i.e. a system composed of
a black hole and a neutron star, have been obtained very recently by Grandclément [1417] and
Taniguchi, Baumgarte, Faber and Shapiro [252, 253]. Codes aiming at computing such systems
have also been presented by Ansorg [19] and Tsokaros and Uryu [260].



Chapter 9

Choice of foliation and spatial
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9.1 Introduction

Having investigated the initial data problem in the preceding chapter, the next logical step
is to discuss the evolution problem, i.e. the development (3, -) of initial data (X¢,~, K).
This constitutes the integration of the Cauchy problem introduced in Sec. 4.4. As discussed in
Sec. 4.4.1, a key feature of this problem is the freedom of choice for the lapse function N and the
shift vector 3, reflecting respectively the choice of foliation (X;);cr and the choice of coordinates
(2') on each leaf 3J; of the foliation. These choices are crucial because they determine the specific
form of the 3+1 Einstein system (4.63)-(4.66) that one has actually to deal with. In particular,
depending of the choice of (N, 3), this system can be made more hyperbolic or more elliptic.

Extensive discussions about the various possible choices of foliations and spatial coordinates
can be found in the seminal articles by Smarr and York [247, 276] as well as in the review articles
by Alcubierre [5], Baumgarte and Shapiro [44], and Lehner [174].
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9.2 Choice of foliation

9.2.1 Geodesic slicing

The simplest choice of foliation one might think about is the geodesic slicing, for it corresponds

to a unit lapse:
N =1| (9.1)

Since the 4-acceleration a of the Kulerian observers is nothing but the spatial gradient of In N
[cf. Eq. (3.18)], the choice (9.1) implies @ = 0, i.e. the worldlines of the Eulerian observers are
geodesics, hence the name geodesic slicing. Moreover the choice (9.1) implies that the proper
time along these worldlines coincides with the coordinate time ¢.

We have already used the geodesic slicing to discuss the basics feature of the 3+1 Einstein
system in Sec. 4.4.2. We have also argued there that, due to the tendency of timelike geodesics
without vorticity (as the worldlines of the Eulerian observers are) to focus and eventually cross,
this type of foliation can become pathological within a finite range of ¢.

Example : A simple example of geodesic slicing is provided by the use of Painlevé-Gullstrand
coordinates (t, R, 0, @) in Schwarzschild spacetime (see e.g. Ref. [155]). These coordinates
are defined as follows: R is nothing but the standard Schwarzschild radial coordinate',
whereas the Painlevé-Gullstrand coordinate t is related to the Schwarzschild time coordinate

ts by
1. |VR2Zm -1
t = ts+4m \/£+—ln/7m . (9.2)
2m 2 |\ /R/2m +1

The metric components with respect to Painlevé-Gullstrand coordinates are extremely sim-
ple, being given by

2
2
guydatda’ = —d? + (dR + w/fm dt> + R2(d6? + sin? 0 dy?). (9.3)

By comparing with the general line element (4.48), we read on the above expression that
N =1, 8° = (v/2m/R,0,0) and v;; = diag(1, R?, R*sin®@). Thus the hypersurfaces
t = const are geodesic slices. Notice that the induced metric v is flat.

Example : Another example of geodesic slicing, still in Schwarzschild spacetime, is provided
by the time development with N = 1 of the initial data constructed in Secs. 8.2.5 and
8.3.3, namely the momentarily static slice ts = 0 of Schwarzschild spacetime, with topology
R x S? (Einstein-Rosen bridge). The resulting foliation is depicted in Fig. 9.1. It hits the
singularity at t = wm, reflecting the bad behavior of geodesic slicing.

In numerical relativity, geodesic slicings have been used by Nakamura, Oohara and Kojima
to perform in 1987 the first 3D evolutions of vacuum spacetimes with gravitational waves [193].
However, as discussed in Ref. [233], the evolution was possible only for a pretty limited range of
t, because of the focusing property mentioned above.

in this chapter, we systematically use the notation R for Schwarzschild radial coordinate (areal radius), leaving
the notation r for other types of radial coordinates, such that the isotropic one [cf. Eq. (6.24)]
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Figure 9.1: Geodesic-slicing evolution from the initial slice ¢t = ts = 0 of Schwarzschild spacetime depicted in
a Kruskal-Szekeres diagram. R stands for Schwarzschild radial coordinate (areal radius), so that R = 0 is the
singularity and R = 2m is the event horizon (figure adapted from Fig. 2a of [247]).

9.2.2 Maximal slicing

A very famous type of foliation is maximal slicing, already encountered in Sec. 6.6 and in
Chap. 8, where it plays a great role in decoupling the constraint equations. The maximal
slicing corresponds to the vanishing of the mean curvature of the hypersurfaces ¥;:

K=0] (9.4)

The fact that this condition leads to hypersurfaces of mazimal volume can be seen as follows.
Consider some hypersurface ¥y and a closed two-dimensional surface S lying in ¥ (cf. Fig. 9.2).
The volume of the domain V enclosed in S is

_ 3.%, )
v_/vﬁd , (9.5)

where v = det ;5 is the determinant of the metric v with respect to some coordinates (z*) used
in ;. Let us consider a small deformation V' of V that keeps the boundary S fixed. V' is
generated by a small displacement along a vector field v of every point of V, such that v|g = 0.
Without any loss of generality, we may consider that V'’ lies in a hypersurface ¥g; that is a
member of some “foliation” (X;)ier such that ;9 = Xy. The hypersurfaces ¥, intersect each
other at S, which violates condition (3.2) in the definition of a foliation given in Sec. 3.2.2,
hence the quotes around the word “foliation”. Let us consider a 3+1 coordinate system (,z°)
associated with the “foliation” (3;)tcr and adapted to S in the sense that the position of S in
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Figure 9.2: Deformation of a volume V delimited by the surface S in the hypersurface .

these coordinates does not depend upon ¢t. The vector 8; associated to these coordinates is then
related to the displacement vector v by

Introducing the lapse function N and shift vector 3 associated with the coordinates (,z"), the
above relation becomes [cf. Eq. (4.31)] v = 6t (Nn + 8). Accordingly, the condition v|g =0
implies

N|g=0 and Bls = 0. (9.7)

Let us define V' (t) as the volume of the domain V; delimited by S in ¥;. It is given by a formula
identical to Eq. (9.5), except of course that the integration domain has to be replaced by V.
Moreover, the domains V; lying at fixed values of the coordinates (x%), we have

AN

Now, contracting Eq. (4.63) with 4% and using Eq. (4.62), we get
9 A

From the general rule (6.64) for the variation of a determinant,

9 i 20,7

LN — (] = i 1
e = m ) = E e (9.10)
so that Eq. (9.9) becomes
1 0y ,
— —=—=—-NK+ D;s"|. A1
VY ot + Dl (9.11)

Let us use this relation to express Eq. (9.8) as

dv :
— = /Vt [-NK + D;f'] \/yd’x. (9-12)
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Now from the Gauss-Ostrogradsky theorem,
D Fds = § Bsiidy, (9.13)
Vi S

where s is the unit normal to S lying in ¥, q is the induced metric on S, (y®) are coordinates
on § and ¢ = det qup. Since B vanishes on S [property (9.7)], the above integral is identically
zero and Eq. (9.12) reduces to

d
o NK\/yd’z| (9.14)
dt Vs

We conclude that if K = 0 on X, the volume V enclosed in § is extremal with respect to
variations of the domain delimited by &, provided that the boundary of the domain remains S.
In the Euclidean space, such an extremum would define a minimal surface, the corresponding
variation problem being a Plateau problem [named after the Belgian physicist Joseph Plateau
(1801-1883)]: given a closed contour S (wire loop), find the surface V (soap film) of minimal
area (minimal surface tension energy) bounded by S. However, in the present case of a metric
of Lorentzian signature, it can be shown that the extremum is actually a maximum, hence the
name mazximal slicing. For the same reason, a timelike geodesic between two points in spacetime
is the curve of mazimum length joining these two points.

Demanding that the maximal slicing condition (9.4) holds for all hypersurfaces ¥, once
combined with the evolution equation (6.90) for K, yields the following elliptic equation for the
lapse function:

D;D'N = N [4n(E + S) + K;K"] | (9.15)

Remark : We have already noticed that at the Newtonian limit, Eq. (9.15) reduces to the
Poisson equation for the gravitational potential ® (cf. Sec. 6.5.1). Therefore the mazximal
slicing can be considered as a natural generalization to the relativistic case of the canonical
slicing of Newtonian spacetime by hypersurfaces of constant absolute time. In this respect,
let us notice that the “beyond Newtonian” approrimation of general relativity constituted
by the Isenberg- Wilson-Mathews approach discussed in Sec. 6.0 is also based on maximal
slicing.

Example : In Schwarzschild spacetime, the standard Schwarzschild time coordinate t defines
mazximal hypersurfaces ¥, which are spacelike for R > 2m (R being Schwarzschild radial
coordinate). Indeed these hypersurfaces are totally geodesic: K = 0 (c¢f. § 2.4.3), so
that, in particular, K = tryK = 0. This mazximal slicing is shown in Fig. 9.53. The
corresponding lapse function expressed in terms of the isotropic radial coordinate r is

m m\ —1
N=(1-2) (1+52) 9.16
2r * 2r ( )
As shown in Sec. 8.3.3, the above expression can be derived by means of the XCTS formal-
ism. Notice that the foliation (X¢)icr does not penetrate under the event horizon (R = 2m)

and that the lapse is negative for r < m/2 (cf. discussion in Sec. 8.3.3 about negative lapse
values).
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Figure 9.3: Kruskal-Szekeres diagram showing the maximal slicing of Schwarzschild spacetime defined by the
standard Schwarzschild time coordinate ¢t. As for Fig. 9.1, R stands for Schwarzschild radial coordinate (areal
radius), so that R = 0 is the singularity and R = 2m is the event horizon, whereas r stands for the isotropic
radial coordinate [cf. Eq. (8.118)].

Besides its nice geometrical definition, an interesting property of maximal slicing is the
singularity avoidance. This is related to the fact that the set of the Eulerian observers of
a maximal foliation define an incompressible flow: indeed, thanks to Eq. (2.77), the condition
K =0 is equivalent to the incompressibility condition

V.n=0 (9.17)

for the 4-velocity field n of the Eulerian observers. If we compare with the Eulerian observers
of geodesic slicings (Sec. 9.2.1), who have the tendency to squeeze, we may say that maximal-
slicing Eulerian observers do not converge because they are accelerating (DN # 0) in order
to balance the focusing effect of gravity. Loosely speaking, the incompressibility prevents the
Eulerian observers from converging towards the central singularity if the latter forms during the
time evolution. This is illustrated by the following example in Schwarzschild spacetime.

Example : Let us consider the time development of the initial data constructed in Secs. 8.2.5
and 8.3.3, namely the momentarily static slice ts = 0 of Schwarzschild spacetime (with the
Einstein-Rosen bridge). A first mazimal slicing development of these initial data is that
based on Schwarzschild time coordinate ts and discussed above (Fig. 9.3). The correspond-
ing lapse function is given by Eq. (9.16) and is antisymmetric about the minimal surface
r =m/2 (throat). There exists a second maximal-slicing development of the same initial
data but with a lapse which is symmetric about the throat. It has been found in 1973 by
Estabrook, Wahlquist, Christensen, DeWitt, Smarr and Tsiang [118], as well as Reinhart
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throat \\\,21

Figure 9.4: Kruskal-Szekeres diagram depicting the maximal slicing of Schwarzschild spacetime defined by the
Reinhart/Estabrook et al. time function ¢ [cf. Eq. (9.18)]. As for Figs. 9.1 and 9.3, R stands for Schwarzschild
radial coordinate (areal radius), so that R = 0 is the singularity and R = 2m is the event horizon, whereas r
stands for the isotropic radial coordinate. At the throat (minimal surface), R = Rc where R¢ is the function of
t defined below Eq. (9.20) (figure adapted from Fig. 1 of Ref. [118]).

