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Abstract — This paper describes the present state of an attempt at understanding the quantum behaviour of
microphysics in terms of a nondifferentiable space-time continuum having fractal (i.e., scale-dependent)
properties. The fundamental principle upon which we rely is that of scale relativity, which generalizes to scale
transformations Einstein’s principle of relativity. After having related the fractal and renormalization group
approaches, we develop a new version of stochastic quantum mechanics, in which the correspondence principle
and the Schrédinger equation are demonstrated by replacing the classical time derivative by a " quantum-
covariant” derivative. Then we recall that the principle of scale relativity leads one to generalize the standard
“Galilean” laws of scale transformation into a Lorentzian form, in which the Planck length-scale becomes
invariant under dilations, and so plays for scale laws the same role as played by the velocity of light for motion
laws. We conclude by an application of our new framework to the problem of the mass spectrum of elementary
particles.

1. INTRODUCTION.

Theideathat the quantum space-time of microphysicsisfractal, rather than flat and Minkowskian as assumed up
to now, was suggested ten years ago [1,2]. This proposal was itself based on earlier results [3-6], obtained at
first by Feynman (seein particular [ 7] and references therein), concerning the geometrical structure of quantum
paths. These studies have shown that the typical trajectories of quantum mechanical particles are continuous but
nondifferentiable, and can be characterized by afractal dimension which jumpsfrom D =1 at large length-scales
to D = 2 at small length-scales, the transition occuring about the de Broglie scale (see refs[8,9]).

Now such afractal dimension D = 2 plays a particular rolein physics. It iswell-known that thisis the fractal
dimension of Brownian motion [10], i.e. from the mathematical view-point, of a Markov-Wiener process. This
remark leads us to recall arelated attempt at understanding the quantum behaviour, namely, Nelson’ s stochastic
guantum mechanics [11,12]. In this approach, it is assumed that any particle is subjected to an underlying
Brownian motion of unknown origin, which is described by two (forward and backward) Wiener processes:
when combined together they yield the complex nature of the wave function and they transform Newton’'s
equation of dynamicsinto the Schrédinger equation.

This is precisely one of the aims of the present paper to relate the fractal and stochastic approaches: the
hypothesis that the space-time is nondifferentiable and fractal implies that there are an infinity of geodesics
between any couple of points[8] and provides us with afundamental and universal origin for the double Wiener
process of Nelson [9,13].

T Received for publication 14 April 1993.
Published in Chaos, Solitons and Fractals 4, 361-388, (Pergamon Press, 1994), special issue on "Quantum Mechanics and Chaotic
Dynamics'. Reprinted in the book Quantum Mechanics, Diffusion and Chaotic Fractals (Elsevier, Oxford, 1995), p. 51.



2

The passage to rel ativistic quantum mechanics has been independently performed in the fractal approach by Ord
[2] and Nottale [8]. The fractal dimension of the temporal coordinate is also found to become 2 below the de
Broglie time T =t/<E> of aparticle, i.e. below 1, = h/mc? = AJc in rest frame, where A¢ isthe Compton length
of the particle. (Note that obtaining the same fractal dimension 2 for al four coordinates is expected from
assuming the full trajectory in space-time to be characterized by fractal dimension 2). This means that for time
scales 6t < 7, the trgjectory is allowed to run backward in time. Such a possibility was already central in
Feynman'’s approach to Quantum Electrodynamics (QED): Following the Wheel er-Feynman-Stiickelberg
interpretation of antiparticles as particles running backward in time, the open loops implied by the existence of
the backward parts of the trgjectory are interpreted as forming virtual particle-antiparticle pairs. This behaviour
allows one to construct fractal one-particle solutions to the Dirac equation [9], as recognized long ago by
Feynman (seeref. [7] and references and quotations therein).

There is also now active work on attempts at developing a relativistic version of stochastic quantum
mechanics (see e.g. [14,15] and refs. therein). In this approach one introduces a four-dimensional Wiener or
Bernstein process in terms of afifth (‘ proper time’) variable. This also implies that some parts of the trajectories
are running backward in time, this behaviour being once again interpreted in terms of particle-antiparticle pairs
[14].

However, as interesting as these various approaches may be, one may criticize them since they do not rely
on a fundamental principle. We have suggested [8,9,16] that such a founding principle is provided to us by
Einstein’s postul ate of relativity itself, once generalized in order to apply to scale transformations also. Let us
specify the meaning of this proposal (see [9] and [16] for more details):

There are two convergent ways suggesting that the principle of relativity still needs to be generalized. The
first proceeds from the above remark that the quantum paths are nondifferentiable, while the principle of
relativity, in its“general” form, requires the equations of physics to be covariant under continuous and at |east
two times differentiable transformations of curvilinear coordinate systems[17]: such a general covariance leads,
with the principle of equivalence, to Einstein’s field equations. But one may wonder about the general form of
equations which would be invariant under continuous but nondifferentiabl e transformations.

The second way to a generalized principle of relativity proceeds from an analysis of the role played by
resolution in physics [9]. Whilein the classical domain, the resolution with which a measurement is performed
does not change the physics (measuring with a better resolution only improves the precision of the
measurements results), this is no longer the case in quantum mechanics. The Heisenberg relations imply a
universal dependence of physical results on the resolution of the measurement apparatus. Basing ourselves on
this universality and on the relative character of all scalesin nature, we have proposed to incorporate resolutions
into the definition of coordinate systems, by defining them as their * state of scal€’. In this form Einstein’s far-
reaching formulation of the principle of relativity, according to which “the laws of physics must apply to any
system of coordinates, whatever its state” [17], can incorporate not only the effect of motion transformations
(through the quantities which caracterize the state of motion of the reference system, such as velocity and
acceleration), but also of scale transformations. The implementation of such a generalized principle consist in
requiring both motion -covariance (more generally, covariance under displacements and rotations of four-
dimensional coordinates systems) and scale-covariance [9].

Now what is the connection between these two possible extensions of Einstein’ srelativity ? As demonstrated
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in [9] and recalled in Sec.3 hereafter, one of the most straighforward manifestations of nondifferentiability isthe
scale dependence (more precisely: divergence) of continuous nondifferentiable physical quantities. The two
approaches are then clearly convergent.

In the present paper, our goal will be mainly to develop the formalism, in particular to build connections
between various mathematical tools which have been put forward in order to deal with scale transformations,
namely fractals, scale-covariance, the stochastic approach and the renormalization group; then to apply it to
some fundamental problems still unsolved in the standard model, in particular that of the theoretical prediction of
the mass spectrum of elementary particles. We send to Refs. [8], [9] and [16] the reader interested in a more
detailed description of the motivations and principles of the present approach.

The paper is organized as follows. Wefirst briefly recall the methods and first results obtained in the fractal
approach to microphysics (Sec.2). Then we address the question of the origin of the universality of fractalsin
nature, attributing their emergence to that of genuine continuous but nondifferentiable processes (Sec.3). We
then develop the fractal space-time interpretation of stochastic quantum mechanics, mainly in its nonrelativistic
version, then briefly address the relativistic case (Sec.4). In the subsequent section (5), the equations obtained in
our first development of atheory of scale relativity are recalled. The results recently obtained by this theory
concerning the theoretical prediction of several free parameters of the standard model (GUT and top quark scale,
fundamental coupling constants) are briefly reviewed (Sec.5). In Sec.6, the various mathematical tools which
have been put forward here (fractal dimensions, stochastic quantum mechanics, renormalization group
equations) are combined together to suggest a solution to the problem of the mass spectrum of elementary
particles, based on the requirements of microscopic reversibility and of scale relativity. We finally conclude by
some prospects for the future development of this new field of research (Sec.7).

2. THE FRACTAL APPROACH TO QUANTUM MECHANICS.

The discovery that the typical quantum mechanical paths are continuous but nondifferentiable and may be
characterized by afractal dimension 2 may be attributed to Feynman [3,7]. Though Feynman evidently did not
used the word ‘fractal’, which was coined in 1975 by Mandelbrot [10], his description of quantum mechanical
paths fully corresponds to this concept. Indeed, his path integral formulation of quantum mechanics [3] allowed
him to consider explicitly the geometrical structure of the various virtual paths of a quantum particle, and to
demonstrate that they share common properties, in particular that, when seen at a time scale dt, the mean
quadratic velocity of the particle is <v*> o §t™. Assuming such atrajectory to be a fractal curve of fractal
dimension D, we expect the space and time resolution to be related by the relation

St o O, (2.1)

s0 that <v?> = (6x/6t)? o 8tV The comparison with Feynman’s result leads D = 2 [8, 9]. Among the
early contributionsto thisfield, one may aso quote a letter of Einstein to Pauli [18], in which he suggested that
atrue understanding of quantum physics could imply to give up differentiability, but certainly not the principle
of general relativity.

