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Abstract
Magnetohydrodynamicswith Hall effect (Hall-MHD) allows oneto take into accountscalesof theorderof theion inertial lengthandthedispersive characterof medialike theEarthmagnetosheath.
Weaklynonlinear, quasi-monochromaticAlfv énwavespropagatingalonganambientmagneticfield in sucha mediumcanbesubjectto transverseinstabilitiesleadingto theformationof intensemagneticfilaments.This “filamentation”phenomenonhasbeenfirst

predictedby amplitudeequationsof nonlinearSchr̈odingertypeandthenobserved in numericalsimulationsof theHall-MHD equationsusinga spectralinviscid code. We observed in particularthat for sufficiently weakinitial amplitudesthewave collapsesandno
saturationregime is reachedat the resolutionsof

�������
actuallyavailable. Theproblemhasthenbeenreconsideredusinga finite-differencesAMR (Adaptive MeshRefinement)codewhich allows aneffective resolutionof � ����� in theneighborsof thefilaments.The

simulationswasthenproceededuntil the destabilizationof thesefilamentarystructures.The magneticfield intensitysaturatesbut singularitiesof gradienttype,associatedwith intensecurrentsheetsandplasmaaccelerationtendto develop. Apart from the specific
interestin thephenomenon,thisproblemconstitutesa severetestcasefor theAMR codes,becauseof theformationof localizedintensestructuresresultingfrom astronglydispersive dynamics.

The model : Hall-MHD
Themagnetohydrodynamicswith Hall effect (Hall-MHD) givesa fluid de-
scriptionof magnetizedplasmastaking into accountscalesof theorderof
theion-inertial length 	�
 � �������
 , at which thedynamicsof ionsandelec-
tronsseparatesandthe mediumbecomesdispersive. This is considereda
moreaccuratemodelthanthe usualMHD to describesomeastrophysical
medialike theEarthmagnetosheath.
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Adimensionalizationin thepresenceof anambientfield of magnitude3 :

465 � 3798 �;:;< = 
>� ? 3@ 
  < ( �  � A4 �5
Unitsfixedby choosingavaluefor

1 
>� B CEDFHG � = 
#I
Parallel-pr opagatingAlfv énwaves
Finite-amplitudecircularly-polarizedAlfv én wavespropagating alongthe
ambientmagneticfield 3 JK representanexactsolutionof Hall-MHD equa-
tions: LNM ' OQP LSR � ' � T �#U M ' OVP U R  � W ? 
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Dispersive characterof Hall-MHD Alfv énwaves:
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Filamentation of Alfv énwaves
In appropriateregimes for the plasma

(
and the wavenumber, parallel

circularly-polarizedAlfv énwavesin Hall-MHD areunstableto transverse
perturbations.This instability leadsto a concentrationof thewave energy
into tubesparallel to the ambientfield, with a local increaseof the wave
amplitude(Alfv én-wavefilamentation)[1, 2].

Figure1: Simulation of Alfv én-wavefilamentation with a
spectral code: the energy of the waveconcentratesinto

magneticfilaments (t=25,200,500,640)

The NLS asymptoticequation. Wavecollapse
Finite-amplitudeAlfv én waves in Hall-MHD belongto the generalclass
of weakly nonlineardispersive waves. In this context, a 2D Nonlinear
Schr̈odinger(NLS) equationcanbederived to describethemodulationof
thecomplex wave envelope W j klW ? 
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TheNLS equationallows to recover thefilamentationphenomenonuntil a
wavecollapseoccurs,with theformationof afinite-timesingularityfor the
waveamplitude,associatedto thebreakingof theasymptotics.

Wave collapsein 3D Hall-MHD? Which possible
mechanismfor saturation?
In someregimes,Alfv énwave filamentationis weakandthemagneticam-
plitudesaturates.In otherregimesinsteadthefilamentationis sostrongthat
the availablenumericalresourcesdo not allow to reacha possiblesatura-
tion stagewith a spectralcode.Thequestionarisesaboutthepossibilityof
wave collapsetowardsa finite-timesingularity, or the emergenceof some
saturationmechanismnot describedby theasymptoticNLS equation.