[211]. The corresponding time coordinate t is different from Schwarzschild time coordinate
ts, except for t =0 (initial slice ts = 0). In the coordinates (x*) = (t, R,0, ), where R is
Schwarzschild radial coordinate, the metric components obtained by Estabrook et al. [118]
(see also Refs. [50, /8, 210]) take the form

9 o\ —1 2
mwdxudxvzz_wv%ﬁ2+-<1-7g3+-622 ) (dR—FE%glAHﬁ> + R2(d6? + sin® 0dy?),
(9.18)

where

2m  C(t)? dC [T xt dzx
N:Nﬁt:¢Lﬂ—+ 1+ — . (919
(#,¢) R R4 { dt Jr  [z%—2mad + C(t)2]3/2 (9-19)

and C(t) is the function of t defined implicitly by

+oo dx
t=—C , (9.20)
re (1 —=2m/z)V2* —2ma3 + C2

Rc being the unique root of the polynomial Po(x) := z* — 2ma® + C? in the interval
(3m/2, 2m]. C(t) varies from 0 att =0 to Cuo := (3v/3/4)m? as t — +oo. Accordingly,
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Rc decays from 2m (t = 0) to 3m/2 (t — +o0). Actually, for C = C(t), Rc represents
the smallest value of the radial coordinate R in the slice Xy. This mazimal slicing of
Schwarzschild spacetime is represented in Fig. 9.4. We notice that, as t — 400, the
slices ¥y accumulate on a limiting hypersurface: the hypersurface R = 3m/2 (let us recall
that for R < 2m, the hypersurfaces R = const are spacelike and are thus eligible for a 3+1
foliation). Actually, it can be seen that the hypersurface R = 3m/2 is the only hypersurface
R = const which is spacelike and maximal [/8]. If we compare with Fig. 9.1, we notice
that, contrary to the geodesic slicing, the present foliation never encounters the singularity.

The above example illustrates the singularity-avoidance property of maximal slicing: while
the entire spacetime outside the event horizon is covered by the foliation, the hypersurfaces “pile
up” in the black hole region so that they never reach the singularity. As a consequence, in that
region, the proper time (of Eulerian observers) between two neighbouring hypersurfaces tends
to zero as t increases. According to Eq. (3.15), this implies

N —0 as t— 4oo. (9.21)

This “phenomenon” is called collapse of the lapse. Beyond the Schwarzschild case discussed
above, the collapse of the lapse is a generic feature of maximal slicing of spacetimes describing
black hole formation via gravitational collapse. For instance, it occurs in the analytic solution
obtained by Petrich, Shapiro and Teukolsky [200] for the maximal slicing of the Oppenheimer-
Snyder spacetime (gravitational collapse of a spherically symmetric homogeneous ball of pres-
sureless matter).

In numerical relativity, maximal slicing has been used in the computation of the (axisymmet-
ric) head-on collision of two black holes by Smarr, Cadez and Eppley in the seventies [245, 244],
as well as in computations of axisymmetric gravitational collapse by Nakamura and Sato (1981)
[191, 194], Stark and Piran (1985) [249] and Evans (1986) [119]. Actually Stark and Piran used
a mixed type of foliation introduced by Bardeen and Piran [36]: maximal slicing near the origin
(r = 0) and polar slicing far from it. The polar slicing is defined in spherical-type coordinates
(z') = (r,0,¢) by

K% + K%, =0, (9.22)

instead of K", + K%, + K%, = 0 for maximal slicing.

Whereas maximal slicing is a nice choice of foliation, with a clear geometrical meaning, a
natural Newtonian limit and a singularity-avoidance feature, it has not been much used in 3D
(no spatial symmetry) numerical relativity. The reason is a technical one: imposing maximal
slicing requires to solve the elliptic equation (9.15) for the lapse and elliptic equations are usually
CPU-time consuming, except if one make uses of fast elliptic solvers [148, 63]. For this reason,
most of the recent computations of binary black hole inspiral and merger have been performed
with the 1+log slicing, to be discussed in Sec. 9.2.4. Nevertheless, it is worth to note that
maximal slicing has been used for the first grazing collisions of binary black holes, as computed
by Briigmann (1999) [63].

To avoid the resolution of an elliptic equation while preserving most of the good properties
of maximal slicing, an approximate maximal slicing has been introduced in 1999 by Shibata
[224]. Tt conmsists in transforming Eq. (9.15) into a parabolic equation by adding a term of the
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type ON/OX in the right-hand side and to compute the “A-evolution” for some range of the
parameter A. This amounts to resolve a heat like equation. Generically the solution converges
towards a stationary one, so that N /OA — 0 and the original elliptic equation (9.15) is solved.
The approximate maximal slicing has been used by Shibata, Uryu and Taniguchi to compute
the merger of binary neutron stars [226, 239, 240, 237, 238, 236], as well as by Shibata and
Sekiguchi for 2D (axisymmetric) gravitational collapses [227, 228, 221] or 3D ones [234].

9.2.3 Harmonic slicing

Another important category of time slicing is deduced from the standard harmonic or De
Donder condition for the spacetime coordinates (z):

Oga® = 0, (9.23)

where g := V,V# is the d’Alembertian associated with the metric g and each coordinate
x® is considered as a scalar field on M. Harmonic coordinates have been introduced by De
Donder in 1921 [106] and have played an important role in theoretical developments, notably in
Choquet-Bruhat’s demonstration (1952, [127]) of the well-posedness of the Cauchy problem for
3+1 Einstein equations (cf. Sec. 4.4.4).

The harmonic slicing is defined by requiring that the harmonic condition holds for the
20 = t coordinate, but not necessarily for the other coordinates, leaving the freedom to choose
any coordinate (z%) in each hypersurface ¥;:

Ogt = 0], (9.24)

Using the standard expression for the d’Alembertian, we get

1 9 , ot
— oo <\/_—ggu @> =0, (9.25)
=50,
le. 9
5 (V=99") =0. (9.26)

Thanks to the relation \/—g = N,/¥ [Eq. (4.55)], this equation becomes

0 ) A
— (Ny7g") + — (Ny7g™) = 0. 2
50 (NV9) + 5= (NyAg"?) =0 (9.27)
From the expression of g®? given by Eq. (4.49), ¢°° = —1/N? and ¢ = #°/N?. Thus
o (V7 0 (V7 i
_ 2 (M — [ X13) =0. 2
3t<N>+3xl<Nﬁ> 0 (9.28)
Expanding and reordering gives
ON ;0N 107 1 0 |
gt N — N i v =0. 2
ot B ozt [\/’_y ot \/'_y(?m’ (ﬁﬁ )] 0 (9-29)
—_——
=D;3?




160 Choice of foliation and spatial coordinates

Thanks to Eq. (9.11), the term in brackets can be replaced by —N K, so that the harmonic
slicing condition becomes

0 _ 2
(5 - c5> N =—-KN?| (9.30)

Thus we get an evolution equation for the lapse function. This contrasts with Eq. (9.1) for
geodesic slicing and Eq. (9.15) for maximal slicing.

The harmonic slicing has been introduced by Choquet-Bruhat and Ruggeri (1983) [90] as
a way to put the 3+1 Einstein system in a hyperbolic form. It has been considered more
specifically in the context of numerical relativity by Bona and Masso (1988) [60]. For a review
and more references see Ref. [213].

Remark : The harmonic slicing equation (9.30) was already laid out by Smarr and York in
1978 [2/6], as a part of the expression of de Donder coordinate condition in terms of 3+1
variables.

Example : In Schwarzschild spacetime, the hypersurfaces of constant standard Schwarzschild
time coordinate t = tg and depicted in Fig. 9.3 constitute some harmonic slicing, in addi-
tion to being maximal (cf. Sec. 9.2.2). Indeed, using Schwarzschild coordinates (t, R, 0, )
or isotropic coordinates (t,r,0,p), we have ON /Ot =0 and B8 = 0. Since K =0 for these
hypersurfaces, we conclude that the harmonic slicing condition (9.50) is satisfied.

Example : The above slicing does not penetrate under the event horizon. A harmonic slicing
of Schwarzschild spacetime (and more generally Kerr-Newman spacetime) which passes
smoothly through the event horizon has been found by Bona and Massé [00], as well as
Cook and Scheel [96]. Tt is given by a time coordinate t that is related to Schwarzschild
time tg by

2m

1—— 9.31
R ’ ( )

where R is Schwarzschild radial coordinate (areal radius). The corresponding expression
of Schwarzschild metric is [96]

t=1tg+2mln

1 Am? 2
gudrtda” = —N%dt* + D (dR - %NQ dt) + R%(d6* + sin? 0dp?), (9.32)

N = [(1 + 2%) <1 + 4%2” o : (9.33)

Notice that all metric coefficients are regular at the event horizon (R = 2m). This har-
monic slicing is represented in a Kruskal-Szekeres diagram in Fig. 1 of Ref. [90]. It is
clear from that figure that the hypersurfaces ¥ never hit the singularity (contrary to those
of the geodesic slicing shown in Fig. 9.1), but they come arbitrary close to it as t — 400.

where

We infer from the above example that the harmonic slicing has some singularity avoidance
feature, but weaker than that of maximal slicing: for the latter, the hypersurfaces ¥; never
come close to the singularity as ¢ — 400 (cf. Fig. 9.4). This has been confirmed by means of
numerical computations by Shibata and Nakamura [233].
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Remark : If one uses normal coordinates, i.e. spatial coordinates (x') such that 3 = 0, then
the harmonic slicing condition in the form (9.28) is easily integrated to

N = C(z")/7, (9.34)

where C(z') is an arbitrary function of the spatial coordinates, which does not depend upon
t. Equation (9.34) is as easy to implement as the geodesic slicing condition (N =1). It is
related to the conformal time slicing introduced by Shibata and Nakamura [252].

9.2.4 1+log slicing

Bona, Massé, Seidel and Stela (1995) [61] have generalized the harmonic slicing condition (9.30)
to

0

(E — £B> N =—KN?f(N), (9.35)

where f is an arbitrary function. The harmonic slicing corresponds to f(N) = 1. The geodesic
slicing also fulfills this relation with f(N) = 0. The choice f(N) = 2/N leads to

<% - cﬂ> N =—2KN| (9.36)

Substituting Eq. (9.11) for —K N, we obtain

0 0 A
— —Lg | N=—1Iny—2D;3". 9.37
<0t ﬁ) g 17— 2Dif (9:37)
If normal coordinates are used, 3 = 0 and the above equation reduces to
ON 0
Y Y )
ot at (9.38)
a solution of which is
N =1+In~. (9.39)

For this reason, a foliation whose lapse function obeys Eq. (9.36) is called a 1+log slicing. The
original 14log condition (9.39) has been introduced by Bernstein (1993) [54] and Anninos et al.
(1995) [17] (see also Ref. [62]). Notice that, even when 3 # 0, we still define the 1+log slicing
by condition (9.36), although the “l1+log” relation (9.39) does no longer hold.

Remark : As for the geodesic slicing [Eq. (9.1)], the harmonic slicing with zero shift [Eq. (9.34)],
the original 1+log slicing with zero shift [Eq. (9.39)] belongs to the family of algebraic
slicings [20/, //]: the determination of the lapse function does not require to solve any
equation. It is therefore very easy to implement.

The 1+log slicing has stronger singularity avoidance properties than harmonic slicing: it has
been found to “mimic” maximal slicing [17].

Alcubierre has shown in 1997 [4] that for any slicing belonging to the family (9.35), and in
particular for the harmonic and 1+log slicings, some smooth initial data (Xg,7) can be found
such that the foliation (¥;) become singular for a finite value of ¢.
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Remark : The above finding does not contradict the well-posedness of the Cauchy problem
established by Choquet-Bruhat in 1952 [127] for generic smooth initial data by means of
harmonic coordinates (which define a harmonic slicing) (cf. Sec. 4.4.4). Indeed it must be
remembered that Choquet-Bruhat’s theorem is a local one, whereas the pathologies found
by Alcubierre develop for a finite value of time. Moreover, these pathologies are far from
being generic, as the tremendous successes of the 1+log slicing in numerical relativity have
shown (see below).