Abbott and Wise [4] were the first to reconsider the problem of the geometrical structure of quantum pathsin
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terms of the concept of fractals, introduced by Mandelbrot in 1975 [10]. They demonstrated that the length of a
quantum mechanical trajectory, when observed with a space resolution 8x, variesas £ o« 8x™* when dx << A
and becomes independent of scale when 6x >> A, where A = h/p,. Here po = <p> is the average momentum of
the particle, so that A isits de Broglie length. Two informations are contained in this result. The first derives
from the known expression for the scale divergence of afractal curve [10]:

= () (2.2)
OX

This shows that the Abbott-Wise and Feynman results are consistent and both lead to afractal dimension D = 2.
The additional information is that the fractal structure does not persist whatever the scale, and that there is afast
transition from fractal to nonfractal behaviour (D = 2 to D = 1) about the de Broglie scale, which Abbott and
Wise identify with a quantum to classical transition (see hereafter in Sec.4 and Ref. [9] for additional detailson
this transition). Such atransition isindeed expected for afractal curve whose fractal structures are developing
only toward lower scales, while showing an upper cutoff at some scale A. In such a case, neglecting the
possible fluctuations during the transition (6x = A), the scale dependence reads

2Otz 2.3)

f= 1+ (M)

OX

The physical meaning and origin of such a law will be enlighted in what follows. One can, in particular,

consider £ as a curvilinear coordinate along the fractal curve. Such a curvilinear coordinate is itself scale

divergent as £ « 8P in the fractal regime (see Eq. 2.1). But we can then introduce a renormalized coordinate

[ = £ (8t/75)=Y™ which will now remain finite. Each of the three coordinates can be described as a “fractal
function” of [ and of the resolution ét:

X =X([ot) = X = Vot +3([,6t) (6t/7,)"° . (2.4)

From this equation £ can be recomputed, and this yields essentially the result of (2.3). The curvilinear
coordinate [ is a monotonous function of time, so that the functions of ({,0t) can be replaced by functions of
(t,01).

All this reasoning still holds in space-time: the four coordinates become in this case four fractal functions
depending on an invariant but scale-dependent proper time S, which can aso be renormalized in order to obtain a
finite invariant s = S (8s/10)* ™", where sis the classical invariant. Note the difference between the classical
invariant s and the new invariant s: the proper time s is defined along the fractal trajectory which is alowed to
run backward in classical time at very small resolutions, while the standard invariant s is computed only on
classicd differentiable trgjectories for which all timeintervals remain positive.

Asremarked in Refs. [2] and [8], thereis a compensation between the special relativistic Lorentz contraction
and the quantum scale-divergence issued from Heisenberg's relation. Let us briefly present a new account of
this effect. The proper time element 8S variesas

8S o 8s¥P={c 8t (1~?/c?)V3 1P (2.5)
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But (1-v2/c?)Y? = Ey/E = (8t/75) from Heisenberg' s relation, so that we finally obtain

58S oc t?P (2.6)

i.e, 60§ x 6t for D = 2, while the limit v — c would have classically yielded the ligth cone result 6s = 0.

The various above formula are expressed in terms of finite differences 6f, identified with resolutions when
concerning space and time variables. We have suggested an equivalent formulation using Non Standard
Analysis[1,8,9], which allows one to replace these quantities by differentials. Then, if one jumps to a stochastic
representation, the fundamental equation (2.4) becomes, for D = 2, nothing but the basic relation describing a
Wiener process: thisresult will be fully used in what follows.

Aswe shall indeed see at length in Sec. 4, this description leads to a reformulation of Nelson’s stochastic
mechanics, and allows one to reach a new understanding of the origin of the complex nature of the probability
amplitude of quantum mechanics and of the correspondence principle, and finally to demonstrate the
Schrddinger equation (and the Klein-Gordon equation in the relativistic case). Since most of the basic quantum
mechanical behavior is a mere consequence of precisely these three axioms (complex wave function,
correspondence principle, Schrodinger’ s equation), we shall content ourselves to establish these results in the
present paper, without developing any longer the fractal interpretation of quantum mechanics. Let us only sum
up the additional results which may be obtained in the fractal framework:

*Geometric interpretation of classical quantities[2,8,9]: one can show that the basic physical quantities defining
aparticle, such asits mass, energy, momentum, or velocity can be defined as geometric structures of its fractal
trajectory. This means that we do not need any longer to consider the “particle” as a point endowed with mass
which would follow some trajectory (more precisely: one of its virtual trgjectories), but instead that we can
identify the particle with the fractal structure of itstrajectory.

*Fractal interpretation of quantum spin [8,9]: we have demonstrated that a fractal trajectory of fractal dimension
2 owns a proper angular momentum (o = mr2dg¢/dt finite although r—0), while such an internal angular
momentum is undefined for D < 2 (vanishing) and D > 2 (infinite). Hence the quantum spin can also be defined
as apurely geometrical property of the virtual trgjectories of the particle.

*Wave-particle duality [19,8,9]: the nondifferentiability of space-time implies the existence of an infinity of
equiprobable geodesics between any two points. Then one may admit that a quantum particle did follow one of
the geodesics of thisinfinite family and in the same time admit that any theoretical prediction of which particular
geodesical line has been followed isimpossible: in other words, the theory which isto be built on the hypothesis
of nondifferentiability and fractality is not a hidden parameter theory. Any prediction must be made in a
probabilistic way using the whole family of geodesics (which defines the wave function, see below), while any
position measurement will reveal the corpuscle nature of the particle. We think that this approach is able to
reconcile Einstein’ s requirement of realism (quantum mechanics would need to be completed by the concept of a
structured, non Minkowskian space-time; the fundamental laws of nature holding for individual phenomena
would not be essentially probabilistic: the statistical nature of the theory would be a mere consequence of
nondifferentiability), and Bohr’ s undeterminism, which becomes a properties of the infinite family of geodesics.

We send the reader interestedin a development of these and other related points to Refs. [9,8,2] and to the
several recent works on the fractal approach to quantum mechanics, in particular by Sornette [20], El Naschie
[21], Hofer [22] (and references quoted by these authors) and the contributors to the present volume.
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3. ORIGIN OF FRACTALS: SCALE DEPENDENCE AND RENORMALIZATION
GROUP.

One of the main questions that is asked concerning the emergence of fractals in natural and physical sciencesis
the reason for their universality [10]. While particular causes may be found for their origin by a detailed
description of the various systems where they appear (chaotic dynamics, biological systems, etc...) their
universality nevertheless calls for auniversal answer.

Our suggestion, which has been developed in [9], is as follows. Since the time of Newton and Leibniz, the
foundators of the integro-differentiation calculus, one basic hypothesis which is put forward in our description
of physical phenomenaisthat of differentiability. The strength of this hypothesis has been to alow physiciststo
write the equations of physicsin terms of differential equations. However, thereisno a priori principle which
imposes the fundamental laws of physicsto be differentiable.

We shall make the opposite assumption: the elementary laws of physics are actually nondifferentiable. Under
this conjecture, the successes of present differentiable physics are understood as applying to domains where the
approximation of differentiability (or integrability) was good enough, i.e. at scales such that the effects of
nondifferentiability were smoothed out; but conversely, we expect its methods to fail when confronted to truly
nondifferentiable or nonintegrable phenomena, namely at very small and very large length scales, and, to a
smaller extent, for chaotic systems.

The new frontier is, in our opinion, to construct a continuous but nondifferentiable physics. (We stress the
fact that giving up differentiability does not impose giving up continuity). Set in such terms, the project may
seem to be extraordinarily difficult. Fortunately, there is a fundamental key which will be a great help in this
guest, namely, the concept of scale transformations.

Consider indeed a continuous but nondifferentiable function f(x) between two points Ag { %o, f(Xo)} and Ag
{Xa, f(Xo)}. Since f is non-differentiable, there exists a point A; of coordinates {X,,f(X,)} with X, < X; < Xq,
such that A; isnot on the segment AoAq. Thenthetotal length £, = L(AAL) + L(AAQ) > L= L(AAQ). We
can now iterate the argument and find two coordinates Xo, and X;; With Xo < Xo; < X; and X; < Xy, < Xq, such that
L= L(AGAG) + L(AcA) + L(AAL) + L(ALAQ) > L, > L. By iteration we finally construct successive
approximations fo, f1,...fn of f(X) whose lengths £, £,,...L, increase monotonically when the “resolution”
I = (Xo—Xo) x 27" tends to zero. In other words, continuity and nondifferentiability implies a monotonous scale
dependence of f. Actually one may demonstrate that if f is continuous and everywhere nondifferentiable, then
L(€) — o when theresolution ¢ — 0, i.e. that f is scale-divergent [9].

This result is the key for a description of nondifferentiable processes in terms of differential equations.
Rather than considering only the strictly nondifferentiable mathematical object f(x), we shall consider its various
approximations obtained from smoothing it or averaging it at various resolutions:

+00

f(x,e) = [®(xy.e) f(y) dy (3.1)

where ®(x,y,€) is asmoothing function centered on x, for example a step function of width = 2¢, or a Gaussian
of standard error = e. We think that such a point of view is particularly well adapted to applications in physics:
any real measurement is always performed at finite resolution (see Refs. [8,9,16] for additional comments on
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this point). In this framework, f(x) becomes the limit when ¢ — 0 of the family of functions f(x,¢). But while
f(x,0) is nondifferentiable, f(x,e), which we have called a “fractal function” [9], is now differentiable for all
e = 0.