Figure2: Spectral simulation of filamentation in
Hall-MHD at u+vEwEx : wave intensity in a magneticfilament
at t=640(left), t=660(right). No insights about saturation
emergedsofar, apart fr om a longitudinal modulation not

describedby NLS

AMR simulation of late-stagefilamentation
An Adaptive MeshRefinement(AMR) finite-differencescode[3]hasbeen
usedto investigatethepossiblesaturationof magneticfilaments.Local re-
finementaroundthe tubeallows to follow the late-stageof filamentation
moreeasilythanwith a spectralcode. Theequivalentmaximalresolution
reachedis y 0zh x .

Figure3: AMR simulation of filamentation: isosurfaceof
the magneticamplitude { s { (left) and locally refinedmesh

(right) at t=667.5

AMR simulationsshow thatthemagneticfilamentsarelongitudinallymod-
ulatedandtendto anhelicalshapewith a flattenedsection.

Figure4: AMR simulation of filamentation: isosurface
and transversesectionof the magneticamplitude { s { at

t=631,t=653,t=665,t=667.5.Colors representthe
magnitudeof { s { .

Growth of magneticfield and plasmavelocity

Figure5: Left : maximum of the magneticamplitude { s {
(crosses:spectral simulation; continuousline: AMR
restart fr om spectral simulation); Right : maxima of
magneticfield amplitude { s { (green)and of plasma

longitudinal velocity | \ (red) in a fully AMR simulation

Counter-propagating streamsinto the filament :
plasmaacceleration
A strongtwo-streamjet formsin theinteriorof tubesfor theplasmavelocity
andthe current. The filamentationprocessleadsthento plasmaaccelera-
tion, theplasmavelocitybecomingsuperalfvenic (seeFig. 5).

Figure6: AMR simulation of filamentation: streamlinesof
the plasmavelocity } ; transversecut for its longitudinal
component | \ ; field } on a planecut (arr ows). Colors

represent| \ . Left (t=631) : the flow is still Alfv énic.
Right (t=665): Afvenicity is destroyedand two

counter-propagatingstreamsdevelop.

Plasmaacceleration. Longitudinal steepeningof
plasmatubes
The magneticfilamentsare considerablydistorted: they steepenon the
backsideandeventuallybreakin the longitudinaldirection. This process
is relatedto thedevelopmentof intenseplasmajets insidethefilamentsin
counter-propagating directionsand with a helical symmetry. They com-
presstheplasmaonahelicoidalsheetsteepenedon theinflow side.

Figure7: AMR simulation of filamentation(t=665):
isosurfacesof the plasmavelocity magnitude {~} { (left) and
of the magneticfield magnitude { { (right); transversecut
for the longitudinal velocity | \ ; plasmavelocity field } on
a planecut (arr ows). Colors represent| \ . Plasmatubes

undergosteepening.

AMR + CWENO: saturation of filamentation
AMR alonewithout the useof an appropriateschemecannotcapturethe
saturationof filamentation. The formation of strong shocksrequiresa
shock-capturingprocedure. Simulationsusing a CWENO schemeshow
that the magnetic amplitude eventually saturates, the plasmaremains
superalfvenicandthemagnetictubesarelongitudinallybroken.

Figure8: AMR simulation of filamentation with CWENO:
saturation stage,with filamentsbreakingand stoppingof

magneticamplitude growth .

Conclusionsand perspectives� Alfv én-wave filamentationis a phenomenonsusceptibleof generatingmagneticfilamentsin someastrophys-
ical plasmas.� While spectralsimulationsdo not allow in somecasesto concludeaboutthe saturationof filaments,AMR
simulationcanreveal that magneticamplitudesaturatesandthe systemevolvestoward gradientsingularities.
Moreover, strongplasmaaccelerationtakesplace.[4]� Is thisagenericmechanismfor thedestructionof flux tubesin magnetizedplasmas?� Is plasmaaccelerationandsmall-scaleformationgenericin Hall-MHD?
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