The 1+log slicing has been used the 3D investigations of the dynamics of relativistic stars
by Font et al. in 2002 [125]. It has also been used in most of the recent computations of binary
black hole inspiral and merger : Baker et al. [32, 33, 264], Campanelli et al. [73, 74, 75, 76],
Sperhake [248], Diener et al. [111], Briigmann et al. [69, 184], and Herrmann et al. [159, 158].
The works [111] and [159] and The first three groups employ exactly Eq. (9.36), whereas the
last two groups are using a modified (“zero-shift”) version:

ON

The recent 3D gravitational collapse calculations of Baiotti et al. [28, 29, 30] are based on a
slight modification of the 1+log slicing: instead of Eq. (9.36), these authors have used
0

(5 — z:ﬁ) N = —2N(K — Ky), (9.41)

where K is the value of K at t = 0.

Remark : There is a basic difference between maximal slicing and the other types of foliations
presented above (geodesic, harmonic and 1+log slicings): the property of being mazimal is
applicable to a single hypersurface Yo, whereas the property of being geodesic, harmonic or
1+log are meaningful only for a foliation (X¢)icr. This is reflected in the basic definition
of these slicings: the maximal slicing is defined from the extrinsic curvature temsor only
(K = 0), which characterizes a single hypersurface (cf. Chap. 2), whereas the definitions
of geodesic, harmonic and 1+log slicings all involve the lapse function N, which of course
makes sense only for a foliation (cf. Chap. 3).

9.3 Evolution of spatial coordinates

Having discussed the choice of the foliation (X¢)er, let us turn now to the choice of the coordi-
nates () in each hypersurface 3;. As discussed in Sec. 4.2.4, this is done via the shift vector 3.
More precisely, once some coordinates (z°) are set in the initial slice X, the shift vector governs
the propagation of these coordinates to all the slices ;.

9.3.1 Normal coordinates

As for the lapse choice N = 1 (geodesic slicing, Sec. 9.2.1), the simplest choice for the shift

vector is to set it to zero:
[8=0} (942)
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For this choice, the lines #' = const are normal to the hypersurfaces 3; (cf. Fig. 4.1), hence
the name normal coordinates. The alternative name is Eulerian coordinates, defining the
so-called Eulerian gauge [35]. This is of course justified by the fact that the lines 2! = const
are then the worldlines of the Eulerian observers introduced in Sec. 3.3.3.

Besides their simplicity, an advantage of normal coordinates is to be as regular as the foliation
itself: they cannot introduce some pathology per themselves. On the other hand, the major
drawback of these coordinates is that they may lead to a large coordinate shear, resulting in
large values of the metric coefficients 7;;. This is specially true if rotation is present. For
instance, in Kerr or rotating star spacetimes, the field lines of the stationary Killing vector &
are not orthogonal to the hypersurfaces t = const. Therefore, if one wishes to have coordinates
adapted to stationarity, i.e. to have d; = £, one must allow for 3 # 0.

Despite of the shear problem mentioned above, normal coordinates have been used because of
their simplicity in early treatments of two famous axisymmetric problems in numerical relativity:
the head-on collision of black holes by Smarr, Eppley and Cadez in 1976-77 [245, 244] and the
gravitational collapse of a rotating star by Nakamura in 1981 [191, 194]. More recently, normal
coordinates have also been used in the 3D evolution of gravitational waves performed by Shibata
and Nakamura (1995) [233] and Baumgarte and Shapiro (1999) [43], as well as in the 3D grazing
collisions of binary black holes computed by Briigmann (1999) [68] and Alcubierre et al. (2001)

[6].

9.3.2 Minimal distortion

A very well motivated choice of spatial coordinates has been introduced in 1978 by Smarr and
York [246, 247] (see also Ref. [276]). As discussed in Sec. 6.1, the physical degrees of freedom of
the gravitational field are carried by the conformal 3-metric 4. The evolution of the latter with
respect to the coordinates (¢, z%) is given by the derivative '? := Lp,7, the components of which
are

s 9%

72] - ot :
Given a foliation (3;);cr, the idea of Smarr and York is to choose the coordinates (%), and hence
the vector 8¢, in order to minimize this time derivative. There is not a unique way to minimize
’Lyij; this can be realized by counting the degrees of freedom: :ng has 5 independent componen‘gs2
and, for a given foliation, only 3 degrees of freedom can be controled via the 3 coordinates (z*).
One then proceeds as follows. First one notices that ’y is related to the distortion tensor Q,
the latter being defined as the trace-free part of the time derivative of the physical metric ~:

(9.43)

1
Q =Ly~ — 3 (tryLo,Y) s (9.44)

or in components,

_Ovig 1 0w

Q== =37 3 Y (9.45)

Zas a symmetric 3 X 3 matrix, '~y” has a priori 6 components, but one degree of freedom is lost in the demand

det 455 = det fi; [Eq. (6.19)], which implies det '7” = 0 via Eq. (6.7).
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1+t

X

t

Figure 9.5: Distortion of a spatial domain defined by fixed values of the coordinates ().

@ measures the change in shape from ¥; to ¥;,4 of any spatial domain V which lies at fixed
values of the coordinates (z°) (the evolution of V is then along the vector &, cf. Fig. 9.5).
Thanks to the trace removal, Q does not take into account the change of volume, but only the
change in shape (shear). From the law (6.64) of variation of a determinant,

Oy 0 0 0 0

kl— = — e —_ —_ e —_

Er pr In~y 12(% InW¥+ 5 In f 12(% InV, (9.46)
=0

where we have used the relation (6.15) between the determinant v and the conformal factor ¥,
as well as the property (6.7). Thus we may rewrite Eq. (9.45) as

Oy 0 i

0 ow
= — 4 In Wy = - (U13,,) — 43— 5, = 012 9.47
Qij = 5 0¥ s at( ij) 57 i 5t (9.47)
Hence the relation between the distortion tensor and the time derivative of the conformal metric:
Q ="'y (9.48)

The rough idea would be to choose the coordinates (z°) in order to minimize Q. Taking into
account that it is symmetric and traceless,  has 5 independent components. Thus it cannot be
set identically to zero since we have only 3 degrees of freedom in the choice of the coordinates
(x%). To select which part of Q to set to zero, let us decompose it into a longitudinal part and
a TT part, in a manner similar to Eq. (8.9):

Qij = (LX)ij + Q" (9.49)

LX denotes the conformal Killing operator associated with the metric v and acting on some
vector field X (cf. Appendix B) *:

2
(LX) := DiX; + D; X; — gpkxk Yij (9.50)

3In Sec. 6.6, we have also used the notation L for the conformal Killing operator associated with the flat metric
f, but no confusion should arise in the present context.
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and Q};T is both traceless and transverse (i.e. divergence-free) with respect to the metric ~:
DjQiTjT = 0. X is then related to the divergence of @ by DI(LX);; = D’Q;;. It is legitimate to
relate the T'T part to the dynamics of the gravitational field and to attribute the longitudinal
part to the change in «y;; which arises because of the variation of coordinates from ¥; to ;4.
This longitudinal part has 3 degrees of freedom (the 3 components of the vector X) and we
might set it to zero by some judicious choice of the coordinates (z*). The minimal distortion
coordinates are thus defined by the requirement X = 0 or

Qij = Qj (9.51)

i.e.

DIQ;j =0 (9.52)

Let us now express @ in terms of the shift vector to turn the above condition into an equation
for the evolution of spatial coordinates. By means of Eqgs. (4.63) and (9.9), Eq. (9.45) becomes

1
Qij = —2NK;;Lgij + —3 <—2NK + 2Dkﬁk> Yij» (9.53)
i.e. (since Lg7ij = Difj + D;fB;)
Qij = —2NA;; + (LB)ij, (9.54)

where we let appear the trace-free part A of the extrinsic curvature K [Eq. (6.53)]. If we insert
this expression into the minimal distortion requirement (9.52), we get

—2ND;AY —2AYD;N + D;(LB)" = 0. (9.55)
Let then use the momentum constraint (4.66) to express the divergence of A as
» 9
D;AY = 8mp' + gDzK. (9.56)

Besides, we recognize in Dj(Lﬁ)ij the conformal vector Laplacian associated with the metric -,
so that we can write [cf. Eq. (B.11)]

D;(LB) = D; D' + 2 D'D;" + R ;65, (9.57)

where R is the Ricci tensor associated with ~v. Thus we arrive at

1. . o 4 ‘ B}
DD + 3 D'D;# + R ;3 = 167Np' + g ND'K +2AYD;N | (9.58)

This is the elliptic equation on the shift vector that one has to solve in order to enforce the
minimal distortion.

Remark : For a constant mean curvature (CMC) slicing, and in particular for a mazimal
slicing, the term D'K wvanishes and the above equation is slightly simplified. Incidentally,
this is the form originally derived by Smarr and York (Eq. (3.27) in Ref. [2/0]).
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Another way to introduce minimal distortion amounts to minimizing the integral
S = / Qi;Q" /7 &Pz (9.59)
P

with respect to the shift vector 3, keeping the slicing fixed (i.e. fixing v, K and N). Indeed, if
we replace @ by its expression (9.54), we get

S= [ [AN?A;;AY —ANA;;(LB)7 + (LB)i;(LB)V] /v d°x. (9.60)
3t

At fixed values of v, K and N, N =0, §A;; = 0 and 6(LB3)Y = (L§B)%, so that the variation
of S with respect to 3 is

6S = | [-ANA;;(LoB)7 + 2(LB)i; (LOB)7] \/yd*z = 2 / Qi; (LB /4 dz.  (9.61)
3t

2t

Now, since @ is symmetric and traceless, Q@'j(L(;ﬂ)ij = Qz‘j(Di5ﬂj + DIsp — 2/3 Dk(wk Vij) -
Qij(D'6B7 4+ D153 = 2Q;;D'63 . Hence

S = 4 / Qi D83 /v dPx
>t
= 4/E [D*(Qij65) — D'Qij 03] /y d’a

= 4 Qi3 s \Jqd*y — 4 / D'Qi; 67 Y d*x (9.62)
P

0%

Assuming that §3° = 0 at the boundaries of ; (for instance at spatial infinity), we deduce from
the above relation that 65 = 0 for any variation of the shift vector if and only if DiQij = 0.
Hence we recover condition (9.52).

In stationary spacetimes, an important property of the minimal distortion gauge is to be
fulfilled by coordinates adapted to the stationarity (i.e. such that 8, is a Killing vector): it is
immediate from Eq. (9.44) that Q@ = 0 when 9, is a symmetry generator, so that condition (9.52)
is trivially satisfied. Another nice feature of the minimal distortion gauge is that in the weak field
region (radiative zone), it includes the standard TT gauge of linearized gravity [246]. Actually
Smarr and York [246] have advocated for maximal slicing combined with minimal distortion as a
very good coordinate choice for radiative spacetimes, calling such choice the radiation gauge.

Remark : A “new minimal distortion” gauge has been introduced in 2006 by Jantzen and York
[164]. It corrects the time derivative of 7 in the original minimal distortion condition by
the lapse function N [cf. relation (3.15) between the coordinate time t and the Eulerian
observer’s proper time T/, i.e. one requires

D’ (%QJ =0 (9.63)
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instead of (9.52). This amounts to minimizing the integral
S = / (N71Qi)(N1QY)y—g da (9.64)
p

with respect to the shift vector. Notice the spacetime measure /—g = N,/ instead of the
spatial measure (/7 in Eq. (9.59).

The minimal distortion condition can be expressed in terms of the time derivative of the
conformal metric by combining Egs. (9.48) and (9.52):

DI(¥'5,) =0 (9.65)

Let us write this relation in terms of the connection D (associated with the metric 4) instead
of the connection D (associated with the metric «). To this purpose, let us use Eq. (6.81)
which relates the D-divergence of a traceless symmetric tensor to its f)—divergence: since Q¥ is
traceless and symmetric, we obtain

D;QY =¥ 1D, (w'0Q4) (9.66)
Now QY = y"#3Qp = U—35"571Qpy = w~*3%571,; hence
D; Q7 = w 0D (w5575, ) = w105 E D (955) (9.67)

The minimal distortion condition is therefore

DI(%9,;,) =0| (9.68)

9.3.3 Approximate minimal distortion

In view of Eq. (9.68), it is natural to consider the simpler condition
D3, =0, (9.69)

which of course differs from the true minimal distortion (9.68) by a term 6%27- D7 InW. Nakamura
(1994) [192, 199] has then introduced the pseudo-minimal distortion condition by replacing
(9.69) by

D7y, =0, (9.70)

where D is the connection associated with the flat metric f.
An alternative has been introduced by Shibata (1999)

. [225] as follows. Starting from
Eq. (9.69), let us express 9, in terms of A and 3: from Eq. (8.