The problem of the physical description of the process where the function f intervenes is now shifted. In
standard differentiable physics, it amounts to find a differential equation implying the derivatives of f, namely
aflax, 9°f1ax?, ... In nondifferentiable physics, af(x)/9x = af(x,0)/ax does not exist. But the physics of the
given process will be completely described if we succeed in knowing f(x,), which is differentiable, and can be
solution of differential equations involving of(x,e)/ax but also af(x,e)/de.

What is the meaning of the new differential df(x,e)/de ? Thisis nothing but the variation of the quantity f
under a scale transformation, i.e., adilatation. More precisely, consider some function ¢(x) and let us apply an
infinitesimal dilatation x — X’ = x (1 + dp) to the coordinates. We obtain

990 4

o p = (1+D dp) ¢(x) (3.2)

¢(x') = ¢(x+xdp) = ¢(x) +
where D is by definition the dilatation operator. The comparison of the two last members of this equation thus
yields

~ 0 0 0
— U — o _
D =X =T = (3.3)

Thiswell known form of the dilatation operator shows that the “natural” variable for resolution is Ine, and
that the expected new differential equations will more precisely involve quantities like af(x,&)/dIne. Now
equations describing the scale dependence of physical beings have aready been introduced in physics: these are
the renormalization group equations, particularly developed in the framework of Wilson's * multiple-scale-of -
length” approach [23]. In its simplest form, a renormalization group-like equation for some essential physical
guantity ¢ can be interpreted as stating that the variation of ¢ under an infinitessmal scale transformation dine
depends only on ¢ itself. Thisreads:

dP(X,€)

dne B(9) - (3.4)

Once again looking for the simplest possible form for such an equation, we expand B(¢) in powers of ¢ and
obtain to first order the linear equation

AP(X, ) .

- +bg. (3.5)

Itssolution is
D
P(X.e) = ¢o(X) {1+ &(X) (;) | (3.6)

where A ™£(x) is an integration “constant” and ¢, = —a/b. These notations allow us to choose &(X) such that
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<&(x)> = 1. Provided a = 0, Eq. (3.6) clearly shows two domains. Assume first b < 0

(i) e<< A :inthiscase g(x) (&)_ >> 1, and ¢ is given by a scale-invariant fractal-like power law with fractal
dimension D = 1-b, namely ¢(x.&) = go(X) (W/e)

(ii) e>> A :then ¢(X) (g)_b« 1, and ¢ becomes independent of scale.

We stress the fact that (3.6) gives us not only afractal (scale-invariant) behaviour at small scale, but also a
transition from fractal to nonfractal behaviour at scales larger than some transition scale A. In other words, a
renormalization group-like equation in its ssmplest (linear) form is able to provides us not only with scale-
invariance, but also with the spontaneous breaking of this fundamental symmetry of nature. Only the particular
case a = 0 yields unbroken scale-invariance, ¢ = ¢, (A/r)°, where 6 = —b is a“scale dimension” [24]. Note
that the corresponding equation (3.4) may beread in this case 54) = b¢, i.e. the scale dimension is given by the
eigenvalue of the dilatation operator.

The solutions corresponding to the case b > 0 are symmetrical of the case b < 0. The scale-dependenceis at
large scales and is broken to yield scale-independence below the transition A. In the present paper, we shall
consider only the microphysical situation, which corresponds to b < 0. Note however that the caseb > 0 isalso
of profound physical significance, sinceit is encountered in the cosmological situation [9].

In conclusion of this section, we think that the above mechanism is the clue to understanding the universality
of fractals in nature. Self-similar, scale-invariant fractals with constant fractal dimension are nothing but the
simplest possible behaviour of nondifferentiable, scale-dependent phenomena. They correspond to the linear
case of scale laws, the equivalent of what are inertial frames for motion laws (this analogy will be reinforced in
the following sections). The advantage of such an interpretation isthat it opens several roads for generalization,
the most promising being to implement the principle of scale relativity thanks to a generalization of scale
invariance, namely, scale covariance of the equations of physics[16,9].

4. QUANTUM MECHANICS AS MECHANICS IN NONDIFFERENTIABLE SPACE.

Let us assume that space is continuous and nondifferentiable. This can be expressed by describing the
position vector of a particle by afinite, continuous fractal function x(t,dt). Adopting the Non Standard Analysis
formulation, we replace dt by the differential dt: in other words, the time variable is dissected into infinitesimal
intervals dt. Our above analysis leads us to write that, between t and t+dt, the position vector varies by

x(t+dt,dt) — x(t,d) = b.(x,t) dt + Z.(t,db) (dt/z,)’ | (4.1)

where = 1/D (i.e. f = 1/2 in the quantum and Brownian motion case D = 2) and where b, is an average
forward velocity.
To be complete we must consider also the variation of x between t—dt and t:

x(t,dt) — x(t-dt,dt) = b_(x,t) dt + & (t,dt) (dt/zo)P . (4.2)
Equations (4.1) and (4.2) can be written in terms of instantaneous velocities

vi(xtd) = ba(x,0) + Eu(tdt) (dt/zg)P! (4.33)
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v(xt,d) = b(xt)+ E(tdt) (dUw)f! . (4.3b)

The nondifferentiability is evident on these expressions, since in the quantum case -1 = —1/2, so that dt’! is
an infinite quantity. We recall that, while they would have no meaning in a standard framework, the Non
Standard Analysis (NSA) framework [25,26] alows one to work explicitly with infinite and infinitesimal
quantities [1,9]. In particular, (4.3) may be recovered in a very simple way thanks to the NSA method: define
V, = v, (dt/7o)' ™ and V_ = v_(dt/z,)' ™, then each components of VV, and V_ are finite numbers of the set
*R of Non Standard reals. A well-known NSA theorem states than any finite number of *R can be
decomposed in a unique way into the sum of areal (standard) number and an infinitesima number [25]. We
may then write V, = &, + b (dt/7o)' ™, and V_ = &+ b_(dt/zo) ', with the components of b, and b_ being
finite real numbers, a priori different.

Asremarked by Nelson [11], while in the differentiable case only the classical part of the velocity remains
(i.e, &= & =0), and the forward and backward velocities are equal (i.e., lim_, o x(t+dt,dt) — x(t,dt)} =
lime_ of X(t,dt) — x(t-dt,dt)} ), there is no reason for this to remain true in the nondifferentiable case. Let us
stress this point (bs = b_), since this is the essential feature which will allow classical mechanics to be
transformed into quantum mechanics in our following calculations:

Because of the nondifferentiability of space-time, an infinity of geodesics will exist between any couple of
points A and B, each of them having fractal (i.e. scale dependent) properties. Their ensemble will define the
probability amplitude. Now at each intermediate point C, one can consider the family of incoming (backward)
and outcoming (forward) geodesics and define average velocities b.(C) and b_(C) on these families. Once
again, it isclear that, in the general nondifferentiable case, b, and b_ are expected to be different.

Aswe shall seein what follows, this doubling of the velocity vector is at the origin of the complex nature of
the quantum probability amplitude. We claim that it takes its origin in the very nature of the physical analysis of
natural process (since Newton and Leibniz): namely, write the equations which describe the variation of physical
guantities due to the variation of variables. This leads, in standard differentiable physics, to the integro-
differential calculus and to the definition of a unique derivative, while in nondifferentiable physics this will
imply a‘doubling’ of the average velocity field.

Before proceeding further with the formalism, let us remark that, even though we are led to areformulation
of Nelson’s stochastic quantum mechanics, the interpretation is profoundly different. While Nelson assumes an
underlying Brownian motion of unknown origin which acts on particles in a still Minkowskian space-time, and
then introduces nondifferentiability as a by-product of this hypothesis, we assume as a fundamental and
universal principle that space-time itself is no longer Minkowskian nor differentiable. While with Nelson’s
Brownian motion hypothesis, nondifferentiability is but an approximation which is expected to break down at
the scale of the underlying collisions, where a new physics should be introduced, our hypothesis of
nondifferentiability is essential and should hold down to the smallest possible length-scales. As already
remarked, the fractal hypothesis is not a hidden parameter theory: even though space-time could remain
determinigtic, its nondifferentiability implies a definitive loss of determinism of particletrajectories.

L et us define, following Nelson [11,12], mean forward and backward derivatives, d./dt and d-/dt:

d+ ) y(t+At) — y(t)
—y@) = limpgg,. < >
ot y(t) At—0+ At

(4.4)
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which, once applied to the position vector x, yield the above forward and backward mean velocities,
by =be ; Txw =b. (4.5)

Let us now introduce our main new method. While in every present formulations of Nelson’s stochastic
mechanics, one writes two systems of equations for the forward and backward processes (or for combinations
of them) and eventually combine them in the end in a complex equation, we have suggested [9] to work fromthe
beginning in terms of complex quantities. So we combine the forward and backward derivatives of (4.4) in a
complex derivative operator

d _i(dy -
‘. (d++d_)2dt| (ds-d.) (46)

which, when applied to the position vector, yields a complex velocity [9]

d by + b by — b
V= ogxt) = V-iU = 5 -0 (4.7)
Let us aso define
dv_1d++d- du_1d+—d-
® T2 C o T o2 d ' (4.8)

such that dx/dt =V and dyx/dt = U. Thereal part V of the complex velocity 'V generalizes the classical velocity,
while its imaginary part, U, is a new quantity arising from the non-differentiability. Let us now jump to a
statistical representation. The position vector X(t) is how assimilated to a stochastic process which satisfies the
following relations (respectively for the forward (dt > 0) and backward (dt < Q) process):

dx(t) = bx(®)] dt +dE.(t) = b_[x(®)] dt +dE(t) . (4.9)

The d&(t)’s can be seen as originating in the above “fractal functions’ &.. One can show [9] that they amount to a
Wiener process when D = 2 (the only case considered in the present section), i.e. that the d§(t)’'s are Gaussian
with mean zero, mutually independent and such that

<d§,j d§,j> =+£2D g dt , (4.10)

D standing for a diffusion coefficient. Its expression is easily found from the identification with the fractal
approach: the transition time interval is the de Broglie time scalein rest frame, i.e. T, = h/mc?, so that D = h/2m,
which isthe value postulated by Nelson.

Equation (4.10) now allows us to get a general expression for the complex time derivative dldt. Consider a
function f(x,t), and expand itstotal differential to second order. We get

of 1 Ff

df = 5 dt +Vf.dx + 5 o, ox

dx dx . (4.11)
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We may now compute the forward and backward derivatives of f In this procedure, the mean value of <dx; dx>
reducesto <dg,j d&,;>, so that the last term of (4.11) amountsto a Laplacian thanksto (4.10). We obtain

duf /dt = (96t +be. V£ DA)Sf . (4.12)

Let us stop one moment on this highly meaningful result. In order to better understand it, let us assume the
fractal dimension to be different from 2: in this case there is no longer a cancellation of the scale-dependent terms
in (4.11), and, instead of a pure Laplacian operator in the second order term D Af , one would obtain an
explicitly scale-dependent behaviour D 6t (Z/D)‘lAf. In other words, this means that the particular quantum
mechanical value D = 2 implies that the scale symmetry becomes “hidden” in the operator formalism.

Using (4.12), we can finally give the expression for the complex time derivative operator [9]:

d J .
G = &+V.V—|(DA. (4.13)
We shall now postulate that the passage from classical (differentiable) mechanicsto the new nondifferentiable
mechanics that is considered here can be implemented by a unique prescription: Replace the standard time
derivative d/dt by the new complex operator ddt. In other words, d/dt will play the role of akind of “quantum-
covariant derivative’. Let us indicate the main steps by which one may generalize classical mechanics using this
new correspondence principle.
We assume that any mechanical system can be characterized by a Lagrange function L(x, 'V, t), from which
an average stochastic action S is defined:

%)
S = rf<_r,(x, v.o>dt (4.14)
1

The Lagrange function £ and the action S are a priori complex and are obtained respectively from the classical
Lagrange function L(x, dx/dt, t) and from the classical action S precisely by applying the above prescription d/dt
— dJdt. The least-action principle, applied on this new action with both ends of the above integral fixed, leadsto
generalized Euler-Lagrange equations [9]

d or oL a1
dta’vi - X ' ( )

which are exactly the equations one would have obtained from applying the correspondence (d/dt — d?dt) tothe
classical Euler-Lagrange equations themselves. Other fundamental results of classical mechanics are aso
generalized in the same way. In particular, assuming homogeneity of space in the mean leads to defining a
complex momentum

0L
P=— . (4.16)
aV

If one now considers the action as a functional of the upper limit of integration in (4.14), the variation of the
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action from atrgjectory to another close-by trajectory, when combined with (4.15), yields a generalization of
another well-known result of classical mechanics:

P=VS . (4.17)

We shall now specialize and consider Newtonian mechanics. The Lagrange function of a closed system, L =
%m v*-, isgeneralized as L(x, V, t) = % mV 2 - 1. Note that its real part becomes%m(vz—uz)—fu, which
isthe Lagrangian field proposed by Guerra and Morato [27]. The Euler-Lagrange equations keep the form of
Newton's fundamental equation of dynamics

d
-VU = m d v o, (4.18)

which is now written in terms of complex variables and time derivative operator.
Note that Nelson [11] arbitrarily defines the acceleration as

; did-+d-ds

2 2 _
dx/dtc = > dt?

(4.19)

(it could a priori have been any second order combination of d; and d-; however see[12]). It iseasy to show
that Nelson's acceleration is nothing but the real part of the complex acceleration 4V /dt. Indeed, let us separate
itsreal and imaginary parts. Wefind

AV 4,-i d, V_iuy - &V-dU o dV+dU
&« - @« V-iuU) = & - dt
d,d- +d-d o ds2+d.2
= (T gar S gar )X (4.20)

The complex momentum P now reads P = mYV, so that from (4.17) we arrive at the conclusion that, in this
case, the complex velocity 'V is a gradient, namely the gradient of the complex action:

vV =VS/m . (4.21)

Thisis an interesting result owing to the fact that in several derivations of Nelson’s stochastic mechanics, one
assumes that the classical velocity V (i.e. thereal part of our complex velocity V) isagradient.

We have now at our disposal all the mathematical tools needed to derive some of the principal axioms of
guantum mechanics.

Complex probability amplitude.
We introduce a complex function y from the complex action S,

Y = iS/ZmCD , (422)

which isrelated to the complex velocity in the following way:
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V=_2i DV(ny) . (4.23)

Aswe shall seein what follows, v is solution of the Schrédinger equation and satisfies to Born's statistical
interpretation of quantum mechanics, and so can be identified with the wave function (or probability amplitude)
of quantum mechanics.

Principle of correspondence.
From (4.23) and the relation P = mV, we obtain:

Py=-=2imDVy , (4.24)

with 2mD = h, which is nothing but the correspondence principle of quantum mechanics in the case of the
momentum operator, but here demonstrated and written in terms of an equality rather than a mere
correspondence (p— —ihV), thanks to our introduction of the complex momentum P.

Schrodinger’s equation.
Let us now write the generalized Newton’s equation (4.18) in terms of the new quantity . It takesthe form

Vil = 2i Dm g (Viny) . (4.25)

Being aware that d'and V do not commute, we replace dlot by its expression (4.13):

VU= 2i Dm[%Vlntp—i DAVIng) - 2i D(Viny . V)(Vinyg) ] . (4.26)

This expression is simplified thanks to the three following identities, which may be established by
straightforward cal cul ation:

VA=AV ; (VI.V)(Vf) = % V (Vi ; ATf = Alnf + (V Inf)>. (4.27)
Thisimplies
TA(VI - I ydv
,A(Ving) +(Viny .V)(Viny) = 5 V v (4.28)
and we obtain
d
gV=-vuIm= 2DV {i Ziyp+D Y} (4.29)
(]

Integrating this equation finaly yields[9]

®2A +®i _@ :0 430
YD Gy - 5 : (4.30)
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up to an arbitrary phase factor «(t) which may be set to zero by a suitable choice of the phase. Replacing ‘D by
t/2m, we get Schrédinger's equation

2

h d
ﬁAth &w—@w. (4.32)

Born’s statistical interpretation.
Let us set wa = p. Then, as dready well-known, the imaginary part of the Schrodinger equation reads

dplat + div(pV) = 0, (4.32)

which is recognized as an equation of continuity. Since V generalizes the classical velocity, p is
straighforwardly interpreted as a probability density. This could have been also obtained directly from the
Markov-Wiener initial process which, as such, satisfies two (forward and backward) Fokker-Planck equations
[11,12]. These Fokker-Planck equations can aso be combined into a unique complex equation:

dplat+ div(pV) = -i D Ap . (4.33)
the real part of whichis (4.32).

Quantum-classical transition.
We may now come back, as promised in Sec. 2, on the problem of the quantum-classical transition. This
guestion has recently known arenewal of interest (see [28] and references therein) and is certainly not trivial.
Indeed the existence of macroscopic quantum systems shows that it cannot be reduced to a microscopic to
macroscopic transition. While for a plane wave describing some beam of free particles, the transition is clearly
given by the associated de Broglie wavelength (which defines the transition to geometric optics, and also the
resolution of the “microscope” which would use this beam as “illuminating” source), thisis no longer the case
for more complicated quantum systems. The solution proposed by Zurek and others [28] consistsin remarking
that a quantum system israrely isolated, but interacts with its environment. The effect of thisinteraction amounts
to a Brownian motion which implies avery fast transition to classical behaviour around the thermal de Broglie
length, Ay, = h V(2mKT). Are we able to recover these two transitions in the fractal/stochastic approach ?