88), we deduce that

ot (’Yz‘k’Y
=4! i

—Yij + A (LB, (9.71)

~ . [kl ~ _ |0 5 10 0% -
2NA;; = Y {’Y +(Lﬁ)kl]=’m[ kl)—’Ykl%Jr%k(Lﬁ)kl
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where flij = ’yik’yjlflkl = \I/*4A,~j. Equation (9.69) becomes then
Dl [%k%‘l(iﬁ)kl - 2Nf~1@'j] =0, (9.72)
or equivalently (cf. Sec. B.2.1),
DG+ SD Dy + B3 — 240 DN — aN DAY = 0. (9.73)
We can express Dj[lij via the momentum constraint (6.110) and get

o e e o 1 .. A
D;D73 + DD + R ;¥ = 2AYD;N +4N [349D;n W — o D'K —4nWp!| = 0. (9.74)

Wl =

At this stage, Eq. (9.74) is nothing but a rewriting of Eq. (9.69) as an elliptic equation for
the shift vector. Shibata [225] then proposes to replace in this equation the conformal vector
Laplacian relative to 4 and acting on 3 by the conformal vector Laplacian relative to the flat
metric f, thereby writing

S . . . 1 -~. )
D;DG + ZD'D; = 2AVD;N +4N |34 D;In ¥ — 2 D'K — Ar¥tpt| = 0. (9.75)

The choice of coordinates defined by solving Eq. (9.75) instead of (9.58) is called approximate
minimal distortion.

The approximate minimal distortion has been used by Shibata and Uryu [239, 240] for their
first computations of the merger of binary neutron stars, as well as by Shibata, Baumgarte
and Shapiro for computing the collapse of supramassive neutron stars at the mass-shedding
limit (Keplerian angular velocity) [229] and for studying the dynamical bar-mode instability
in differentially rotating neutron stars [230]. It has also been used by Shibata [227] to devise
a 2D (axisymmetric) code to compute the long-term evolution of rotating neutron stars and
gravitational collapse.

9.3.4 Gamma freezing

The Gamma freezing prescription for the evolution of spatial coordinates is very much related
to Nakamura’s pseudo-minimal distortion (9.70): it differs from it only in the replacement of D

by D; and ’yw by 'Lyi] = 074 /ot:

DAY =0 (9.76)

The name Gamma freezing is justified as follows: since 9/t and D commute [as a consequence
of (6.7)], Eq. (9.76) is equivalent to

0

5 (D7) = 0. (9.77)
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Now, expressing the covariant derivative D; in terms of the Christoffel symbols I ik of the
metric f with respect to the coordinates (z*), we get

» a:yw . _ y
DY = ST A+ T At
—~—
=%B;Lk1nf
(%ij . .1 0 o
= G T (M= 1) 34 4 gy 4
*/
i,
o i
- (91]' +F2Jk7kj+rj %7 +<F FZM) F*I
:Dj‘s/rijzo
= <fijk_fijk)a (9.78)

where T jk denote the Christoffel symbols of the metric 4 with respect to the coordinates ()
and we have used 4 = f [Eq. (6.19)] to write the second line. If we introduce the notation

[ .= 5k (fijk . fijk> , (9.79)

then the above relation becomes

D77 = T (9.80)

Remark : If one uses Cartesian-type coordinates, then I'* . = 0 and the I'%’s reduce to the con-
tracted Christoffel symbols introduced by Baumgarte and Shapiro []5] [cf. their Eq. (21)].
In the present case, the T'’s are the components of a vector field T on >4, as it is clear from
relation (9.80), or from expression (9.79) if one remembers that, although the Christoffel
symbols are not the components of any tensor field, the differences between two sets of
them are. Of course the vector field r depends on the choice of the background metric f.

By combining Egs. (9.80) and (9.77), we see that the Gamma freezing condition is equivalent to

or
=0

= .81
=0} (981)

hence the name Gamma freezing: for such a choice, the vector T does not evolve, in the sense that
Eatf‘ = 0. The Gamma freezing prescription has been introduced by Alcubierre and Briigmann
in 2001 [7], in the form of Eq. (9.81).

Let us now derive the equation that the shift vector must obey in order to enforce the Gamma
freezing condition. If we express the Lie derivative in the evolution equation (6.106) for 4% in
terms of the covariant derivative D [cf. Eq. (A.6)], we get

- iy - ) ) ) .92 -
7" = 2NAY + B*D3Y — FHDLE - EDLE + S DB 5. (9.82)
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Taking the flat-divergence of this relation and using relation (9.80) (with the commutation
property of 9/t and D) yields
of
ot

o - - - 92
= —2ND;AY —2AUD;N + B*D T — TF"Dy 8" + grszﬁk
. 1.
FIRD, Dy B + ga“DjDkﬂ’f. (9.83)

Now, we may use the momentum constraint (6.110) to express D;AY:

R . 2 .. )
DjAY = —6AYVD;In¥ + SD'K + 8wy, (9.84)
With ~ ~ . ~ .. ~ . . ~ . ~ - ~ .
Dj AT = DA 4 (P = T ) AN 4 (1Y — TV, ) A, (9.85)
N————
=0

where the “= 0” results from the fact that ijjk = 0In7/0z* and 2fjjk = Oln f/0x", with
¥ :=det¥;; = det fi; =: f [Eq. (6.19)]. Thus Eq. (9.83) becomes
or’
ot

. oy 9. 3 ‘ _
= A*D;DyA" + g:YUDjDkﬁk + grlpkﬁk —T*Dy B + BF DT

o . o 2 o
—9N [871\11419’ — AR (P =T ) — 64D m W+ gwajK] — 24UD,N.

(9.86)
We conclude that the Gamma freezing condition (9.81) is equivalent to
. R 2. - . -
VDD + 3D DR + ST DB — DDy + DT =
e . y 2 .. y (9.87)
2N [877\114;9@ — A% (T~ T ) = 6A7D; I W + gﬁ”DjK} +24YD;N.

This is an elliptic equation for the shift vector, which bears some resemblance with Shibata’s
approximate minimal distortion, Eq. (9.75).

9.3.5 Gamma drivers

As seen above the Gamma freezing condition (9.81) yields to the elliptic equation (9.87) for the

shift vector. Alcubierre and Briigmann [7] have proposed to turn it into a parabolic equation
by considering, instead of Eq. (9.81), the relation

g kafi
ot ot |

(9.88)

where k is a positive function. The resulting coordinate choice is called a parabolic Gamma
driver. Indeed, if we inject Eq. (9.88) into Eq. (9.86), we clearly get a parabolic equation for
the shift vector, of the type 03 /0t = k ijl)ﬂ)kﬁi + %ﬁiijDkﬁk + - ]
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An alternative has been introduced in 2003 by Alcubierre, Brigmann, Diener, Koppitz,
Pollney, Seidel and Takahashi [9] (see also Refs. [181] and [59]); it requires
923 or! 9 3
— =k— — ——1Ink 9.89
ot at (77 atn>at’ (9.89)

where k and 7 are two positive functions. The prescription (9.89) is called a hyperbolic
Gamma driver [9, 181, 59]. Indeed, thanks to Eq. (9.86), it is equivalent to

0?3 0 o)oK , 1 9. s A .
— —Ink = k{A*D. DB+ =AU D.D 3R + 1D, BF — TFD, 3 + 3D, I
2 +<77 8tn>8t {7 j kﬂ+37 i Di.3 +3 k0 kB' + "Dy

e g . o 92 o
—2N [8#‘1141)2 — A% (T~ T7 1) = 647D, I W + gaUDjK] - QAWDJ-N}, (9.90)

which is a hyperbolic equation for the shift vector, of the type of the telegrapher’s equation.
The term with the coefficient 7 is a dissipation term. It has been found by Alcubierre et al. [9]
crucial to add it to avoid strong oscillations in the shift.

The hyperbolic Gamma driver condition (9.89) is equivalent to the following first order
system

3£ _ 1B

0B oF (991)
_ — 1B

ot ot

Remark : In the case where k does not depend on t, the Gamma driver condition (9.89) reduces
to a previous hyperbolic condition proposed by Alcubierre, Brigmann, Pollney, Seidel and
Takahashi [10], namely

3261' B afz B aﬁz

oz~ "o "o

(9.92)

Hyperbolic Gamma driver conditions have been employed in many recent numerical compu-
tations:

e 3D gravitational collapse calculations by Baiotti et al. (2005, 2006) [28, 30], with & = 3/4
and n = 3/M, where M is the ADM mass;

e the first evolution of a binary black hole system lasting for about one orbit by Briigmann,
Tichy and Jansen (2004) [70], with k = 3/4 N¥~2 and n = 2/M;

e binary black hole mergers by

— Campanelli, Lousto, Marronetti and Zlochower (2006) [73, 74, 75, 76], with k = 3/4;

— Baker et al. (2006) [32, 33], with & = 3N/4 and a slightly modified version of
Eq. (9.91), namely 0T /0t replaced by OI'* /0t — 370" /Ox7 in the second equation;

— Sperhake [248], with k =1 and n = 1/M.
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Recently, van Meter et al. [264] and Briigmann et al. [69] have considered a modified version of
Eq. (9.91), by replacing all the derivatives 0/9t by 9/0t — 370/027, i.e. writing

90 _ﬁjaﬁ. = kB’

(975 83:1‘ . . (9 93)
aBl_B]ﬁBz B arZ_BjarZ_ B ’
ot ol ot I

In particular, Briigmann et al. [69, 184] have computed binary black hole mergers using (9.93)
with & = 3/4 and 7 ranging from 0 to 3.5/M, whereas Herrmann et al. [158] have used (9.93)
with £ =3/4 and n = 2/M.

9.3.6 Other dynamical shift gauges

Shibata (2003) [228] has introduced a spatial gauge that is closely related to the hyperbolic
Gamma driver: it is defined by the requirement

op
ot

= (Fj + ot %) : (9.94)

where 6t is the time step used in the numerical computation and*
F; := D755 (9.95)

From the definition of the inverse metric 4%, namely the identity ﬁikﬁkj = ¢ i and relation
(9.80), it is easy to show that Fj is related to I'* by

Fy = 4,19 — (Wﬂ“ — fjk) DiAij- (9.96)
Notice that in the weak field region, i.e. where 3% = f% + h¥ with fi fjlhklhij < 1, the second

term in Eq. (9.96) is of second order in h, so that at first order in h, Eq. (9.96) reduces to
F; ~ #;;T9. Accordingly Shibata’s prescription (9.94) becomes

ot .. .. OF;
~J 7 Zj j. .
e T (9.97)

If we disregard the 0t term in the right-hand side and take the time derivative of this equation,
we obtain the Gamma-driver condition (9.89) with £ = 1 and n = 0. The term in 6¢ has been
introduced by Shibata [228] in order to stabilize the numerical code.

The spatial gauge (9.94) has been used by Shibata (2003) [228] and Sekiguchi and Shibata
(2005) [221] to compute axisymmetric gravitational collapse of rapidly rotating neutron stars
to black holes, as well as by Shibata and Sekiguchi (2005) [234] to compute 3D gravitational
collapses, allowing for the development of nonaxisymmetric instabilities. It has also been used
by Shibata, Taniguchi and Uryu (2003-2006) [237, 238, 236] to compute the merger of binary
neutron stars, while their preceding computations [239, 240] rely on the approximate minimal
distortion gauge (Sec. 9.3.3).

Ylet us recall that D' := f9D;
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9.4 Full spatial coordinate-fixing choices

The spatial coordinate choices discussed in Sec. 9.3, namely vanishing shift, minimal distortion,
Gamma freezing, Gamma driver and related prescriptions, are relative to the propagation of the
coordinates (z') away from the initial hypersurface 3. They do not restrict at all the choice of
coordinates in Y. Here we discuss some coordinate choices that fix completely the coordinate
freedom, including in the initial hypersurface.

9.4.1 Spatial harmonic coordinates

The first full coordinate-fixing choice we shall discuss is that of spatial harmonic coordinates.
They are defined by

D;Digt =0| 9.98
J

in full analogy with the spacetime harmonic coordinates [cf. Eq. (9.23)]. The above condition
is equivalent to

1 0 L Ozt
- v Jk =
Tt (ﬁw W) 0, (9.99)
=5,
ie.
@(ﬁy ) =0. (9.100)

This relation restricts the coordinates to be of Cartesian type. Notably, it forbids the use of
spherical-type coordinates, even in flat space, for it is violated by 7;; = diag(1, r2,r?sin? ). To
allow for any type of coordinates, let us rewrite condition (9.100) in terms of a background flat

metric f (cf. discussion in Sec. 6.2.2), as
A2
L A = 9.101
) ] (5-101)

where D is the connection associated with f and f := det f;; is the determinant of f with
respect to the coordinates (z').

D;

Spatial harmonic coordinates have been considered by Cadez [72] for binary black holes
and by Andersson and Moncrief [16] in order to put the 3+1 Einstein system into an elliptic-
hyperbolic form and to show that the corresponding Cauchy problem is well posed.

Remark : The spatial harmonic coordinates discussed above should not be confused with space-
time harmonic coordinates; the latter would be defined by Dgxi = 0 [spatial part of
Eq. (9.23)] instead of (9.98). Spacetime harmonic coordinates, as well as some gener-
alizations, are considered e.g. in Ref. [11].
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9.4.2 Dirac gauge

As a natural way to fix the coordinates in his Hamiltonian formulation of general relativity (cf.
Sec. 4.5), Dirac [116] has introduced in 1959 the following condition:

9 (71/3%) _o. (9.102)

It differs from the definition (9.100) of spatial harmonic coordinates only by the power of the
determinant ~. Similarly, we may rewrite it more covariantly in terms of the background flat

metric f as [63]
<1>1/3w =0 (9.103)
f

We recognize in this equation the inverse conformal metric [cf. Egs. (6.15) and (6.22)], so that
we may write:

D;

D77 =0 (9.104)

We call this condition the Dirac gauge. It has been first discussed in the context of numerical
relativity in 1978 by Smarr and York [246] but disregarded in profit of the minimal distortion
gauge (Sec. 9.3.2), for the latter leaves the freedom to choose the coordinates in the initial
hypersurface. In terms of the vector T introduced in Sec. 9.3.4, the Dirac gauge has a simple
expression, thanks to relation (9.80):

' =0| (9.105)

It is then clear that if the coordinates (z*) obey the Dirac gauge at all times ¢, then they belong to
the Gamma freezing class discussed in Sec. 9.3.4, for Eq. (9.105) implies Eq. (9.81). Accordingly,
the shift vector of Dirac-gauge coordinates has to satisfy the Gamma freezing elliptic equation
(9.87), with the additional simplification I = 0:

, 1 o g . o 9
YD DB + SAID DL = 2N [87T\114pl — A% (T~ T ) = 6AYD; I W + 79D, K

+2AUD;N.

(9.106)
The Dirac gauge, along with maximal slicing, has been employed by Bonazzola, Gourgoulhon,
Grandclément and Novak [63] to devise a constrained scheme® for numerical relativity, that has
been applied to 3D evolutions of gravitational waves. It has also been used by Shibata, Uryu
and Friedman [241] to formulate waveless approximations of general relativity that go beyond
the IWM approximation discussed in Sec. 6.6. Such a formulation has been employed recently
to compute quasi-equilibrium configurations of binary neutron stars [263]. Since Dirac gauge is
a full coordinate-fixing gauge, the initial data must fulfill it. Recently, Lin and Novak [180] have
computed equilibrium configurations of rapidly rotating stars within the Dirac gauge, which
may serve as initial data for gravitational collapse.

Sthe concept of constrained scheme will be discussed in Sec. 10.2
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10.1 Introduction

Even after having selected the foliation and the spatial coordinates propagation (Chap. 9), there
remains various strategies to integrate the 3+1 Einstein equations, either in their original form
(4.63)-(4.66), or in the conformal form (6.105)-(6.110). In particular, the constraint equations
(4.65)-(4.66) or (6.109)-(6.110) may be solved or not during the evolution, giving rise to respec-
tively the so-called free evolution schemes and the constrained schemes. We discuss here the
two types of schemes (Sec. 10.2 and 10.3), and present afterwards a widely used free evolution
scheme: the BSSN one (Sec. 10.4).

Some review articles on the subject are those by Stewart (1998) [250], Friedrich and Rendall
(2000) [135], Lehner (2001) [174], Shinkai and Yoneda (2002,2003) [243, 242], Baumgarte and
Shapiro (2003) [44], and Lehner and Reula (2004) [175].

10.2 Constrained schemes

A constrained scheme is a time scheme for integrating the 3+1 Einstein system in which some
(partially constrained scheme) or all (fully constrained scheme) of the four constraints
are used to compute some of the metric coefficients at each step of the numerical evolution.

In the eighties, partially constrained schemes, with only the Hamiltonian constraint enforced,
have been widely used in 2-D (axisymmetric) computations (e.g. Bardeen and Piran [36], Stark
and Piran [249], Evans [119]). Still in the 2-D axisymmetric case, fully constrained schemes have
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been used by Evans [120] and Shapiro and Teukolsky [222] for non-rotating spacetimes, and by
Abrahams, Cook, Shapiro and Teukolsky [3] for rotating ones. More recently the (2+1)+1
axisymmetric code of Choptuik, Hirschmann, Liebling and Pretorius (2003) [85] is based on a
constrained scheme too.

Regarding 3D numerical relativity, a fully constrained scheme based on the original 3+1 Ein-
stein system (4.63)-(4.66) has been used to evolve a single black hole by Anderson and Matzner
(2005) [14]. Another fully constrained scheme has been devised by Bonazzola, Gourgoulhon,
Grandclément and Novak (2004) [63], but this time for the conformal 3+1 Einstein system
(6.105)-(6.110). The latter scheme makes use of maximal slicing and Dirac gauge (Sec. 9.4.2).

10.3 Free evolution schemes

10.3.1 Definition and framework

A free evolution scheme is a time scheme for integrating the 3+1 Einstein system in which
the constraint equations are solved only to get the initial data, e.g. by following one of the
prescriptions discussed in Chap. 8. The subsequent evolution is performed via the dynamical
equations only, without enforcing the constraints. Actually, facing the 341 Einstein system
(4.63)-(4.66), we realize that the dynamical equation (4.64), coupled with the kinematical rela-
tion (4.63) and some choices for the lapse function and shift vector (as discussed in Chap. 9), is
sufficient to get the values of v, K, N and B at all times ¢, from which we can reconstruct the
full spacetime metric g.

A natural question which arises then is : to which extent does the metric g hence obtained
fulfill the Einstein equation (4.1) ? The dynamical part, Eq. (4.64), is fulfilled by construction,
but what about the constraints (4.65) and (4.66) ? If they were violated by the solution (v, K)
of the dynamical equation, then the obtained metric g would not satisfy Einstein equation. The
key point is that, as we shall see in Sec. 10.3.2, provided that the constraints are satisfied at
t = 0, the dynamical equation (4.64) ensures that they are satisfied for all ¢ > 0.

10.3.2 Propagation of the constraints

Let us derive evolution equations for the constraints, or more precisely, for the constraint viola-
tions. These evolution equations will be consequences of the Bianchi identities'. We denote by
G the Einstein tensor:

1
G:='R- §4Rg, (10.1)
so that the Einstein equation (4.1) is written
G =8rT. (10.2)

The Hamiltonian constraint violation is the scalar field defined by

‘H =G(n,n) — 81T (n,n)

, (10.3)

the following computation is inspired from Frittelli’s article [136]
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ie.
1
H ="R(n,n) + §4R — 87E, (10.4)

where we have used the relations g(n,n) = —1 and T'(n,n) = E [Eq. (4.3)]. Thanks to the
scalar Gauss equation (2.95) we may write

H=

(R+ K* - K;;K") —8rE| (10.5)

DO | =

Similarly we define the momentum constraint violation as the 1-form field

| M = —G(n,5()) +87T(n,5() | (10.6)

By means of the contracted Codazzi equation (2.103) and the relation T'(n, 5(.)) = —p [Eq. (4.4)],
we get

M; = D;K’, — D;K — 87p; |, (10.7)

From the above expressions, we see that the Hamiltonian constraint (4.65) and the momentum
constraint (4.66) are equivalent to respectively

H = 0 (10.8)
M; = 0. (10.9)

Finally we define the dynamical equation violation as the spatial tensor field

1
F :=5"'R — 874" <T - 5Tg> . (10.10)

Indeed, let us recall that the dynamical part of the 3+1 Einstein system, Eq. (4.64) is nothing
but the spatial projection of the Einstein equation written in terms of the Ricci tensor *R, i.e.
Eq. (4.2), instead of the Einstein tensor, i.e. Eq. (10.2) (cf. Sec. 4.1.3). Introducing the stress
tensor S = *T [Eq. (4.7)] and using the relations T'= S — E [Eq. (4.12)] and 4*g = v, we can
write F' as

F=7"'R—8r [S+%(E—S)fy] (10.11)

From Eq. (4.13), we see that the dynamical part of Einstein equation is equivalent to
F=0. (10.12)
This is also clear if we replace ¥**R in Eq. (10.11) by the expression (3.45): we immediately

get Eq. (4.64).
Let us express ¥*(G — 87T) in terms of F. Using Eq. (10.1), we have

1
¥4(G — 8rT) = 7" ‘R — §4R7 —878. (10.13)
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Comparing with Eq. (10.11), we get
1
7(G—81T) =F — 3 [‘R + 87 (S — E)] v. (10.14)
Besides, the trace of Eq. (10.11) is
F = tr F = fy"jFij =" F,,

1
= V9,7, Rpo — 87 | S + 5(E —S)x3
=yPY

= 7R, +471(S — 3E) = R+ 'R o n’n° + 4n(S — 3E). (10.15)
Now, from Eq. (10.4), 4Rp(, nfn® = H —*R/2 + 87 E, so that the above relation becomes

1
F = R4+ H- §4R+87TE+47T(S—3E)
1
= H+;[R+8n(S-B)]. (10.16)
This enables us to write Eq. (10.14) as

(G = 8xT) = F + (H — F)~. (10.17)

Similarly to the 341 decomposition (4.10) of the stress-energy tensor, the 34+1 decomposition
of G — 8rT is

G-8mT =7 (G-8T)+noM+Men+Hnon, (10.18)
5*(G — 8nT) playing the role of S, M that of p and H that of E. Thanks to Eq. (10.17), we
may write
G-8T=F+(H-F)y+noM+Mon+Hnon| (10.19)
or, in index notation,
Gaﬁ — 87TTag = Faﬁ + (H — F)’}/aﬁ + ’I’LaMg + MQ’I’LB + Hnanﬁ. (10.20)

This identity can be viewed as the 3+1 decomposition of Einstein equation (10.2) in terms of
the dynamical equation violation F', the Hamiltonian constraint violation H and the momentum
constraint violation M.

The next step consists in invoking the contracted Bianchi identity:

v.c=o| (10.21)

VHGoy = 0. (10.22)

i.e.

Let us recall that this identity is purely geometrical and holds independently of Einstein equation.
In addition, we assume that the matter obeys the energy-momentum conservation law (5.1) :

v.r=0l (10.23)

In view of the Bianchi identity (10.21), Eq. (10.23) is a necessary condition for the Einstein
equation (10.2) to hold.
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Remark : We assume here specifically that Eq. (10.23) holds, because in the following we do
not demand that the whole Einstein equation is satisfied, but only its dynamical part, i.e.
Eq. (10.12).

As we have seen in Chap. 5, in order for Eq. (10.23) to be satisfied, the matter energy density
E and momentum density p (both relative to the Eulerian observer) must obey to the evolution
equations (5.12) and (5.23).