In order to answer this question, let us write the elementary process (4.3) in terms of the average velocities
U and V rather than in terms of b, and b_:

VLS = V(XD + c (L) (o)™ (4.343)
u(xtot) = U + c & (Lot) ()™ (4.34b)

where the §'s are dimensionless (<Z;2> = 1). This form has the advantage to provide us with an explicit
appearance of the classical velocity V. Knowing that 7, = h/mc?, (4.34a) reads

1/2

VLS = VO { 1+ £ (Lo (m\*/‘zét) y (4.35)
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We thus find the temporal transition to occur about the nonrelativistic de Broglie time, tgg =H/E = h/(%mv2 ). If
we look for the spatial transition, then using the basic relation 6x° = hét/m (2.1 and 4.10), Eq. (4.35) reads

VLot = V(xt) {1+ g(mc&)}. (4.36)

This result confirms that the spatial transition occurs at the de Broglie length Agg = h/mV. But a similar
reasoning will allow usto aso obtain asimilar relation for the nonclassica velocity U:

h
u(xt,ot) = Ux,) {1+ —_— ) 4.36
(Lot = U { ;u(muéx)} (4.36)
The velocity U isrelated to the probability density:
u="n 4.37

so that we expect another transition at ascale A, = 1/ | Vi np”zl. For example, in the case of the fundamental state
of the hydrogen atom, we get p*? = 2 e"s, where rg isthe Bohr radius, so that we find A, = rg, as expected.
For a Gaussian distribution of probability density with dispersion oy, we get Vinp'? = x/0yZ, and since the
variable x is constrained to values [X| = oy, we finally obtain A, = ox. Then, using Heisenberg’'s relation, this
becomes A, = h/m<v*>>2, which corresponds to the thermal de Broglie length when expressed in terms of
temperature. This second transition appliesin particular to systems which have no classical counterpart.

In conclusion, we have demonstrated that the fractal-nonfractal transition isindeed generally coinciding with
the quantum-classical transition: but here the transition is intrinsic to the description rather than due to an
additional interaction with the environment.

Relativistic case.

Let us close this section by a very brief account of the manner the previous nonrelativistic theory can be
generalized in the relativistic case. The problem of the stochastic approach to relativistic quantum mechanics has
be recently considered by several authors (see Refs. [14,15,29] and refs. therein). As in the non-relativistic
case, afractal interpretation may be given to these attempts.

Starting from the hypothesis that space-time is nondifferentiable, we have seen in Sec. 2 that thisimplies the
various virtual space-time trajectories of particlesto be fractal, that one can define a scale-dependent invariant
(i.e. proper time) and its finite renormalized counterpart s on these trajectories, and that the four coordinates can
be described as four fractal functions, i.e. four finite functions of proper time and of resolution, which are
nondifferentiable (i.e., dx"(s,65=0)/ds = ). We expect, as in the non-relativistic case, the average four-
velocities not to be equal in the forward and the backward (time reversal) process, so that we may write:

(dx)+ = b ds + d&SM (4.38)
with

<d&g" dg,">=+2D5""ds . (4.39)
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The * quantum-covariant derivative” then writes:

d _ 4

G5 T o TV o -iD, (4.40)

where 'V * is the four-dimensional analogue of the complex velocity V. The difficulty of the relativistic caseis
that £ is a Wiener process in R*, while the x*'s correspond to a (+,———) signature. Dohrn and Guerra [29]
have shown that a possible solution to this problem was to introduce two metrics, a Brownian metric and a
Riemannian metric, related by a compatibility condition. Such a method allowed Zastawniak [15] to derive the
Klein-Gordon equation from an s-stationary Markov diffusion in R* while Serva [14] obtains it in an
equivalent way, by using a Bernstein process. Concerning the Dirac equation, Gaveau et al. [30] have shown
that it may be obtained from a Poisson process whose real version gives rise to the telegrapher’s equation.
Anyway these approaches can easily be reformulated in terms of a complex formalism which generalizes that
described hereabove for the nonrelativistic case. An account of this generalization will be given elsewhere [13].

5. SCALE RELATIVITY

In the previous section, we have shown how one could recover standard quantum mechanics as the simplest
theory that one may construct on the fractal and nondifferentiability hypothesis. We shall now see that the
principle of scale relativity and the subsequent requirement of scale covariance is able, not only to provide us
with standard quantum mechanics, but also to generalize it initsfrontier domain, i.e. at very small length scales
and very high energy.

The question that we shall now addressis that of finding the laws of scale transfor mations which meets the
principle of scale relativity. We shall sum up in this section the reasoning and first results obtained in this
framework (see Refs[9,16] for more details), while Sec. 6 will be dedicated to its application to the problem of
the mass spectrum of elementary particles.

The principle of scale relativity may be implemented by requiring that the equations of physics be written in
acovariant way under scale transformations. Are the standard scale laws (those described by renormalization
group equations, or by afractal or power-law behaviour) scale-covariant ? As seen in Sec.3, they are usually
described (far from the transition to scale-independence) by laws such as ¢ = g, (Ar)%, with 8 a constant scale-
dimension (which may differ from the standard value 6 = 1 by an anomalous dimension term [24]). This means
that a scale transformation r — r' writes:

2 A0y sy (5.12)
®o @o

o)y = ofr) , (5.1b)
where we have set;

V=In(r/r") . (5.2
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The choice of a logarithmic form for the writing of the scale transformation and the definition of the
fundamental resolution parameter V isjustified by the expression of the dilatation operator D = a/alnr (Eg. 3.3).
The relative character of Vis evident: in the same way as only velocity differences have a physical meaning
(Galilean relativity of motion), only V differences have a physical meaning (relativity of scales). We have then
suggested [16] to caracterize this relative resolution parameter V as a “ state of scale” of the coordinate system, in
analogy with Einstein’ s formulation of the principle of relativity [17], in which the relative velocity characterizes
the state of motion of the reference system.

Now in such aframe of thought, the problem of finding the laws of linear transformation of fieldsin a scale
transformation r—r' amounts to finding four quantities, A(V), B(Y), c(V), and D(V), whereV =In (r/r"), such
that

Inw = AV) In @ + B(V) o(r) , (5.39)
@o ®o
o(r') = c(V) In @ + D(V) o(r) . (5.3b)
@o

Set in thisway, it immediately appears that the current “scale-invariant” scale transformation law of the standard
renormalization group (5.1), givenby A= 1,B=V,C = 0 and D = 1, corresponds to the Galileo group. This
isaso clear from the law of composition of dilatations, r—r'—r", which has a simple additive form,

V= V4V (5.4)

However the general solution to the “special relativity problem” (namely, find A, B, C and D from the
principle of relativity) isthe Lorentz group [31,16]. Then we have suggested [16] to replace the standard law of
dilatation, r—r'=pr by a new Lorentzian relation. However, while the relativistic symmetry is universal in the
case of the laws of motion, thisis not true for the laws of scale. Indeed, physical laws are no longer dependent
on resolution for scales larger than the classical/quantum transition (identified with the fractal/nonfractal
transition in our approach) that has been analysed above. This implies that the dilatation law must remain
Galilean abovethistransition scale.

For smplicity, we shall consider in what follows only the one-dimensional case. We define the resolution as
r = 0x =c 6t, and we set A, = ¢ 1gg = hc/E. In itsrest frame, A, is thus the Compton length of the system or
particle considered, i.e. in the first place the Compton length of the electron (this will be better justified in
Sec. 6). Our new law of dilatation reads, for r < Ag andr'< Aq

r' — In(r/io) +1Inp

Ao 1+ Inp 2In(r/)Lo)
In (Ao/A)

In

(5.5)

This relation introduces a fundamental length scale A, that we have identified with the Planck length (currently
1.61605(10) x 107%° m),

A = (hGIc3)”? . (5.6)
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But, as one can see from (5.5), if one starts from the scale r = /A and apply any dilatation or contraction p, one
gets back the scale r’ = A, whatever the initial value of A, (i.e., whatever the state of motion, since A, is
Lorentz-covariant under velocity transformations). In other words, A is now interpreted as a limiting lower
length-scale, impassable, invariant under dilatations and contractions. A field previously scale-dependent as
In(gl o) = 8 IN(A/T) fOr r < Ao becomes in the new framework

Ao
o | nT

In (¢lgo) = : : . (5.7)
V1-1In'(Aolr) I In"(AolA)

Note that this equation may be given the explicitly scale-covariant form ¢ = ¢, ()LO/r)‘S(r). The main new feature
of scale relativity respectively to the previous fractal or scale-invariant approaches s that the scale dimension 6
and the fractal dimension D = 1 + 8, which were previously constant (D = 2, § = 1), are now explicitly varying
with scale:

5r) = 1 | (5.8)

V1-1In"(holr) 110" (AolA)

This means that the fractal dimension, which jumpsfrom D = 1to D = 2 at the electron Compton scale Ag = A¢ =
h/mec, is now varying with scale, at first very slowly as

2
D(r) = 2(1+ % gz +.) (5.9)

where V = In(Ao/r) and Co = In(A,/A), then tends to infinity at very small scaleswhenV — Cg, i.e.r — A.
When A, is the Compton length of the electron, the new fundamental constant C, isfound to be

Ce=In (%f) = 51.52797(7) (5.10)

from the experimental values of the electron and Planck masses [32] (the number into brackets is the uncertainty
on the last digits).