Thanks to the Bianchi identity (10.21) and to the energy-momentum conservation law
(10.23), the divergence of Eq. (10.19) leads to, successively,

V. (GF, —8rTh,) =0
VulF*, + (H = F)y", +n' My + MFng, + Hn'n,) = 0,
V, F" + Do(H — F) + (H — F) (V¥ ng + 1V una) — K My + 0V, M,
+V, MFng, — MFK o + 0"V Hng — HKng + HDyIn N =0,
VuFty + Do(H — F)+ (2H — F)(DoIn N — Kng) — KM, + 0tV M,,
+V MFng, — Koy MM 4+n#V ,Hng =0, (10.24)

where we have used Eq. (3.20) to express the Vn in terms of K and DIn N (in particular
Vn* = —K). Let us contract Eq. (10.24) with n: we get, successively,

n'V,F* + (2H — F)K + n"n#V M, — V,M" — nV ,H = 0,
—FA N, n" + (2H — F)K — Myn"V,n" — V,M" —n#V ,H = 0,
K"™F,, +(2H — F)K — M"D,In N — V,M" — n#V ,H = 0. (10.25)

Now the V-divergence of M is related to the D-one by

DMMH - PYP,LL’YUVVPMU = PYPJVPMU = VPMP + npnavaU
= V,M"—M"D,InN. (10.26)

Thus Eq. (10.25) can be written

'V, H =—-D,M"-2M"D,InN + K(2H — F) + K'"'F,,,. (10.27)
Noticing that
n“VH—im“VH—iE H—i 9 Lg | H (10.28)
2N FEOONT™T N\ ot B ’ ’

where m is the normal evolution vector (cf. Sec. 3.3.2), we get the following evolution equation
for the Hamiltonian constraint violation

<% — £5> H=-D;(NM") — M'D;N + NK(2H — F) + NK“ F; | (10.29)

Let us now project Eq. (10.24) onto 3;:

VOV FR, + DY(H — F) + (2H — F)D*In N — KM® +~%,n"V,M" — K*,M" = 0. (10.30)
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Now the V-divergence of F' is related to the D-one by
DHFMa = ,}/PM,YMO_,}/VWVPFUV = ,ypa,yuavaO'y = ,yua (vapl/ + nPnUvPFUV)
= " (V,F?P, — F°n’V ny)
YOV FE, — F*' D, In N. (10.31)
Besides, we have
1

1
PV = A MY = 2, (L MY+ MY, )

1
= 5 [Lm M 49, MY (VN 0" + NV ,n")]
1
— Nﬁm Ma - KQNM'LL, (1032)

where property (3.32) has been used to write ¥, Ly, MY = Ly M.
Thanks to Egs. (10.31) and (10.32), and to the relation £, = 9/0t —Lg, Eq. (10.30) yields
an evolution equation for the momentum constraint violation:

(E - £B> M' = —D;(NF7) + 2NK' ;M + NKM' + ND'(F — H) + (F — 2H)D'N |

(10.33)
Let us now assume that the dynamical Einstein equation is satisfied, then F = 0 [Eq. (10.12)]
and Egs. (10.29) and (10.33) reduce to

(% ~ Lﬁ> H = -D;(NM")+2NKH — M'D;N (10.34)
(% — £B> M' = —D'(NH)+2NK';M? + NKM'+ HD'N. (10.35)

If the constraints are satisfied at t = 0, then H|;—g = 0 and M*|;—o = 0. The above system gives
then

H

oH)  _ (10.36)
It |i—o

oMy, (10.37)
at |,

We conclude that, at least in the case where all the fields are analytical (in order to invoke the
Cauchy-Kovalevskaya theorem),

Vt>0, H=0 and M'=0, (10.38)

i.e. the constraints are preserved by the dynamical evolution equation (4.64). Even if the
hypothesis of analyticity is relaxed, the result still holds because the system (10.34)-(10.35) is
symmetric hyperbolic [136].

Remark : The above result on the preservation of the constraints in a free evolution scheme
holds only if the matter source obeys the energy-momentum conservation law (10.23).
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10.3.3 Constraint-violating modes

The constraint preservation property established in the preceding section adds some substantial
support to the concept of free evolution scheme. However this is a mathematical result and it does
not guarantee that numerical solutions will not violate the constraints. Indeed numerical codes
based on free evolution schemes have been plagued for a long time by the so-called constraint-
violating modes. The latter are solutions (v, K, N,3) which satisfy F = 0 up to numerical
accuracy but with H # 0 and M # 0, although if initially H = 0 and M = 0 (up to numerical
accuracy). The reasons for the appearance of these constraint-violating modes are twofold: (i)
due to numerical errors, the conditions H = 0 and M = 0 are slightly violated in the initial
data, and the evolution equations amplify (in most cases exponentially !) this violation and
(ii) constraint violations may flow into the computational domain from boundary conditions
imposed at timelike boundaries. Notice that the demonstration in Sec. 10.3.2 did not take into
account any boundary and could not rule out (ii).

An impressive amount of works have then been devoted to this issue (see [243] for a review
and Ref. [167, 217] for recent solutions to problem (ii)). We mention hereafter shortly the
symmetric hyperbolic formulations, before discussing the most successful approach to date: the
BSSN scheme.

10.3.4 Symmetric hyperbolic formulations

The idea is to introduce auxiliary variables so that the dynamical equations become a first-order
symmetric hyperbolic system, because these systems are known to be well posed (see e.g. [250,
214]). This comprises the formulation developed in 2001 by Kidder, Scheel and Teukolsky [168]
(KST formulation), which constitutes some generalization of previous formulations developed
by Frittelli and Reula (1996) [137] and by Andersson and York (1999) [13], the latter being
known as the Einstein-Christoffel system.

10.4 BSSN scheme

10.4.1 Introduction

The BSSN scheme is a free evolution scheme for the conformal 3+1 Einstein system (6.105)-
(6.110) which has been devised by Shibata and Nakamura in 1995 [233]. It has been re-analyzed
by Baumgarte and Shapiro in 1999 [43], with a slight modification, and bears since then the
name BSSN for Baumgarte-Shapiro-Shibata-Nakamura.

10.4.2 Expression of the Ricci tensor of the conformal metric

The starting point of the BSSN formulation is the conformal 3+1 Einstein system (6.105)-(6.110).
One then proceeds by expressing the Ricci tensor R of the conformal metric 7, which appears
in Eq. (6.108), in terms of the derivatives of 4. To this aim, we consider the standard expression
of the Ricci tensor in terms of the Christoffel symbols f’kij of the metric 4 with respect to the
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coordinates (z°):
~ 0 - d
= —F . — ——
Fij oxk™ " OxJ

Let us introduce the type (;) tensor field A defined by

TFy +TF T = TR T (10.39)

i b (10.40)

where the f’kij’s denote the Christoffel symbols of the flat metric f with respect to the coor-
dinates (z°). As already noticed in Sec. 9.3.4, the identity (10.40) does define a tensor field,

although each set of Christoffel symbols, f’kij or fkl-j,

any tensor field. Actually an alternative expression of AF

is by no means the set of components of

;j» which is manifestly covariant, is

1. - - -
ARy = 57" (DA + Difa — Diij) | (10.41)

where D; stands for the covariant derivative associated with the flat metric f. It is not difficult
to establish the equivalence of Egs. (10.40) and (10.41): starting from the latter, we have

Low (0% cm -~ S~ i am - —
A% = 57“ ( g~ L iimg = T + 5% = Tt = T im
8;? _ B _ ~
— 5o T timi +T mzﬂm)
N 1 _ s _
k ki . ko ~kls
= IMy+37 (=20 Am) = I — 3" 3m T
—5k

= fkij - Fkij, (10.42)

hence we recover Eq. (10.40).

Remark : While it is a well defined tensor field, A depends upon the background flat metric
f, which is not unique on the hypersurface .

A useful relation is obtained by contracting Eq. (10.40) on the indices k and j:

- _ 10 10
k k k ~
Aik_rik_rik_i@xi —5%111

Inv

f, (10.43)

where 7 := det 7;; and f := det f;;. Since by construction 4 = f [Eq. (6.19)], we get

AFL=0] (10.44)

Remark : If the coordinates (z') are of Cartesian type, then f’kij =0, Akij = f’kij and D; =
0/0z". This is actually the case considered in the original articles of the BSSN formalism
[255, 45]. We follow here the method of Ref. [65] to allow for non Cartesian coordinates,
e.g. spherical ones.
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Replacing f’kij by Akij —i—l_“kl-j [Eq. (10.40)] in the expression (10.39) of the Ricci tensor yields

~ 0 0 _ _
Ry = o — (A +TF ) — 5 S (AR + TR + (AR + TR ) (A + T )
—(AFy + TF) (Al kit I kj)
N 9 =k 9 Ak 9 =k kAL Sl Ak
= 9l ut gl i T g Nk _WPWFA@AWFFMAU

rk l kT l k rk l nk Tl
+I7A y + T ijr p — ARy Al kj -T ) A% = Ty A = TP s (10.45)
Now since the metric f is flat, its Ricci tensor vanishes identically, so that

9 0

ol = g D+ DT = Ty = 0. (10.46)
Hence Eq. (10.45) reduces to
Rij = a%Ak@] - %Ak ikt AkijAl g+ I klAkij + fkijAl j — AF A kj
- ijkil — A ki (10.47)

Property (10.44) enables us to simplify this expression further:

3 P _ _ _
Ry = Dk —AF ;t I klAkij — I ijku —IF,A! ki~ ARy Al kj
(9 _ _ _

We recognize in the first four terms of the right-hand side the covariant derivative DkA ., hence

Remark : Even if Akik would not vanish, we would have obtained an expression of the Ricci
tensor with exactly the same structure as Eq. (10.39), with the partial derivatives d/0x
replaced by the covariant derivatives D; and the Christoffel symbols f‘kij replaced by the
tensor components Akij. Indeed Eq. (10.49) can be seen as being nothing but a particular
case of the more general formula obtained in Sec. 6.3.1 and relating the Ricci tensors
associated with two different metrics, namely Eq. (6.44). Performing in the latter the
substitutions v — 7, ¥ — f, Rijj — RU, RZ] — 0 (for f is flat), D; — D; and C’k
Aklj [compare Eqs. (6.530) and (10.40)] and using property (10.44), we get zmmedmtely
Eq. (10.49).

If we substitute expression (10.41) for Akij into Eq. (10.49), we get
Lo Tkl iy~ - - kAl
R;; = §Dk [7 (Diij + Dy — Diyig) | — A% A"
1 - - . - . . . . - -
= 5{1% [’Di(’)/kl'ﬂj) — A DA + D (A 30) — FuDAM | — DA™ DA — ’Vlele%j}
S~—~— ~—~—

ok ",
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kAl
=AY A

1 - - - - - - - - - -
= 3 < — DAt DiA* — 31, Dk DA™ — DiAa DA™ — 3Dk DA — DA™ DA

—fylekDﬁij> — AF AT (10.50)

Hence we can write, using DyD; = D; Dy, (since f is flat) and exchanging some indices k and [,

_ 1, ~~ ) ) ) —
R;; = —3 (’VMDkDZ'Yij + 3Dy DA + %‘kD@'DWM) + Qii(7, D7) |, (10.51)

where
~ VA 1 ~ ~kl < ~kl ~kl 1y~ kE Al
Qij(3, D7) i= —5 (Diiy DA™ + Dy DA™ + Did Difiy ) - MMyl (10.52)

is a term which does not contain any second derivative of 4 and which is quadratic in the first
derivatives.

10.4.3 Reducing the Ricci tensor to a Laplace operator

If we consider the Ricci tensor as a differential operator acting on the conformal metric 7, its
principal part (or principal symbol, cf. Sec. B.2.2) is given by the three terms involving second
derivatives in the right-hand side of Eq. (10.51). We recognize in the first term, ¥*DyD;7;,
a kind of Laplace operator acting on 7;;. Actually, for a weak gravitational field, i.e. for
’N)’ij = fij + h¥ with fikfjlhklhij < 1, we have, at the linear order in h, ’Nylele:yij ~ Af"%j,
where Ay = fHD,D; is the Laplace operator associated with the metric f. If we combine
Egs. (6.106) and (6.108), the Laplace operator in Rij gives rise to a wave operator for 7;;,

namely
0 2 N? il
2 _ _ L skp D
[ <0t La > g1 R

Unfortunately the other two terms that involve second derivatives in Eq. (10.51), namely
’yiijDl’ykl and ’yjkDinykl, spoil the elliptic character of the operator acting on ;; in Rij,
so that the combination of Egs. (6.106) and (6.108) does no longer lead to a wave operator.

To restore the Laplace operator, Shibata and Nakamura [233] have considered the term DA
which appears in the second and third terms of Eq. (10.51) as a variable independent from 7;;.
We recognize in this term the opposite of the vector T' that has been introduced in Sec. 9.3.4
[cf. Eq. (9.80)]:

Fig = - (10.53)

I = —D;57 |, (10.54)
Equation (10.51) then becomes
B 1/ . .
Rij =3 <— MDyDiYij + 3 DT + ’ijDsz> +Qii(7. DY) | (10.55)
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Remark : Actually, Shibata and Nakamura [233] have introduced the covector F; := DIF;;
instead of T'. As Eq. (9.96) shows, the two quantities are closely related. They are even
equivalent in the linear regime. The quantity T has been introduced by Baumgarte and
Shapiro []3]. It has the advantage over F; to encompass all the second derivatives of 7;;
that are not part of the Laplacian. If one use F;, this is true only at the linear order (weak
field region). Indeed, by means of Eq. (9.96), we can write

Rij = 5 (=5"DeDeis + D + DiFj + W'D, Diciy + DD ) + Q'5(5, D),
(10.56)

where h¥ .= 3F — fF When compared with (10.55), the above expression contains the

additional terms hleiD/ﬂjl and hlel-D/ﬂjl, which are quadratic in the deviation of 4

from the flat metric.

DO | —

The Ricci scalar R, which appears along Rij in Eq. (6.108), is deduced from the trace of
Eq. (10.55):

N o 1/ . L o
R = ARy = 5 < — Y39 DE DAy + 773, DT + 7990 Difk> +77Qi; (¥, DY)
=5’ =4
k k
1r. o o N o
= 5 [’VMDk (F9DiAi5) + ADAY DAy + 2Dkfk] + 77 Qi (7, D). (10.57)

Now, from Eq. (10.41), ¥9D;75;; = 2Aklk, and from Eq. (10.44), Aklk = 0. Thus the first term
in the right-hand side of the above equation vanishes and we get

R=D,I*+ Q(7,D7)| (10.58)

where .
(7, DY) = 5’?kZDk’~Y” D5 + 37 Qi (7, D7) (10.59)

is a term that does not contain any second derivative of 4 and is quadratic in the first derivatives.
The idea of introducing auxiliary variables, such as I'* or F}, to reduce the Ricci tensor to a
Laplace-like operator traces back to Nakamura, Oohara and Kojima (1987) [193]. In that work,
such a treatment was performed for the Ricci tensor R of the physical metric 4, whereas in
Shibata and Nakamura’s study (1995) [233], it was done for the Ricci tensor R of the conformal
metric 4. The same considerations had been put forward much earlier for the four-dimensional
Ricci tensor “R. Indeed, this is the main motivation for the harmonic coordinates mentioned in
Sec. 9.2.3: de Donder [106] introduced these coordinates in 1921 in order to write the principal
part of the Ricci tensor as a wave operator acting on the metric coefficients g,g:
1, 0 0

4
R o g
ab 2g OxH Oxv

gap + Lap(g, 09), (10.60)

where Q,3(g,0g) is a term which does not contain any second derivative of g and which is
quadratic in the fjrst derivatives. In the current context, the analogue of harmonic coordinates
would be to set I'" = 0, for then Eq. (10.55) would resemble Eq. (10.60). The choice T® = 0
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corresponds to the Dirac gauge discussed in Sec. 9.4.2. However the philosophy of the BSSN
formulation is to leave free the coordinate choice, allowing for any value of I'. In this respect,
a closer 4-dimensional analogue of BSSN is the generalized harmonic decomposition introduced
by Friedrich (1985) [133] and Garfinkle (2002) [139] (see also Ref. [151, 182]) and implemented
by Pretorius for the binary black hole problem [206, 207, 208].

The allowance for any coordinate system means that I becomes a new variable, in addition
to Yij, flij, U, K, N and #°. One then needs an evolution equation for it. But we have already
derived such an equation in Sec. 9.3.4, namely Eq. (9.86). Equation (10.54) is then a constraint
on the system, in addition to the Hamiltonian and momentum constraints.

10.4.4 The full scheme

By collecting together Egs. (6.105)-(6.108), (10.55), (10.58) and (9.86), we can write the complete
system of evolution equations for the BSSN scheme:

o iy
((% cﬁ> —(DiBZ—NK) (10.61)
P ) 2
Bt ﬁlg 'Yij :—QNAij—ngﬂ ’Yij (1062)
9 4 (7 P > M i i K
== Lp ) K =0 (D,D'N +2D,n W D'N) + N [4n(E + 8) + Ay A7 + =
(10.63)
O ro) Ay = —2DuBF Ay + N | KA, — 25M A, —sx (048, — g5
5 L )As = —3 kB Ay + ij — 27" A Ay — 8w i = 39V
+\I/‘4{—DDN+2D In W D;N +2D;In¥ D;N
1 -
+5 <D D*N — 4Dy In W D N) 3
1 N L o
+N [5 ~MDiDiFi; + 3aDiTF + 3 Dil*) + Qij(3, D)
1 L. - -
~3 (D™ + ©(3, D)) 5y — 2DiD; W + 4D ln 0 D; In @
2 /. . - -
+3 <DkD’“ W — 2D, In ¥ DFIn \11) %j] }
(10.64)
0 Lo T = 2DuBET 4+ 505D D3 + ~7D D" — 247D N
a_,@ —gkﬁ + 7y ]kﬂ‘{'g'y jkﬂ_ j
o 9 , (10.65)
—2N [87T\114p2 — AFAT —6AYD;In T + gﬁ”DjK}

where Q;;(¥, D¥) and Q(%, D7) are defined by Eqgs. (10.52) and (10.59) and we have used
Ls I = DI — T*FDy 3 to rewrite Eq. (9.86). These equations must be supplemented with
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the constraints (6.109) (Hamiltonian constraint), (6.110) (momentum constraint), (6.19) (“unit”
determinant of 7;;), (6.74) (A traceless) and (10.54) (definition of I'):

1 1- . 1

D; D"V — SRv+ <§AijA” - EK2 + 27TE> T =0 (10.66)
- . 92 .

D]Al'j + 6AijD] Inw — gDzK = 87p; (1067)
det(7i;) = f (10.68)
A9 A =0 (10.69)
'+ D39 = 0| (10.70)

The unknowns for the BSSN system are V¥, 7;;, K, fll-j and T'. They involve 146 + 1 +
6+ 3 = 17 components, which are evolved via the 17-component equations (10.61)-(10.65). The
constraints (10.66)-(10.70) involve 1 +3 + 1+ 1 + 3 = 9 components, reducing the number of
degrees of freedom to 17 — 9 = 8. The coordinate choice, via the lapse function N and the shift
vector 3¢, reduces this number to 8 — 4 = 4 = 2 x 2, which corresponds to the 2 degrees of
freedom of the gravitational field expressed in terms of the couple (7, /L‘j).

The complete system to be solved must involve some additional equations resulting from the
choice of lapse N and shift vector 3, as discussed in Chap. 9. The well-posedness of the whole
system is discussed in Refs. [55] and [152], for some usual coordinate choices, like harmonic
slicing (Sec. 9.2.3) with hyperbolic gamma driver (Sec. 9.3.5).

10.4.5 Applications

The BSSN scheme is by far the most widely used evolution scheme in contemporary numerical
relativity. It has notably been used for computing gravitational collapses [229, 227, 221, 234,
28, 29, 30], mergers of binary neutron stars [226, 239, 240, 237, 238, 236] and mergers of binary
black holes [32, 33, 264, 73, 74, 75, 76, 248, 111, 69, 184, 159, 158]. In addition, most recent
codes for general relativistic MHD employ the BSSN formulation [117, 235, 231, 140].
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Lie derivative
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A.1 Lie derivative of a vector field

A.1.1 Introduction

Genericaly the “derivative” of some vector field v on M is to be constructed for the variation
dv of v between two neighbouring points p and ¢. Naively, one would write dv = v(q) — v(p).
However v(q) and v(p) belong to different vector spaces: 7,(M) and 7,(M). Consequently the
subtraction v(q) — v(p) is ill defined. To proceed in the definition of the derivative of a vector
field, one must introduce some extra-structure on the manifold M: this can be either some
connection V (as the Levi-Civita connection associated with the metric tensor g), leading to
the covariant derivative Vv or another vector field u, leading to the derivative of v along u
which is the Lie derivative discussed in this Appendix. These two types of derivative generalize
straightforwardly to any kind of tensor field. For the specific kind of tensor fields constituted
by differential forms, there exists a third type of derivative, which does not require any extra
structure on M: the exterior derivative (see the classical textbooks [189, 265, 251] or Ref. [143]
for an introduction).

A.1.2 Definition

Consider a vector field u on M, called hereafter the flow. Let v be another vector field on M,
the variation of which is to be studied. We can use the flow u to transport the vector v from one
point p to a neighbouring one ¢ and then define rigorously the variation of v as the difference
between the actual value of v at ¢ and the transported value via u. More precisely the definition
of the Lie derivative of v with respect to u is as follows (see Fig. A.1). We first define the image
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P av(p) P’ v(p)

Figure A.1: Geometrical construction of the Lie derivative of a vector field: given a small
parameter A, each extremity of the arrow Av is dragged by some small parameter € along u, to
form the vector denoted by ®.(A\v). The latter is then compared with the actual value of Av at
the point ¢, the difference (divided by Ae) defining the Lie derivative L, v.

®.(p) of the point p by the transport by an infinitesimal “distance” ¢ along the field lines of u
as ®.(p) = q, where ¢ is the point close to p such that pg = eu(p). Besides, if we multiply the
vector v(p) by some infinitesimal parameter A, it becomes an infinitesimal vector at p. Then

there exists a unique point p’ close to p such that A\v(p) = 1? . We may transport the point p’
to a point ¢’ along the field lines of u by the same “distance” e as that used to transport p to
q: ¢ = P (p') (see Fig. A.1). (57 is then an infinitesimal vector at ¢ and we define the transport
by the distance ¢ of the vector v(p) along the field lines of u according to

1 —

- (v(p)) =+ qq - (A1)

®.(v(p)) is vector in T,(M). We may then subtract it from the actual value of the field v at ¢
and define the Lie derivative of v along u by

.1
Lov =1l = [v(g) — @ (0(p))]. (A.2)
If we consider a coordinate system (z%) adapted to the field w in the sense that u = eq
where eq is the first vector of the natural basis associated with the coordinates (z¢), then the
Lie derivative is simply given by the partial derivative of the vector components with respect to

,IOI

o Ov”
(Eu 'U) = w

In an arbitrary coordinate system, this formula is generalized to

(A.3)

ov® ou®
o N
Loy v =u g v 5 | (A.4)
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where use has been made of the standard notation L, v® := (L, v)®. The above relation shows
that the Lie derivative of a vector with respect to another one is nothing but the commutator
of these two vectors:

Lyv=[u,v]| (A.5)

A.2 Generalization to any tensor field

The Lie derivative is extended to any tensor field by (i) demanding that for a scalar field f,
L, f=(df,u) and (ii) using the Leibniz rule. As a result, the Lie derivative £, T of a tensor

field T of type <];> is a tensor field of the same type, the components of which with respect to

a given coordinate system (z®) are

k : S
0 al...clr...a oui ou’
Ql...Qp _ T ot _ k Q1.
LT BBy~ Y aqu B1..-Be ZT B1--Be G0 + ZT Prg.Be Habi’
i=1 i=1 !
(A.6)
In particular, for a 1-form,
w
Lowe = urda 4, O (A.7)

=ut— tw,—.