Let us now consider the result which has the most direct consequences concerning the predictive power of
the new theory. It is clear that the new status of the Planck length-scale as a lowest unpassable scale must be
universal. In particular, it must apply also to the de Broglie and Compton scales themselves, while in their
standard definition they may reach the zero length. The de Broglie and Heisenberg relations then need to be
generalized. We have presented in Ref. [16] the construction of a“scale-relativistic mechanics” which allows
such a generalization. But there is a very simple way to recover the result that was obtained. We have shown
above and in [8] that the generalization to any fractal dimension D = 1 + ¢ of the de Broglie and Heisenberg
relations wrote p/p, = (AJ/A)%, Where p, is the average momentum of the particle, and op/Po = (Aoloy)®. Scale
covariance suggests that these results are conserved, but with 6 now depending on scale as given by (5.8),
which is precisely the result of Ref. [16]. As a consequence the mass-energy scale and length scale are no longer
inverse, but related by the scale-relativistic generalized Compton formula



19

m _ In (Ay/A)
2
m, \/(1 ~ In“(A,/A)

In(Ao/A)

In (5.11)

e, mme=(1o/2)"™  with 6(1,) = 1.

Concerning coupling constants, the fact that the lowest order terms of their S-function are quadratic [i.e.,
their renormalization group equation reads da/dV = Boo® + O(®)] implies that their variation with scale is
unaffected by scale-relativistic corrections [16,9], provided it iswritten in terms of length scale. The passage to
mass-energy scale is now performed by using (5.11).

Let us briefly recall some of the results which have been obtained in this new framework:

*Scale of Grand Unification: Because of the new relation between length-scale and mass-scale, the theory yields
anew fundamental scale, given by the length-scale corresponding to the Planck energy. This new scaleis given
to lowest order by therelation

In(AdA) = C, 1V(2) | (5.12)

[Where C, =~ In(my/my)]: it is =107 times smaller than W/Z length-scale. In other words, this is but the GUT
scale (=10 GeV in the standard theory) [9].

*Unification of ChromoElectroWeak and Gravitational fields. As a consequence, the four fundamental
couplings, U(1), SU(2), SU(3) and gravitational converge in the new framework towards about the same scale,
which now corresponds to the Planck mass scale. The GUT energy now being of the order of the Planck one
(~10'%GeV), the predicted lifetime of the proton (¢ mghe/my° >> 10% yrs) becomes compatible with
experimental results (> 5.5 x 10%2 yrs) [9].

*Fine structure constant: The problem of the divergence of charges (coupling constants) and self-energy is
solved. They have finite non-zero values at infinite energy in the new framework, while in the standard model
they were either infinite (abelian U(1) group) either null (asymptotic freedom of nonabelian groups). Such a
behaviour of the standard theory prevented one from relating the “bare” (infinite energy) values of chargesto
their low energy values, while thisis now possible in the scale-relativistic standard model: we have found that
the formal QED inverse coupling o, = gaz +ga1 = ga (Where o, and «, are respectively the U(1) and SU(2)
inverse couplings), when “runned” from the electron scale down to the Planck length-scale by using its
renormalization group equation, converges towards the value 4 x (3.1411 + 0.0019)? = 4= at infinite energy
[16,9,13].

Note that a value « = 1/4x? is indeed the only possible value smaller than 1 expected from dimensional
arguments for the bare coupling. Indeed, Fr? = « h ¢ has dimensional equation ML3T2; the ‘natural’ possible
valuesfor L and T are respectively the Compton or reduced Compton length, /mc or h/mc, and the de Broglie
timein rest frame, fYmcZ or h/mc2. Combining all these possibilities yields « = 1/4x2, 1, 2r or 8°. The value
1/4x2 is the only one of these possibilities which is compatible with the known strength of QED.

Conversealy, the conjecture that the corresponding “bare charge” 2 is 1/2r allowed us to obtain a theoretical
estimate of the low energy fine structure constant to better than 1%. of its measured value [13], and to predict

that the number of Higgs doublets, which contributesto 2.11 Ny in the final value of o, is Ny = 1. Indeed,
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the running of the inverse fine structure constant from its infinite energy value to its low energy (electron scale)
valuereads[13,9]:

& (A) = @ (A) + A3 + 4P + Aag, + Aag, + AT (5.13)

AZ AZ

where @ (A) = & (E=) = 321%/3; Aat isthefirst order variation of theinverse coupling between the Planck

AZ
length-scale (i.e., infinite energy in the new framework) and the Z boson length-scale, as given by the solution

to its renormalization group equation [9,13],

Az® = N nte o 10N oo o301+ 201 (N - 1) (5.14)

61 A 6

Aa(jz) is its second order variation, which now depends on the three fundamental couplings o, a, and a;

(which may themselves be estimated thanks to their renormalization group equations) [9,13]:

_(2) _  104+ON 40+N 20+11IN 20-N A
o,y __W-H\IH)l {1-"0g, alA)In } +2n(T—NH)| {1+ Haz(?»z)mj}
D1+ a3()nz)|rH} 0.73+0.03 : (5.15)

AazLe is the leptonic contribution to its variation between electron and Z scales [9,13]:
_L 2 m 5
Adze = 5. {IN() + In(m;) + In(%) ~2} = 430+ 0.05; (5.16)
Aazhe is the hadronic contribution to its variation between electron and Z scales, which can be precisely inferred
from the experimental values of the ratio R of the cross sections o{e"e —hadrons)/o(e'e —u'u”) [38]
Aay, =394+012 ; (5.17)

and Aa™™ = —0.18 + 0.01 is the scale-relativistic correction which comes from the fact that the length-scales
and mass-scales of elementary particles are no longer directly inverse in the new framework. Combining all
these contributions we have obtained [13]

a(Ae) =137.08 + 211 (N, —1) £ 0.13 , (5.18)
in very good agreement with the experimental value 137.036 provided N, = 1 as announced above.

*QCD coupling: The SU(3) inverse coupling may be shown to cross the gravitational inverse coupling at also
the same value o, = 47? at the Planck mass-scale (more precisely for a mass scale my/2x). This allows one to get
atheoretical estimate for the value of the QCD coupling at Z scale. Indeed its renormalization group equation
yields avariation of o with scale given to second order by:

40+NH

@) = wslhs) +LINE + (1= Gin’

4n(40+N )
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2 () |I‘H} + Bonfi+ L a3(}\.z)|l’H} . (5.19)

74 20N, In{1+
Thisleads to the prediction: a,(my) = 0.1155+0.0002 [9,13], to be compared to the present experimental value,
as(mz) = 0.112 + 0.003.

*Electroweak scale: We have argued that the electroweak / Planck scale ratio was also determined by the same
number, i.e., by the bare inverse coupling 4n® [9,13]. Namely, the relation In(m./m) = &,() = 4n? yields a
mass my,,; = 87.393 GeV, closely connected to the W and Z boson masses (currently mz = 91.182 GeV, my =
80.0 GeV, so that In(ms/my) = o,() {1 + O(a/t)} ). Moreover, we predict a new fundamental scale A, given
by the relation C, = () = 4n?, which corresponds to a mass scale m, = 123.23(1) GeV. Candidates for
particles or phenomena corresponding to such an energy are: the top quark, whose current theoretical predictions
lie precisely about 120 GeV, the Higgs boson, and half the vacuum expectation value of the Higgs field
(currently = 246 GeV) [13].

We shall not develop any longer these predictionsin the present paper, but rather focus on anew application
of our methods, namely, consider the question of the origin of the mass spectrum of elementary particlesfrom a
scale-relativistic point of view.

6. THEORETICAL PREDICTION OF THE MASS SPECTRUM OF ELEMENTARY
FERMIONS.

We shall now proceed further and combine together the two mathematical tools which have been developed
above, namely the fractal-stochastic approach and the scale-relativistic approach. Being interested here only in
the mass spectrum of elementary fermions, we shall adopt a perturbative approach (i.e., V2/C? << 1). We et to
future works a full development of a corresponding theory which would be valid whatever the scale.

That we can use a perturbative approach isjustified by the following considerations. It is now demonstrated
that that there are only three families of quarks and leptons up to the electroweak scale. The observed masses of
elementary fermions vary from the electron mass [Ce = In(me/me) = 51.52797(7)], which fixes the scale below
which scale relativity starts (this will be demonstrated in what follows), to the top quark, whose various mass
estimates are of the order of 120 GeV as recalled above. This corresponds to a ratio V/C = 0.23 and to a
o-factor 6 = 1.028. Then in this scale domain, the fractal dimension can clearly be writtenintheform D = 2(1 +
€), with ¢ << 1.

In scalerelativity, the elementary stochastic process (4.34) till writes

(0X)+ = by s + 68 (6.1)
but with the fluctuation 6§ now characterized, for resolutionsr <t/mgc, by

<> =2 &7° (6.2)

where D = D(r), as given by (5.8).
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Let us stop on this expression. We are touching here one of the essential point of our whole approach.
Having in (6.2) afractal dimension D = 2 means that this processis no longer a Markov one, and that D’ is no
longer a diffusion coefficient in the usual sense. A fractal dimension D < 2 would correspond to a correlated,
persistent process, while D > 2 corresponds to an antipersistent, anticorrelated process [33]. But such a
behavior, for which there are correlations between the past and the future, is certainly not acceptable for the
description of an elementary process of nature, for which we expect complete reversibility (see an account of
Feynman’s analysis of this point in Ref. [7]). Several reasons lead us to expect that, in the end, the effective
fractal dimension must remain 2 or very close to this value.

(i) The first, most fundamental reason, is the requirement of microscopic reversibility [3,7] and of causality.
Under this argument, only two values of the fractal dimension are acceptable for a description of the individual,
elementary process of nature: D = 1 (i.e., scale dimension § = 0, meaning classical, scale-independent
behaviour) and D = 2 (the corresponding stochastic description is then a Markov-Wiener process of mutually
independent events; the scale dimension is d = 1, corresponding to a scale dependence of physical quantities).
We know that these two behaviours are actually achieved in nature, in the classical and quantum realms.

(i) The second argument is that quantum mechanics still holds (in the form of quantum field gauge theories) up
to the highest energies presently reached by particle accelerators (= 100 GeV). A theory based on a ‘fractional
Brownian motion’ process such as given in (6.2) would be expected to be different from quantum mechanics.
We have indeed seen in Sec. 4 that it was the particular value D = 2 of the fractal dimension which allowed the
scale-dependence to be “hidden” in the operator formalism. (However this argument should be taken with
caution, since the difference with a pure D = 2 Markov process can manifest itself through an explicit scale-
dependence of physical quantities, while such a scale dependence is actually observed in relativistic QED: we
shall seethat it precisely provides us with a mechanism of mass generation).

(iii) The third argument is a particular, more specific, case of the second. We have demonstrated in previous
works [8,9] that the quantum spin originates precisely from the fractal dimension 2 of quantum trajectories,
while it would be either null or infiniteif the dimension was respectively smaller or larger than 2.

We shall now see that the very existence of charged elementary particles forbids the fractal dimension to
exceed 2, at least up to the W-Z weak bosons scale. Indeed, among the variables appearing in (6.2), the fractal
dimension is not the only one which becomes scale-varying below the Compton length of the electron: thisis
true also of the coefficient D’. Dimensional arguments lead usto write (6.2) in the form:

(2/D)-1
<§&%> = rﬂn s (fs) : (6.3)
(0]

where 1, = h/myc?, and where we have reintroduced the Markovian diffusion coefficient D = h/2m. We shall
assume, in order to fix the ideas, that the particle considered is an electron.

Consider the last term in (6.3). We can identify ds/t, with r/Ag, and then use the fact that we are in a
perturbative regime in order to write it in the form:

55,(2D)-1 5 r 5
() =evlloy ~DInCOE =1+ -5 ¥ (6.4)

Consider now the diffusion coefficient. While it was independent of scale in nonrelativistic quantum



23

mechanics, thisis no longer the case for r < A¢ = h/meC. Indeed the important point here isthat ‘D depends on
the mass (i.e. self-energy) mof the particle, and that, due to Quantum Electrodynamical radiative corrections, the
self-energy of the electron is known to vary logarithmically with scale below its Compton scale Ae (see e.g.
[34]).

The variation with scale of the self-energy in QED is obtained by writing that the mass depends on the
coupling “constant” «, (itself varying with scale), and on the scale r, i.e., m = m[«(r),r]. The resulting
differential equations are the charge and mass renormalization group equations [23,34]:

d—"‘ - Bla) | (6.53)

dm _ Jdm

4y = gy * B@ (;— = y(a) m. (6.5b)

Perturbative calculations yield y(«) = vo @ and B(a) = Bo «° to lowest order, with yo/Bo = 9/4, and (6.5) is
solved as [35]

m a4
mo - ) . (6.6)

Ao
Disregarding for the moment the numerical constants coming from threshold effects, the variation of mass
below A¢ isthen given to lowest order by [34]

M) = me [1+52¢ 1) ] . (6.7)

Consider now more thoroughly (6.3) in the light of this variation of self-energy. Combining the fractal-function
approach and the stochastic one, we can write the expression for the fluctuation as the product of a Markovian
termhds /me and of a resolution-dependent term:

h r
<dg>> = m 98 X m(r) exp{(D(r) 1)|n(;e)} . (6.8)

Replacing D(r)= 1+4(r) by its expression (5.8) and expanding it in terms of V/Cg, with V = In (A¢/r), we can
finaly writeit in theform

<d§2> = 1

o ds x [1+®(V)] , (6.9)

where the correction to a pure Markov-Wiener process, which combines the effects of the mass term and of the
scale-dependent fractal dimension, is given to lowest order by

1 V2 3ae)

(V)= (7 cZ” (6.10)
This relation means that the effect of radiative corrections amounts to defining an effective fractal dimension

which is kept smaller than 2 below the electron scale. One can reverse the argument, and consider this behavior
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as amechanism for the generation of the electron.

Assume indeed that the laws of scale become effectively Lorentzian below some universal scale Ao, that
defines auniversal constant C, = In(Aq/A). This means that the fractal dimension jumpsfrom 1 to 2 at this scale,
then begins to increase as D = 2(1+V?/4C4?%) when V= In(A,/r) increases. The only way to ensure that the
effective dimension remains smaller than 2 is that masses become themselves scal e-dependent below the scale
Ao. Thisis achieved provided there exists a charged particle of mass precisely given by mg=t/Aqc. Indeed the
effect of virtual pairs of such acharged particle will be to increase the coupling constant «, then the self-energy
from Eq. (6.6), and then to decrease the fractal dimension. This process finally defines an effective fractal
dimension D < 2 given to lowest order by

1Vv2 3
Det = 2(1 + iz _Zine) . (6.11)
Such amechanism allows us to demonstrate that the transition scale to the scale-relativistic regime is actually the
electron scale (the electron is ssmply defined as the charged elementary particle of smallest possible massin
nature, so that A¢ = Ag). Although it does not determine the electron mass and charge themselves, we shall now
see that it allows us to recover the general features of the whole mass and charge spectrum in terms of the

electron parameters (me and ae).

Generation of the muon.

Consider indeed Eq. (6.11). The solution brought to us by the existence of the electron is not definitive, since
the scale-relativistic effect increases the effective fractal dimension in proportion to V2 while the QED effect is
only linear in V. If no charged particle other than the electron was to exist in nature, the effective dimension
would become larger than 2 again for scales smaller than some scale A; given by

vlzm% = V(24 Ce. (6.12)

So we expect that at least one new charged particle be created at about the scale given by (6.12). Numerically,
we find V; = 6.08, which corresponds to an energy of 230 MeV.

Thisis an encouraging result, owing to the particularly inhomogeneous distribution of elementary particlesin
scale. One of the features that a mechanism of generation of masses must understood is, indeed, why thereis so
large a gap between the electron (.511 MeV, V= 0) and the second lightest charged particle, the muon
(105.65 MeV, V = 5.3). Moreover, several particles have masses close to the muon, such asthe t (=137 MeV,
V= 5.5), the strange quark s (=240 MeV, V= 6.1), and the u and d quarks in the proton (effective mass =313
MeV, V= 6.4: note that the absolute masses of u and d quarks are much smaller, m, = 8.2+1.5 MeV, myg =
14.4+1.5 MeV [36], but are not effective in hadrons and mesons because of the properties of QCD).

It can then be worth to make an attempt at performing a more detailed cal culation of the muon mass. Equation
(6.12) does not take into account the threshhold effects and the higher order corrections in the electron self-
energy. We shall only consider here the threshold effect, which is the dominant correction to (6.12). An estimate
including two-loop radiative corrections will be given elsewhere [40].

Assume that the zero point of the asymptotic behaviour of mass, as described in (6.7), is not strictly Ae, but a
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dlightly different scale Ag. We set A = In (A Ag). The mass variation is now given, for V> A, by

m(r):me[1+‘3;—‘;‘te V-4)] . (6.13)
Let uscal Atheleast order solution (6.12):
A=V(Ea) co. (6.14)
The “muon” massis now solution of the equation:
VB —AZ(V=A) =0 . (6.15)

Itisclear that, provided A > 0, thereis afirst solution of this equation very closeto A (this solution may have no
physical meaning: the transitional behaviour of m(r) between V=0 and V = A should be described by a new
function including a Y ukawaterm exp(—2mrc/h), which actually keeps D smaller than 2). This solution is given,
to third order in A, by:

A2
Vo= A1+ ;) . (6.16)

Then the physically meaningful solution we are looking for satisfies the second order equation
V2 + VoV + Vi?—A2 = 0 . (6.17)
The muon massis then given by (up to the approximations considered):

Vi = (A2= S gAY —2 g (6.18)

Vacuum polarization being due to e’ e~ pairs of mass 2m, it is reasonable to assume the zero point in momentum
representation to be given by the scale A¢/2 = h/2mec. The passage to position representation amounts to a
L aplace transform which introduces an additional numerical term equal to Euler’s constant y = 0.577... [9]. The
total threshold then amountsto A = In2 + y = 1.270. Inserting this number in (6.16) and (6.18) yields, with A =
6.083,

V, =5311 . (6.19)

The observed mass ratio of the muon and electron, m,/me = 206.76826(3) [32] corresponds to In(m,/mg) =
5.332, then to V,, = In(A/A,) = 5.303 when accounting for the scale-relativistic correction (5.11). Our
prediction (6.19) isto 10~ of this value and corresponds to m,/me = 208.5. If one uses two-loop formulas, one
finds an even better result [40], V,, = 5.3036, or in terms of mass ratio m,/me = 206.84 + 0.38, where the error
comes from an assumed uncertainty xo/m on the above threshold A.