OxH " Oz

Notice that the partial derivatives in Eq. (A.6) can be remplaced by any connection without
torsion, such as the Levi-Civita connection V associated with the metric g, yielding

k ! ¢

at...0p o at...0p - x1...0...0 a; at...0p o

LTy g, = wV T 5 =T by Vou i+ T Brogole VAU
i—1 i1 !
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Conformal Killing operator and
conformal vector Laplacian
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In this Appendix, we investigate the main properties of two important vectorial operators
on Riemannian manifolds: the conformal Killing operator and the associated conformal vector
Laplacian. The framework is that of a single three-dimensional manifold ¥, endowed with
a positive definite metric (i.e. a Riemannian metric). In practice, ¥ is embedded in some
spacetime (M, g), as being part of a 3+1 foliation (X3;);cr, but we shall not make such an
assumption here. For concreteness, we shall denote ’s Riemannian metric by 4, because in
most applications of the 341 formalism, the conformal Killing operator appears for the metric
4 conformally related to the physical metric v and introduced in Chap. 6. But again, we shall
not use the hypothesis that 4 is derived from some “physical” metric vv. So in all what follows,
4 can be replaced by the physical metric v or any other Riemannian metric, as for instance the
background metric f introduced in Chap. 6 and 7.

B.1 Conformal Killing operator

B.1.1 Definition

The conformal Killing operator L associated with the metric 4 is the linear mapping from
the space 7 (X) of vector fields on 3 to the space of symmetric tensor fields of type (g) defined
by

- - - . 2. -
Vo € T(X), (Lv)Y := D% 4 Divt — ngvk 54\, (B.1)
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where D is the Levi-Civita connection associated with 4 and Dt = ”'j[)j. An immediate
property of L is to be traceless with respect to 4, thanks to the —2/3 factor: for any vector v,

i (Lv)¥ = 0. (B.2)

B.1.2 Behavior under conformal transformations

An important property of L is to be invariant, except for some scale factor, with respect to
conformal transformations. Indeed let us consider a metric v conformally related to 4:

v =05, (B.3)

In practice v will be the metric induced on ¥ by the spacetime metric g and ¥ the conformal
factor defined in Chap. 6, but we shall not employ this here. So v and 4 are any two Riemannian
metrics on ¥ that are conformally related (we could have called them =, and «2) and ¥ is simply
the conformal factor between them. We can employ the formule derived in Chap. 6 to relate
the conformal Killing operator of 4, L, with that of ~, L say. Formula (6.35) gives

Divt = fyjkavi = \1174,~ij {ﬁkvz + 2 <vlbl In W 5ik +0'DIn¥ — D ln\I/’yklvlﬂ

= gy [f)jvi +2 <vkl~)k InUAY + ' DI In W — v/ DiIn \If)] . (B.4)
Hence . . . . ~ . . ~ . . ~ ..
Divi 4 Diyi = w4 <Dw + DIyt 4+ 40F Dy In @ w) (B.5)
Besides, from Eq. (6.36),
200 ki 2 (P ko kT —45ij
— =Dty = = <Dkv + 6v Dkln\I/>\I/ 'z (B.6)

Adding the above two equations, we get the simple relation

(Lv)Y = U4 (Lo)¥ | (B.7)

Hence the conformal Killing operator is invariant, up to the scale factor ¥, under a conformal
transformation.

B.1.3 Conformal Killing vectors

Let us examine the kernel of the conformal Killing operator, i.e. the subspace ker L of T(%)
constituted by vectors v satisfying

(Lv)¥ = 0. (B.8)

A vector field which obeys Eq. (B.8) is called a conformal Killing vector. It is the generator
of some conformal isometry of (X,%). A conformal isometry is a diffeomorphism ¢ : ¥ — ¥
for which there exists some scalar field © such that ®,5 = Q24. Notice that any isometry
is a conformal isometry (corresponding to @ = 1), which means that every Killing vector is
a conformal Killing vector. The latter property is obvious from the definition (B.1) of the
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conformal Killing operator. Notice also that any conformal isometry of (X,%) is a conformal
isometry of (X,7), where - is a metric conformally related to 4 [cf. Eq. (B.3)]. Of course, (X,%)
may not admit any conformal isometry at all, yielding ker L = {0}. The maximum dimension of
ker L is 10 (taking into account that ¥ has dimension 3). If (X, 7) is the Euclidean space (R, f),
the conformal isometries are constituted by the isometries (translations, rotations) augmented
by the homotheties.

B.2 Conformal vector Laplacian

B.2.1 Definition

The conformal vector Laplacian associated with the metric 4 is the endomorphism Ap of
the space 7 (3) of vector fields on ¥ defined by taking the divergence of the conformal Killing
operator:

Vo e T(X), Apv':=D;(Lv)7| (B.9)
From Eq. (B.1),
Rpot = DD+ DD — S DDk
= DDyl + R0l + DD — gbibﬂj
— DD + % DDyl + Ri o, (B.10)

where we have used the contracted Ricci identity (6.42) to get the second line. Hence A L vi is a
second order operator acting on the vector v, which is the sum of the vector Laplacian D;D’v°,
one third of the gradient of divergence DiDjvj and the curvature term R’ jvj :

Apvi = D;Divi + DD + B 1 (B.11)

W[ =

The conformal vector Laplacian plays an important role in 341 general relativity, for solving
the constraint equations (Chap. 8), but also for the time evolution problem (Sec. 9.3.2). The
main properties of Ay, have been first investigated by York [274, 275].

B.2.2 Elliptic character

Given p € ¥ and a linear form § € 7,7(X), the principal symbol of A} with respect to p and &
is the linear map Py, ¢) : 7p(%) — 7,(¥) defined as follows (see e.g. [101]). Keep only the terms
involving the highest derivatives in Af, (i.e. the second order ones): in terms of components,
the operator is then reduced to

vt —s :yjk Ak g (B.12)

@axk”
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Replace each occurrence of 9/927 by the component ; of the linear form &, thereby obtaining
a mapping which is no longer differential, i.e. that involves only values of the fields at the point
p; this is the principal symbol of Ay, at p with respect to &:

Ppe: (X)) — T

v=(") — Puglv)= <7jk(P)fj§k v+ é’?ik(p)gkgjvj> ;

(B.13)

The differential operator Ay is said to be elliptic on X iff the principal symbol P, ¢) is an
isomorphism for every p € X and every non-vanishing linear form £ € '1;*(2). It is said to be
strongly elliptic if all the eigenvalues of P, ¢) are non-vanishing and have the same sign. To

check whether it is the case, let us consider the bilinear form 13(1,,5) associated to the endomor-
phism P, ¢) by the conformal metric:

V(v,w) € T,(2)?, Ppe(v,w) =7 (v, Ppe(w)). (B.14)

Its matrix pij is deduced from the matrix P? ; of Py, ¢ by lowering the index ¢ with 4(p). We
get

Py = 3" (p)&x& 715 (p) + %fifj- (B.15)

Hence 13(p7§) is clearly a symmetric bilinear form. Moreover it is positive definite for £ # 0: for
any vector v € 7,(X) such that v # 0, we have

P, ¢)(v,v) = 7" (p) €&y 7 (p)v'v? + %(fivi)Q >0, (B.16)

where the > 0 follows from the positive definite character of 4. 13(p7§) being positive definite
symmetric bilinear form, we conclude that P, ¢) is an isomorphism and that all its eigenvalues

are real and strictly positive. Therefore Ay is a strongly elliptic operator.

B.2.3 Kernel

Let us now determine the kernel of A. Clearly this kernel contains the kernel of the conformal
Killing operator L. Actually it is not larger than that kernel:

ker Aj = ker L |. (B.17)

Let us establish this property. For any vector field v € 7(X), we have
/Z%’WAL v\ Fddr = /Z%jvibz(iv)ﬂﬂd?’x
= /E{Dl {ﬁij”i(iv)ﬂ} - :Yilevi (iv)jl} ﬂd3x
- ?é Figo' (Lo)"3/ad*y — | Ay D' (Loy' /5 da,
" ) (B.18)

where the Gauss-Ostrogradsky theorem has been used to get the last line. We shall consider
two situations for (X,~):
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e Y is a closed manifold, i.e. is compact without boundary;
e (X,4) is an asymptotically flat manifold, in the sense made precise in Sec. 7.2.

In the former case the lack of boundary of ¥ implies that the first integral in the right-hand side
of Eq. (B.18) is zero. In the latter case, we will restrict our attention to vectors v which decay
at spatial infinity according to (cf. Sec. 7.2)

vt o= O@r ) (B.19)
322; = 0(r?), (B.20)

where the components are to be taken with respect to the asymptotically Cartesian coordinate
system (%) introduced in Sec. 7.2. The behavior (B.19)-(B.20) implies

vi(Lo)t = O(r=?), (B.21)

so that the surface integral in Eq. (B.18) vanishes. So for both cases of ¥ closed or asymptotically
flat, Eq. (B.18) reduces to

/ ﬁijviAL VA dPr = — %j]jlvi (Lv)y'\/3 dz. (B.22)
by b

In view of the right-hand side integrand, let us evaluate

Figr(Lo)* (Loyt = Ay (D* + D*o') (Lo — 3 Pmv” 7" %5 (Lv)”!
——
=gk .
J

- N o~ 9. -
= (JuDse* + 3D’ ) (Lop" = S D™ F(Lo)!
3 [ —
=0
= 2%;; D’ (L), (B.23)

where we have used the symmetry and the traceless property of (Ev)j "to get the last line. Hence
Eq. (B.22) becomes

~ ix ; = 1 ~ o~ T Nk (T,\J ~
/%’jv Apv idls = _5/ Fig i (Lo)™ (Loy' /5 da. (B.24)
Y P

Let us assume now that v € ker A L A v = 0. Then the left-hand side of the above equation
vanishes, leaving

[ (Bt Loy /5 e =0, (B.25)

Since 4 is a positive definite metric, we conclude that (ﬂv)ij =0, i.e. that v € ker L. This
demonstrates property (B.17). Hence the “harmonic functions” of the conformal vector Lapla-
cian Ay, are nothing but the conformal Killing vectors (one should add “which vanish at spatial
infinity as (B.19)-(B.20)” in the case of an asymptotically flat space).
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B.2.4 Solutions to the conformal vector Poisson equation

Let now discuss the existence and uniqueness of solutions to the conformal vector Poisson equa-
tion

Apvt =8|, (B.26)
where the vector field S is given (the source). Again, we shall distinguish two cases: the closed
manifold case and the asymptotically flat one. When ¥ is a closed manifold, we notice first

that a necessary condition for the solution to exist is that the source must be orthogonal to any
vector field in the kernel, in the sense that

VC cker L, / 3;C1SI\/7 d3z = 0. (B.27)
b))

This is easily established by replacing S7 by Az, v* and performing the same integration by part
as above to get

2

Since, by definition (LC)* = 0, Eq. (B.27) follows. If condition (B.27) is fulfilled (it may be
trivial since the metric 4 may not admit any conformal Killing vector at all), it can be shown that
Eq. (B.26) admits a solution and that this solution is unique up to the addition of a conformal
Killing vector.

~ i /= 1 ~ o~ = ik/T NG =
'YijC S]\/’_ydg.%' = ——/ 'yij'ykl(LC) k(Lv)]l\/’_yd?’x. (B.28)
b %

In the asymptotically flat case, we assume that, in terms of the asymptotically Cartesian
coordinates (z') introduced in Sec. 7.2

St =0(r3). (B.29)
Moreover, because of the presence of the Ricci tensor in A L, one must add the decay condition
0%3i
=0(r® B.30
Sokagd — U ) (B.30)

to the asymptotic flatness conditions introduced in Sec. 7.2 [Egs. (7.1) to (7.4)]. Indeed Eq. (B.30)
along with Eqgs. (7.1)-(7.2) guarantees that

Rij = 0(7“73). (B.?)l)

Then a general theorem by Cantor (1979) [78] on elliptic operators on asymptotically flat man-
ifolds can be invoked (see Appendix B of Ref. [240] as well as Ref. [91]) to conclude that the
solution of Eq. (B.26) with the boundary condition

vt =0 when 7 — 0 (B.32)

exists and is unique. The possibility to add a conformal Killing vector to the solution, as in the
compact case, does no longer exist because there is no conformal Killing vector which vanishes
at spatial infinity on asymptotically flat Riemannian manifolds.

Regarding numerical techniques to solve the conformal vector Poisson equation (B.26), let us
mention that a very accurate spectral method has been developed by Grandclément et al. (2001)
[148] in the case of the Euclidean space: (X,%) = (R3, f). It is based on the use of Cartesian
components of vector fields altogether with spherical coordinates. An alternative technique,
using both spherical components and spherical coordinates is presented in Ref. [63].
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