Anyway, even considering that the “naive” choice 2me for the threshold is not fully justified, it remains
remarkable that the full range of possible values for the zero point of the asymptotic behaviour, namely = A to
~ Ael4, yields arange for Vy corresponding to = [m,, , 2m,].
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Other particles.

Let us come back to the approximate thresholdless process for simplicity of the argument. Once the scale given
by (6.12) reached, the generation of new particles having a mass given by that scale and atotal charge Q1 will
allow D to remain smaller than 2. (Note that the minimal value of Dess is given by 2 — 3ag/mt = 1.993, which
remains very closeto 2). The scale variation of the inverse fine structure constant due to elementary fermions of
masses A; and charges Q; e (where e is the electron charge, so that the Q; are dimensionless) is given, in terms
of V; = In(AdA;), by [37]

e R CII R (620

for V > V,. Then, from (6.6), the inverse mass varies to lowest order as

Me=1 - 3% RY-3Q2W) . (6.21)

The sum of squares of charges of elementary fermions is related to the well-known ratio R intervening in the
QED vacuum polarization and the €€ annihilation cross section [38]:

R = 2@2 . (6.22)

At the electron scale Vo = 0, R= 1. At the new “muon” scale VV; given by (6.12), there will be aminimal value
for the possible ratios R; which will alow the mass term to compensate again the fractal dimension term. It is
simply given by the slope of the scale-relativistic V3 increase at scale V. Let us normalize the variables \V by
defining

X =V IV;. (6.23)
In terms of this new variable, the equation for the scales of elementary fermions reads
X3-RX + Y Qi?X; = 0 . (6.24)

More generally, knowing that the scale X; is afirst root of (6.24) for the next scale X1, we find that both
scales are related by the second order equation

Xit1? + Xi Xis1 + X% = R, (6.25)
whose solution is

Xi . (6.26)

Xi+1 = (R - % Xi%)" - %

Concerning the muon elementary particle mass scale, the searched conditionis Ry >3 X?at Xo=1, i.e,

R;> 3. (6.27)



27

In the present paper, we shall not attempt to detail the quark contributions in terms of their fractional charges.
Being mainly interested, in thisfirst stage of our presentation of these new results, in the great lines of the mass
and charge spectrum, we shall only consider integer charges, in agreement with the observed hadronic spectrum.
Then the optimized solution to (6.27) is Ry = 4. This means that we expect a generation of elementary fermions
at about the muon mass scale with atotal charge square =Q 2 = 3.

Thisresult isin good agreement with the observed spectrum. Indeed the u and d quarks intervene in the scale
variation of the fine structure constant through effective masses whose estimates vary from 0.1 GeV (i.e. the
muon mass scale) [37] to their effective massin the proton (=0.3 GeV, V = 6.3) [38], while the s quark massis
~0.2 GeV (V = 6.0) [37]. Thisyields an observed R ratio at about the scale V1 =6.08 of 1) + 4/3(y) + 1/3(qg)
+ 1/3(g = 3 as predicted.

The equation for the next scale of elementary particle massis now

X3-4X +3=0, (6.28)

whose solution is X, = (V13-1)/2 = 1.3028, corresponding to V, = 7.92, i.e. to a mass scale 1.52 GeV. This
is another very favourable result, since the observed spectrum actually shows a new hole after the s quark, and
then a new clustering including the ¢ quark (1.27 GeV, V. = 7.73) and the t lepton, (1.78 GeV, V, = 8.05).
Note that for quarks, the mass families do not coincide with the genuine fermion families, ud,cs,tb).

Actually if one pushes further this rough model, one finds that the new charge constraint at X is Ry > 3X,?
= 5.09, implying a minimal solution R, = 6, i.e. (£Q?), = 2, in good agreement with the observed
(2Q%)r+c = 7/3.

This leads to another mass scale given by the equation X3 —6 X + 2 + V13 = 0. The solution is X5 =
1.5227 (V3 = 9.2) at which the total square of charges would reach the observed one (R = 8 for three families of
leptons and quarks). This value, once again, compares well with the b quark mass (4.25 GeV, V; = 8.9). But it
strongly disagrees with the present experimental limit of the top quark mass (m; 2 90 GeV [39)), at least ten time
larger.

However, such a disagreement between experiment and our rough above model is not unexpected. In
particular, we have treated quark masses as unvarying with scale, while QCD effects imply a strong inverse
variation with energy scale, given by n/m, = (a5/a50)4/7 to lowest order [35,36]. If one improves the model and
includes fractional quark charges and scale varying quark masses, one finds [40] the last Q = 2/3 particle (i.e.
the top quark) to be pushed beyond the W and Z masses, at about V=12, i.e.

my ~ 120 GeV. (6.29)

It is remarkable that this value, which agrees with our previous prediction of a particular new scale at =123 GeV,
seems to be rather insensitive on the choice of the parameters chosen for the description of the quark mass
variation.

Let us conclude this section by remarking that, taken at face value, the mechanism of mass generation
presented here would imply a never ending successive emergence of new mass scales for increasing energies.
However, such a conclusion would disregard the fact that our mechanism is built from the combination of QED
effects (based on an abelian U(1) group) and scale-relativistic effects, while beyond the electroweak symmetry
breaking scale, electroweak physics becomes non-abelian (U(1) x SU(2) group). The whole question must then
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be set again in this case, a problem which goes beyond the goals of the present paper. A more compl ete account
of the result which have been for the first time described here will be presented elsewhere [40].

7. CONCLUSION

Let us conclude by a summary of the content of this paper, followed by some prospect concerning some
remaining open problems. The basic postulate upon which we rely is that of the continuity and
nondifferentiability of space-time. The first consequence of this postulate is the dependence on scale of the
various physical quantities, in the first place of position and velocity vectors. By scale dependence we mean that
these quantities depend explicitly on the resolution with which measurements are performed. We have then
suggested to interpret resolution as a state of scale of reference systems and, basing ourselves on the relative
character of all scalesin nature, to generalize Einstein’s formulation of the principle of relativity by including
scale transformations into its application domain. Such a principle would be implemented by the requirement of
scale covariance of the equations of physics. Steps towards such a goal have been made by using three
complementary mathematical tools, namely, (i) the geometrical concept of afractal space-time continuum; (ii)
renormalization group-like differential equations of scale transformations; (iii) a stochastic description based on
the Markov-Wiener process. The passage from one tool to the other is performed by using the concepts of
“fractal functions’ (i.e. explicitly scale-dependent functions) and in eventually working in the framework of Non
Standard Analysis (which allows us to transform resolutions into differentials and to account properly for
infinite quantities).

Our logica advance can then be summarized as follows: the postulate of nondifferentiable continuum implies
scale dependence and infinite multiplication of equiprobable geodesical lines; even though one can consider
individual phenomenain our framework (and then implement Einstein’ s requirement of realism), weareledto a
statistical approach because of the undeterminism of trgjectories implied by nondifferentiability; in this statistical
approach, only afractal dimension 2 of trgjectories is acceptable in order to preserve microscopic reversibility;
continuous nondifferentiablity and D = 2 lead to atwin Markov-Wiener process which gives rise to the complex
character of the formalism of quantum mechanics (the vel ocities become doublets while the coordinates are
unchanged); we then obtain a new formulation of Nelson’s stochastic quantum mechanics, in which we are led
to a demonstration of the correspondence principle, of Schrédinger’s equation and of Born’s statistical
interpretation by ssimply replacing the time derivative of classical differentiable mechanics by a new complex
“guantum covariant derivative’. Then the full strength of the principle of scale relativity is used to show that
present quantum mechanicsis a*“Galilean” approximation of a more general theory in which the laws of scale
transformations take a Lorentzian form: in the new proposed “scale-relativistic’ laws, there appears an
unpassable lower length-time scale, invariant under dilations and contractions, which plays for scales the same
role as played by the velocity of light in motion laws. We have suggested to identify this scale with the Planck
scale. After having recalled some results which have been obtained in this new framework, we finally combine
our various complementary tools (fractal space-time, Markov-Wiener process, renormalization group approach,
Lorentzian scale relativity) and suggest a solution to the problem of the origin of the mass spectrum of
elementary fermions.

Let usfinaly briefly consider some prospect for the future development of thisfield of research. Concerning
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stochastic quantum mechanics, some work is still needed for a proper inclusion of spin (one can hope to see it
not artificially added as in current quantum mechanics, but instead naturally emerge as a structure of the fractal
virtual trajectories), then for a thorough understanding of the Dirac equation (in particular in a stochastic
framework which would include tragjectories running backward in classical time). Concerning scale relativity, the
next step is now to include fields into the description: we shall suggest in a forthcoming paper a possible
approach to this problem, which allows us to derive new relations between masses and charges of particles [40].
We shall also suggest new applications for the mechanism of mass generation that we have presented in Sec. 6:
we shall reconsider in its framework the problem of the anomal ous spectrum of e"e pairs observed at Darmstadit
in heavy-ion collisions, for which we had already suggested a fractal model [8,9], and shall apply it to new
proposals concerning the electromagnetical properties of fractal media[41].
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